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a b s t r a c t

In this paper a one-phase supercooled Stefan problem, with a nonlinear relation between the phase
change temperature and front velocity, is analysed. The model with the standard linear approximation,
valid for small supercooling, is first examined asymptotically. The nonlinear case is more difficult to ana-
lyse and only two simple asymptotic results are found. Then, we apply an accurate heat balance integral
method to make further progress. Finally, we compare the results found against numerical solutions. The
results show that for large supercooling the linear model may be highly inaccurate and even qualitatively
incorrect. Similarly as the Stefan number b ? 1+ the classic Neumann solution which exists down to b = 1
is far from the linear and nonlinear supercooled solutions and can significantly overpredict the solidifi-
cation rate.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Supercooled liquids can solidify much more rapidly than a non-
supercooled liquid and when rapid solidification occurs the liquid
may not have time to form its usual crystalline structure. Materials
made from supercooled melts can therefore have markedly differ-
ent properties to the standard form of the material. A material
formed from a supercooled liquid, usually called a glassy or amor-
phous solid, can present greater corrosion resistance, toughness,
strength, hardness and elasticity than common materials: amor-
phous metal alloys can be twice as strong and three times more
elastic than steel. Such materials are currently used in medicine,
defence and aerospace equipment, electronics and sports [1–3].
Recent advances in the production and use of amorphous solids
provides the motivation for this theoretical study on the solidifica-
tion of a supercooled liquid.

Theoretical investigations of Stefan problems have focussed pri-
marily on the situation where the phase change temperature is
constant. However, there are various applications where this tem-
perature changes from its standard value (the heterogenoeus
nucleation temperature) and may even vary with time. One meth-
od to reduce the freezing point is to increase the ambient pressure.
This method is exploited in the food industry, whereby the sample
is cooled well below the normal freezing temperature by applying

a high pressure. The pressure is then released and almost instanta-
neous freezing occurs. This permits the freezing of certain products
that normally spoil when frozen more slowly. The technique is also
used in cryopreservation [4]. Pressure may also vary due to surface
tension effects at a curved interface. Hence freezing fronts with
high curvature may exhibit a variable phase change temperature.
Another mechanism for varying the phase change temperature oc-
curs when a liquid is supercooled or undercooled (we will use both
terms in the following work), that is, the liquid is cooled below the
heterogeneous nucleation temperature. In this situation the liquid
molecules have little energy which affects their mobility and hence
their ability to move to the solid interface [5,6].

In this paper we focus on the final mechanism, where the liquid
is supercooled. In the standard Stefan problem the phase change
temperature is specified as a constant, say Tm, and the speed of
the phase change front is related to the temperature gradient in
the surrounding phases. When modelling the solidification of a
supercooled liquid, the phase change temperature is unknown
and so a further equation is required, which relates the speed of
the front to the degree of supercooling. If we denote the tempera-
ture at which the phase change occurs as TI and s(t) as the position
of the front then a typical form for the relation between the front
velocity, st, and the degree of supercooling is shown in Fig. 1. The
left hand plot represents the copper solidification process, the right
hand plot represents salol (which occurs at a slow rate and so pro-
vides relatively simple experiments). Both curves have the same
qualitative form. For a small degree of supercooling, i.e. for copper
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Tm � TI < 250 K, the speed of the front increases as the supercooling
increases. This behaviour seems physically sensible, the cooler the
sample the more rapid the freezing. However, for larger supercool-
ing the process slows down as the molecules become more ’slug-
gish’ due to a lack of energy. The maximum solidification rate for
copper is around 2.9 m/s, for salol it is around 4.4 � 10�5 m/s
(making salol a more popular choice for experimental studies).

Using a statistical mechanics argument, it is shown in Ashby &
Jones [5, Chap. 6] that the solidification rate may be approximated
by

st ¼
dDh

6hTm
e�

q
kTI ðTm � TIÞ; ð1Þ

where d is the molecular diameter, h the Planck constant, q the acti-
vation energy and k the Boltzmann constant. The parameter Dh is
the product of the latent heat and the molecular weight divided
by Avogadro’s number (for salol Dh � 2.14 � 10�1 kg/mol, for Cu
Dh � 6.35 � 10�2 kg/mol). A linearised version of Eq. (1) is often
dealt with in the literature, [7–11],

TIðtÞ ¼ Tm � /st; ð2Þ

where / ¼ 6hTme
q

kTm=ðdDhÞ. This expression for / provides one inter-
pretation of the usual kinetic undercooling coefficient described, for
example, in [6,7,9]. The solid lines in Fig. 1 were obtained by plot-
ting Eq. (1) using the parameter values of Table 1, the dashed lines
come from Eq. (2).

The classical Neumann solution to the Stefan problem with
fixed boundary and constant far field temperature requires setting
/ = 0 in (2). With the Neumann solution the interface velocity in-
creases as the Stefan number b decreases: as b ? 1+ the velocity
tends to infinity and the Neumann solution breaks down (where
the Stefan number is the ratio of latent to sensible heat). In order
to obtain solutions for Stefan numbers b 6 1, numerous authors
have adopted the linear profile, with / – 0, which removes the
infinite boundary velocity. Incorporating the effects of the linear
interfacial kinetics into the Stefan problem, by using (2), results
in different solution behaviour depending on the value of b: for
b > 1 the velocity st / t�1/2 (as occurs with the Neumann solution),

when b = 1 it changes to st / t�1/3 and for b < 1, st is constant (and
the temperature is a travelling wave solution), see [6]. The short
time solution given in [7] has st constant at leading order with a
first order correction of t1/2, valid for all b.

In the following work we will study the one-phase solidification
process subject to arbitrary supercooling and so employ Eq. (1) to
determine the interface temperature TI. In Section 3 we make a
similarity substitution to simplify the governing equations and
then look for approximate small and large time solutions. In sec-
tion 3.2 we investigate the linear supercooled model to reproduce
all the different behaviours mentioned above (which are usually
generated via different analytical techniques). In Section 3.3 we
find a small time solution, valid for all b, and a large time solution
valid for b < 1. We are not aware of any such analysis on the non-
linear model in the literature. In Section 4 we describe an accurate
Heat Balance Integral Method (HBIM) and show how the resultant
equations can reproduce all the behaviours predicted for linear
supercooling. Further, using this method we can find the same
range of behaviour for nonlinear supercooling at large times. In
Section 5 we present results for the asymptotic and HBIM models
and compare them with a numerical solution.

2. Mathematical model

We consider a one-dimensional supercooled liquid initially
occupying x P 0, with solidification starting at the point
(x,t) = (0,0). An appropriate one-phase Stefan problem is then spec-
ified by

@T
@t
¼ al

@2T
@x2 ; s < x <1 ð3Þ

T ¼ TIðtÞ; qlLmst ¼ �kl
@T
@x
; at x ¼ s ð4Þ

T ! T1; as x!1; ð5Þ

Tðx;0Þ ¼ T1; sð0Þ ¼ 0; ð6Þ
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Fig. 1. Representation of the solidification speed of copper (left) and salol (right) as a function of the supercooling. The solid line represents the full expression for st, the
dashed line the linear approximation.

Table 1
Approximate thermodynamical parameter values for Cu and Salol, taken from [5,13–15].

Substance Tm (K) (�103) Lm (J/kg) (�105) cl (J/kg K) (�103) ql (kg/m3) (�103) kl (W/m K) q (J) (�10�20) d (m) (�10�9)

Copper 1.36 2.09 0.53 8.02 157.18 6.71 0.23
Salol 0.316 0.90 1.58 1.18 0.18 6.61 1.00
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where T1 < Tm. The parameters al,ql,Lm,kl represent the thermal dif-
fusivity, density, latent heat and conductivity of the liquid, respec-
tively. Typical parameter values are presented in Table 1. The
interface temperature is related to the interface velocity by Eq.
(1). The linearised version is given by (2) and setting / = 0 in this
equation brings us back to the standard condition that the interface
temperature takes the constant value Tm. Note, the system (3)–(6)
in fact loses energy. In [9] this issue is discussed in detail and an en-
ergy conserving form is presented which is valid in the limit
ks/kl ? 0. However, this limit is physically unrealistic and in [12]
the reduction in the limit ks/kl ?1 is determined. Results there
are shown for the two limiting cases and the basic one-phase reduc-
tion of (3)–(6) which are then compared against the numerics for
the full two-phase problem. It is shown that the reduction (3)–(6)
gives a reasonable approximation and is in fact more accurate than
the energy conserving form with ks/kl ? 0. So, since (3)–(6) is the
most common form we retain it for this paper.

The system (3)–(6) may be nondimensionalised with

bT ¼ T � Tm

DT
; t̂ ¼ t

T ; x̂ ¼ x
L
; ŝ ¼ s

L
; bT I ¼

TI � Tm

DT
; ð7Þ

where T ¼ L2=al and L = /al/DT. The temperature scale is DT = Tm

� T1. The length-scale is determined from Eq. (1), however if TI =
Tm there is no natural length-scale and it must be left arbitrary.
Dropping the hat notation the governing equations are now

@T
@t
¼ @

2T
@x2 ; s < x <1 ð8Þ

T ¼ TIðtÞ; bst ¼ �
@T
@x
; at x ¼ s ð9Þ

T ! �1; as x!1 ð10Þ
Tðx;0Þ ¼ �1; sð0Þ ¼ 0; ð11Þ

where b = Lm/(clDT). The nondimensional interface temperature TI is
determined from

st ¼ �TI exp
QTI

P þ TI

� �
; ð12Þ

where Q = q/(k Tm) and P = Tm/DT. The case of no supercooling is re-
trieved by setting TI(t) = 0 in (9) and then (12) is not used, small
supercooling requires DT to be small such that P ?1 and the expo-
nential term of (12) may be set to unity, then st = �TI(t). Otherwise,
the full expression in (12) is used to determine TI.

When TI(t) is not identically zero then we require an initial va-
lue (and also one for st). Noting that T(x,0) = �1 and TI(t) = T(s, t)
then s(0) = 0 indicates that TI(0) = T(0,0) = �1. An initial (finite) va-
lue for st may then be found by substituting TI(0) = �1 into Eq. (12).
The linearised version simply leads to st(0) = 1. In the case TI � 0
then as t ? 0 the discontinuity in temperature due to the conflict-
ing conditions T(0,0) = 0, T(x,0) = �1 cannot be avoided. This indi-
cates that the front velocity st = �Tx(s, t) is infinite at t = 0 (this
will become clear in subsequent sections).

Before proceeding further, it is convenient to immobilise the
boundary by setting

y ¼ x� s; Tðx; tÞ ¼ Fðy; tÞ: ð13Þ

Then the system (8)–(11) becomes

@2F
@y2 ¼

@F
@t
� st

@F
@y
; 0 < y <1 ð14Þ

F ¼ TIðtÞ; bst ¼ �
@F
@y
; at y ¼ 0 ð15Þ

F ! �1; as y!1 ð16Þ
Fðy; 0Þ ¼ �1; sð0Þ ¼ 0: ð17Þ

In the following we will analyse this system further.

3. Asymptotic analysis

Most exact solutions to Stefan problems, where they exist, can
be obtained by similarity methods. Hence, we begin by looking
for similarity solutions to the system (14)–(17) and so define

g ¼ y
ta ; Fðy; tÞ ¼ GðgÞ: ð18Þ

The governing Eqs. (14)–(16) are now

G00 ¼ �ðagt2a�1 þ tastÞG0; 0 < g <1 ð19Þ
Gð0Þ ¼ TIðtÞ; Gjg!1 ! �1; btast ¼ �G0ð0Þ; ð20Þ

with s(0) = 0, and primes denote differentiation with respect to g.
Denoting m = �G0(0)/b P 0 we use the Stefan condition to eliminate
tast from (19) and so the model becomes

G00 ¼ �ðagt2a�1 þ mÞG0; 0 < g <1 ð21Þ
Gð0Þ ¼ TIðtÞ; Gjg!1 ! �1; tast ¼ m; sð0Þ ¼ 0: ð22Þ

Since G = G(g) this system is strictly only valid when the t depen-
dence is removed from the equations involving G. In (21) this is
achieved by setting a = 0 or 1/2 but then we must also take into ac-
count the boundary condition G(0) = TI(t).

3.1. No kinetic undercooling

The classical formulation for the one-phase supercooled Stefan
problem with no kinetic undercooling is obtained by setting
TI(t) = 0 [6]. In this case we choose a = 1/2 and so the governing
Eqs. (21) and (22) are now

G00 ¼ � g
2
þ m

� �
G0; 0 < g <1 ð23Þ

Gð0Þ ¼ 0; t1=2st ¼ m; Gjg!1 ! �1: ð24Þ

Integrating the Stefan condition gives s ¼ 2m
ffiffi
t
p

and the solution for
G is

GðgÞ ¼ �1þ erfcðg=2þ mÞÞ
erfcðmÞ ; s ¼ 2m

ffiffi
t
p
: ð25Þ

The definition of m = �G0(0)/b then leads to the transcendental
equation

b
ffiffiffiffi
p
p

merfcðmÞem2 ¼ 1: ð26Þ

In the original variables the solution is

T ¼ �1þ
erfc x= 2

ffiffi
t
p� �� �

erfcðmÞ ; s ¼ 2m
ffiffi
t
p
; st ¼

mffiffi
t
p ; ð27Þ

together with (26) this defines the well-known Neumann solu-
tion[6]. The values of m and hence the velocity of the phase change
front are therefore dependent on b = Lm/(cl DT). As mentioned ear-
lier, this solution has infinite velocity at t = 0 (since st / 1=

ffiffi
t
p

). Eq.
(26) determines m(b), it has a unique solution for b > 1 but when
b 6 1 no solution exists; as b ? 1+, m ?1 and the front velocity is
1 for all time.

3.2. Linear kinetic undercooling

3.2.1. Small time solutions
As discussed in Section 2, without kinetic undercooling the ini-

tial boundary temperature is fixed, T(0,0) = 0, thus forcing an initial
infinite temperature gradient. With kinetic undercooling
T(0,0) = TI(0) � �1 permits a finite temperature gradient. This indi-
cates the need for different scalings at small times.
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Let us now consider the governing Eqs. (14)–(17). Noting that
F(y,0) = �1 we look for a small time similarity solution close to
F = �1 and so re-define the function G(g) as

g ¼ y
t1=2 ; Fðy; tÞ ¼ �1þ t1=2GðgÞ: ð28Þ

This transforms Eqs. (14)–(17) into

G00 ¼ 1
2

G� g
2

G0 � t1=2stG
0; 0 < g <1 ð29Þ

� 1þ t1=2Gð0Þ ¼ �st; bst ¼ �G0ð0Þ; Gjg!1 ! 0: ð30Þ

The factor t1/2 in front of G(g) in (28) is chosen to balance the Stefan
condition in (30) and then it follows that s / t. This leaves time in
the governing Eq. (29) and the boundary condition (30a): for this
reason we make the small time substitution t = �s, s = �r, where �
is an artificial small parameter [16,17], to find

G00 ¼ 1
2

G� g
2

G0 � �1=2s1=2rsG0; 0 < g <1 ð31Þ

� 1þ �1=2s1=2Gð0Þ ¼ �rs; rs ¼ m; Gjg!1 ! 0: ð32Þ

This form motivates a perturbation series with GðgÞ ¼ G0ðgÞþ
Oð�1=2Þ and rðsÞ ¼ r0ðsÞ þ �1=2r1ðsÞ þ Oð�Þ, i.e. the leading order
form for G is independent of s but this is not necessarily true for
r. The leading order problem is then

G000 ¼
1
2

G0 �
g
2

G00; 0 < g <1 ð33Þ

1 ¼ r0s; r0s ¼ m; G0jg!1 ¼ 0: ð34Þ

Combining the first two boundary conditions in (34) shows that
m = 1 and this provides the second boundary condition for G0,
namely G00ð0Þ ¼ �b (since m = �G0(0)/b). The solution is then

G0ðgÞ ¼ b
2ffiffiffiffi
p
p e�g2=4 � gerfc

g
2

� �	 

; r0ðsÞ ¼ s: ð35Þ

Although the self-similarity assumption in (28) does not permit us
to solve for the temperature at first order, Eq. (32a) indicates that

r1s ¼ �s1=2G0ð0Þ ) r1 ¼ �
4bs3=2

3
ffiffiffiffi
p
p ;

where we have used the value G0ð0Þ ¼ 2b=
ffiffiffiffi
p
p

. Writing this solution
back in the original variables gives

Tðx; tÞ � �1þ b 2

ffiffiffiffi
t
p

r
exp �ðx� sÞ2

4t

 !
� ðx� sÞerfc

x� s
2
ffiffi
t
p

� �" #
; ð36Þ

s � t 1� 4b

3
ffiffiffiffi
p
p

ffiffi
t
p	 


; st � 1� 2bffiffiffiffi
p
p

ffiffi
t
p
: ð37Þ

Recall that the temperature is accurate only to leading order whilst
the position of the front is accurate to first order. Note, we will see
the condition st ? 1 as t ? 0 arising below for various other cases.

3.2.2. Large time solutions
For sufficiently small times, the solution of the previous section

holds for any value of b (although restrictions are imposed due to
the linearisation of the relation st(TI), this is discussed in Sec-
tion 3.3). The large time solution, on the other hand, takes different
forms depending on whether b is greater, less than or equal to 1.

Case b < 1: In this case we choose a = 0, in (18), and the govern-
ing Eqs. (21) and (22) reduce to

G00 ¼ �mG0; 0 < g <1 ð38Þ
Gð0Þ ¼ �st; Gjg!1 ! �1; st ¼ m; sð0Þ ¼ 0: ð39Þ

Note, now g = y = x � s, which indicates a travelling wave solution.
The travelling wave formulation differs from the other forms of sim-
ilarity solution. In general the similarity transformation g = y/ta

with a – 0 allows the far-field and initial conditions to be combined,
that is g ?1 when x ?1 or t ? 0. When a = 0, the limit t ? 0 re-
quires s ? 0 and since 0 6 x 6 s the co-ordinate g = x � s ? 0. So in
this case the initial condition must coincide with the left hand bound-
ary condition. Since initially the temperature is everywhere at
T(x,t) = G(g) = �1, the condition G(0) = �st then requires st = 1.

The Stefan condition integrates immediately to give s(t) = mt and
this may be used to remove the time dependence in the boundary
condition G(0) = m. Integrating the governing Eq. (38) and applying
the boundary conditions in (39) leads to

G ¼ �1þ ð1� mÞe�mg: ð40Þ

To determine the value of m we now use the above solution and the
definition m = �G0(0)/b to show that m = 1 � b and hence

G ¼ �1þ be�gð1�bÞ; s ¼ ð1� bÞt; ð41Þ

which is obviously a travelling wave. Since the front propagates in
the positive g direction, st > 0, the solution is restricted to values
b < 1.

The travelling wave solution describes a constant shape that
propagates with time: the temperature and temperature gradient
are constant at the moving front G(0) = �1 + b, Gg(0) = �b(1 � b).
However, we noted above that for TI(t) – 0 the initial condition is
st(0) = 1 but here we have st(0) = 1 � b – 1: in other words, we do
not satisfy the initial condition. The travelling wave solution is
commonly quoted as an exact solution to Stefan problems but in
this case it may only be considered as a large time solution and this
will become clear when we compare against the numerics. With
this in mind we should not apply s(0) = 0 and the results in the ori-
ginal variables are

T ¼ �1þ be�ð1�bÞðx�sÞ; s ¼ ð1� bÞt þ C0; st ¼ ð1� bÞ: ð42Þ

Case b > 1: For b > 1 we can make progress by applying a large time
substitution t = s/� to (21) and (22) but now with a = 1/2. The Stefan
condition (22b) then implies scaling s = r/�1/2 and the governing
equations are

G00 ¼ � mþ g
2

� �
G0; 0 < g <1 ð43Þ

Gð0Þ ¼ ��1=2rs; s1=2rs ¼ m; Gjg!1 ¼ �1: ð44Þ

Note, in the previous example we simply solved for G and then
found we could not apply the initial condition s(0) = 0, hence sug-
gesting a large time solution. Here we begin under the assumption
of large time and so do not impose s(0) = 0. The Stefan condition
then immediately leads to r ¼ 2m

ffiffiffi
s
p
þ c0, where c0 is an integration

constant. The small parameter in the boundary condition suggests a
series solution G ¼ G0 þOð�1=2Þ. The leading order problem is then
simply the a = 1/2 case without kinetic undercooling (25) and (26)
but the initial condition no longer applies. Viewed from another an-
gle we can interpret the no kinetic undercooling problem as a large
time leading order approximation to the kinetic undercooling problem.
The first order problem has a time-dependent boundary condition
and so, as for the small time solution in Section 3.2, only the leading
order problem is consistent with the current similarity
transformation.

Writing the solution back in the original variables gives

T � �1þ
erfc x= 2

ffiffi
t
p� �
� C1

� �
erfcðmÞ ; s � 2m

ffiffi
t
p
þ C1; st �

mffiffi
t
p : ð45Þ

Case b = 1: It is clear that this intermediate case cannot be found
from the arguments given above and the analysis turns out to be
more delicate. We therefore study it in more detail.

Instead of the similarity transformation given in (18) we define

g ¼ y
ta
; Fðy; tÞ ¼ Gðg; tÞ: ð46Þ

414 F. Font et al. / International Journal of Heat and Mass Transfer 62 (2013) 411–421
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The governing Eqs. (14)–(16) are now
@2G
@g2 ¼ t2a @G

@t
� ðagt2a�1 þ tastÞ

@G
@g

; 0 < g <1 ð47Þ

Gjg¼0 ¼ �st; Gjg!1 ! �1; tast ¼ �
@G
@g

����
g¼0

; ð48Þ

again we do not impose s(0) = 0.
We apply a large time substitution

t ¼ s
�
; s ¼ r

�c
; Gðg; tÞ ¼ Hðg; sÞ; ð49Þ

to Eqs. (47) and (48), for the moment leaving the exponents a,c un-
known. Then the Stefan condition in (48) becomes

sars ¼ �aþc�1@H
@g

����
g¼0

and so we must have c = 1 � a for the front to move (at leading or-
der). Hence, the governing equations are

@2H
@g2 ¼ s2a�1�2a @H

@s
� ðags2a�1�1�2a þ sarsÞ

@H
@g

; 0 < g <1 ð50Þ

Hjg¼0 ¼ ��ars; Hjg!1 ! �1; sars ¼ �
@H
@g

����
g¼0

: ð51Þ

From examining (50) and (51a) it is clear that we require 0 < a < 1/2,
in order that �1�2a,�a ? 0 as �? 0. We now introduce expansions

Hðg; sÞ ¼ H0ðgÞ þ �1�2ashH1ðgÞ þ � � � ;
rðsÞ ¼ r0ðsÞ þ �1�2ar1ðsÞ þ � � � ; ð52Þ

where again h is left unspecified. Substituting these expansions into
(50) and (51) gives the leading order problem

H000ðgÞ ¼ �m0H00ðgÞ; 0 < g <1 ð53Þ
H0ð0Þ ¼ 0; H0jg!1 ! �1; sar0s ¼ m0; ð54Þ

where m0 ¼ �H00ð0Þ. This has solution

H0ðgÞ ¼ �1þ e�m0g; r0 ¼
m0

1� a
s1�a þ c0; b ¼ 1: ð55Þ

Note, the definition of m0 ¼ �H00ð0Þ is automatically satisfied and
provides no information. We must then look to the higher order
terms to determine m0. Neglecting the leading order terms in the
boundary condition for Hjg=0 leads to the balance �1�2ashH1(0) =
��a r0s. To make the terms balance we choose a = 1/3. Thus the
Oð�1=3Þ problem is

shH001ðgÞ¼�
g
3
s�1=3H00ðgÞ�m0shH01ðgÞ�s1=3r1sH00ðgÞ; 0<g<1 ð56Þ

shH1ð0Þ¼�r0s; H1jg!1!0; s1=3r1s¼�shH01ð0Þ: ð57Þ

To remove s from the equations requires setting h = �1/3. Thus (56)
and (57) reduce to

H001ðgÞ ¼ �
g
3

H00ðgÞ � m0H01ðgÞ � m1H00ðgÞ; 0 < g <1 ð58Þ

H1ð0Þ ¼ �m0; s2=3r1s ¼ m1; H1jg!1 ! 0; ð59Þ

where m1 ¼ �H01ð0Þ. The solution to this system is

H1 ¼ �
1

6m2
0

½2þ 6m2
0m1gþ 2m0gþ m2

0g
2�e�m0g: ð60Þ

Substituting for H1(0) into (59a) gives an equation to determine m0

m0 ¼
1
3

� �1=3

: ð61Þ

Finally we may write down the position of the moving front

r0 ¼
9
8

� �1=3

s2=3 þ c0: ð62Þ

Note, the dependence r � s2/3 is quoted in [6,7,10,11] (without the
multiplicative constant). Finally, in the original notation we have

T � �1þ exp
x� s

ð3tÞ1=3

 !
; s � 9

8

� �1=3

t2=3 þ C2; st � ð3tÞ�1=3: ð63Þ

3.3. Nonlinear kinetic undercooling

Theoretically, the Neumann solution holds for any b > 1. Adopt-
ing the linear approximation to the st(TI) relation permits the solu-
tion domain to be extended to include b 6 1. Taking the values for
Lm, cl for salol given in Table 1 indicates b ? 1 as DT ? 57 K and
this is where the Neumann solution predicts the velocity tends
to infinity. However, if we look again at Fig. 1b) it is clear that
the velocity is in fact significantly below its maximum value of
4.5 � 10�5m/s. Further, the linear model is only valid for
DT < 10 K, that is for b > 5.7. For copper a similar argument indi-
cates the linear model holds for b > 3.95. Consequently, for rela-
tively large values of b neither the Neumann or linear
approximations will provide physically realistic solutions and we
must deal with the full nonlinear relation (12).

Key to the similarity solutions of the previous section was the
ability to remove the time dependence from the conditions at
x = s(t). The nonlinear relation (12) makes this a much more diffi-
cult task and so in this section we limit our analysis to small time
and travelling wave solutions. In the subsequent section we will
then introduce an accurate form of heat balance integral method
which permits approximate solutions for further cases.

3.3.1. Small time solutions
Using the previous definitions of g,G as given in Section 3.2 we

obtain Eqs. (29) and (30) with the only difference being that in the
boundary condition (30a) we replace the right hand side with TI.
This relation is then used in Eq. (12) to give

st ¼ ½1� t1=2Gð0Þ� exp
Q ½�1þ t1=2Gð0Þ�

P þ ½�1þ t1=2Gð0Þ�

� 
: ð64Þ

We now make the small time substitution t = �s, s = � r, and expand
the exponential term using a Taylor series expansion. This brings us
to the leading order problem specified by Eqs. (33), (34) but with
the condition r0s = 1 replaced by

r0s ¼ exp � Q
P � 1

� �
: ð65Þ

This has solution

G0 ¼ bexp � Q
P�1

� �
2ffiffiffiffi
p
p e�g2=4�gerfc

g
2

� �	 

; r0 ¼ sexp � Q

P�1

� �
:

ð66Þ

As before we cannot find G1 but can determine an expression for r1,
namely

r1 ¼ � exp � 2Q
P � 1

� �
1� QP

ðP � 1Þ2

" #
s3=2 4b

3
ffiffiffiffi
p
p : ð67Þ

Writing the solution back in the original variables leads to

T � �1þ t1=2b exp � Q
P � 1

� �
2ffiffiffiffi
p
p e�

ðx�sÞ2
4t � x� s

t1=2

� �
erfc

x� s
2t1=2

� �	 

; ð68Þ

s � exp � Q
P � 1

� �
t 1� exp � Q

P � 1

� �
1� QP

ðP � 1Þ2

" #
4b

3
ffiffiffiffi
p
p t1=2

( )
; ð69Þ

st � exp � Q
P � 1

� �
1� exp � Q

P � 1

� �
1� QP

ðP � 1Þ2

" #
2bffiffiffiffi
p
p t1=2

( )
: ð70Þ
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3.3.2. Large time solutions
Case b < 1: The travelling wave analysis in Section 3.2 easily

translates to the current problem. We find

G ¼ �1þ ð1þ TIÞe�mg; ð71Þ

where TI = b � 1. The wave speed m, which varies with TI, follows
from substituting st = m into Eq. (12)

m ¼ st ¼ ð1� bÞ exp
Qðb� 1Þ
P þ b� 1

� �
: ð72Þ

The temperature in the original variables is

T ¼ �1þ b expð�mðx� sÞÞ ð73Þ

and the position and velocity of the freezing front are

s ¼ ð1� bÞ exp
Qðb� 1Þ
P þ b� 1

� �
t þ C0;

st ¼ ð1� bÞ exp
Qðb� 1Þ
P þ b� 1

� �
: ð74Þ

As in the linear case, the above travelling wave solution is restricted
to values b < 1 and, since it cannot satisfy the initial condition,
should be considered a large time approximation.

4. Solution with the HBIM

The Heat Balance Integral Method (HBIM) introduced by
Goodman [18] is a well-known approximate method for solving
Stefan problems. The basic idea behind the method is to approx-
imate the temperature profile, usually with a polynomial, over
some distance d(t) known as the heat penetration depth. The
heat equation is then integrated to determine a simple ordinary
differential equation for d. The solution of this equation, coupled
with the Stefan condition then determines the temperature and
position s(t). The popularity of the HBIM is mainly due to its
simplicity. However, in its original form there are a number of
drawbacks, primarily a lack of accuracy for certain problems
but also the rather arbitrary choice of approximating function,
see [19] for a more detailed description of the method and prob-
lems. Recently a number of variants of the HBIM have been
developed which address the issues and have led to simple solu-
tion methods that, over physically realistic parameter ranges,
have proved more accurate than second order perturbation solu-
tions [20–23]. For the current study we will use the HBIM to
permit us to make further analytical progress in the case of large
supercooling.

For the one-phase semi-infinite problem with large supercool-
ing the HBIM proceeds as follows. For t > 0 the temperature de-
creases from T(s,t) = TI to �1 as x ?1. With the HBIM the
temperature profile is specified over a finite distance x 2 [s,d],
where the ‘heat penetration depth’ d is defined as the position be-
yond which the temperature rise is negligible. This leads to the
boundary conditions T(d,t) = �1, Tx(d,t) = 0 and d(0) = 0. The sim-
plest polynomial profile satisfying these conditions, along with
T(s,t) = TI(t), is given by the function

T ¼ �1þ ð1þ TIÞ
d� x
d� s

� �n

: ð75Þ

In the original HBIM the value n = 2 was employed, although other
values have been used in later studies (often motivated by numer-
ical solutions), see [19]. For now we leave it unspecified. The heat
balance integral is determined by integrating the heat Eq. (8) over
the spatial domain, leading to

d
dt

Z d

s
T dx� Tjx¼ddt þ Tjx¼sst ¼ Txjx¼d � Txjx¼s: ð76Þ

Substituting the expression for T from (75) gives

d
dt
ðTI � nÞðd� sÞ

nþ 1

	 

þ dt þ TIst ¼

nð1þ TIÞ
d� s

: ð77Þ

This involves the unknowns, d(t), s(t). A further equation comes
from the Stefan condition

bst ¼
nð1þ TIÞ

d� s
ð78Þ

and the system is closed with Eq. (12). The exponent n is also un-
known and this is determined through Myers’ method, described
in [22,23]. If we define f(x,t) = Tt � Txx, then the HBIM may be spec-
ified through the integral

R d
s f dx ¼ 0. The modification suggested in

[22,23] was to choose n to minimise the least-squares error
En ¼

R d
s f 2 dx. This leads to significant improvements in the accuracy

of the HBIM as well as providing an error measure that does not re-
quire knowledge of an exact or numerical solution. For certain prob-
lems, for example when the boundary conditions are time-
dependent, n may vary with time. To keep the method simple n is
then set to its initial value, since this is where the greatest error
En usually occurs. A subsequent refinement to this method, called
the Combined Integral Method (CIM), was developed by Mitchell
& Myers [21,24] which provides a more consistent way to deal with
cases where n is time-dependent.

The standard HBIM is often criticized due to a lack of accuracy.
To indicate the accuracy of these new methods we point out that in
[24] the CIM, second order large b and leading order small b pertur-
bation solutions are compared against the exact solution for a two-
phase supercooled Stefan problem. For b 2 [0.012,51.5] the CIM is
the most accurate method with a percentage error in the front
velocity in the range [0.1,0.4]%. In the range b 2 [1] the error for
the 2nd order perturbation varies almost linearly between 100
and 0.4% (for b < 1 the error is off the graph). Over the whole range
plotted in [24, Fig. 5], b 2 [10�4,102], the CIM error is a decreasing
function of b with a maximum when b = 10�4 of around 0.44%. Gi-
ven that the polynomial exponents only depend on b we expect
Myers’ method to be even more accurate than the CIM and so in
the following, for simplicity, we will restrict n to be independent
of time and so use Myers’ method.

4.1. Linear kinetic undercooling

For the case of linear kinetic undercooling, TI(t) = �st, and so we
can use the Stefan condition (78) to eliminate d from (77) and so
derive an equation depending solely on s(t). Assuming n is constant
we obtain the second order ODE

stt ¼
ðnþ 1Þbs3

t ð1� b� stÞ
n 1� s2

tð Þ : ð79Þ

Hence the HBIM has reduced the initial Stefan problem to one of
solving a single ODE for s. This is obviously a much simpler prospect
than solving the full Stefan problem. Once s is known the interface
temperature is determined by TI = �st, d is given by Eq. (77) and the
temperature profile follows from (75). As discussed earlier the ini-
tial conditions are s(0) = 0,st(0) = 1. Eq. (79) is easily solved
using the Matlab routine ode15s. In this case, the error minimisa-
tion process leads to n � 3.57. The condition st(0) = 1 leads to
an initial singularity in acceleration. Motivated by the previous
small time solution we assume a form st = 1 + B ta when t	 1

which leads to st ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2ðnþ 1Þ=n

q
t1=2 and hence

s ¼ t � ð2=3Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2ðnþ 1Þ=n

q
t3=2. These forms are then used as the ini-

tial conditions for the numerical calculation starting at some time
t = t0	 1.
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Note, this is not the first time that an HBIM has been applied to
kinetic undercooling problems. Charach & Zaltzman [7] studied the
linear case employing the error function profile

T ¼ �1þ ð1þ TIÞerfc½cðx� sÞ�; ð80Þ

where c is an unknown time-dependent coefficient to be deter-
mined. This form was motivated by the TI = 0 case of Eq. (27). The
solutions obtained in this manner exhibit the same large time
behaviours discussed earlier although by comparing to the numer-
ical results we found this profile to be significantly less accurate
than that using Myers’ method. It also requires c to be determined
and c(0) turns out to be infinite. For these reasons we do not show
this solution on any plots.

4.2. Nonlinear kinetic undercooling

For the case of large supercooling the appropriate expression for
TI(t) is obtained from Eq. (12). Eliminating d from (77) by means of
the Stefan condition (78) we obtain

2ð1þ TIÞ
st

dTI

dt
� ð1þ TIÞ2

s2
t

stt ¼
ðnþ 1Þbðb� 1� TIÞ

n
st : ð81Þ

The above equation suggests making the change of variable y = st,
which leads to

dTI

dt
¼ ð1þ TIÞ

2y
dy
dt
þ ðnþ 1Þbðb� 1� TIÞy2

2nð1þ TIÞ
: ð82Þ

A second equation can be obtained by taking the time derivative of
(12)

dy
dt
¼ � exp

QTI

P þ TI

� �
1þ QPTI

ðP þ TIÞ2

" #
dTI

dt
: ð83Þ

Eqs. (82) and (83), together with the definition y = st, constitute a
system of three nonlinear first order ODEs that can be easily solved
with the Matlab routine ode15s. The initial conditions for this sys-
tem are TI(x,0) = �1, y(0) = exp (�Q/(P � 1)) and s(0) = 0. Again, the
exponent n is determined by minimizing En for t � 0 giving n � 3.61.

4.3. Asympotic analysis within the HBIM formulation

4.3.1. Linear kinetic undercooling
Applying a large time subsitution allows us to examine the

solution behaviour analytically and in particular make comparison
with earlier solution forms. Firstly, we write t = s/� and s = r/�c and
Eq. (79) becomes

�2�crss ¼
ðnþ 1Þb�3ð1�cÞr3

sð1� b� �1�crsÞ
n 1� �2ð1�cÞr2

s
� � : ð84Þ

The obvious balance comes from setting 2 � c = 3(1 � c), which
gives c = 1/2, and so (84) reduces to

rss �
ðnþ 1Þbð1� bÞr3

s
n

) r�2
s �

2ðnþ 1Þbðb� 1Þs
n

þ c0: ð85Þ

To ensure rs > 0 requires b > 1. Since all solutions with b P 1 have
st ? 0 (or equivalently TI ? 0) as t ? 0 the constant c0 = 0. This indi-
cates st �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n=ð2ðnþ 1Þbðb� 1ÞtÞ

p
and is consistent with the large

time solution given in Section 3.2 for b > 1.
A second balance comes from setting c = 1 in (84). Then the

right hand side is dominant and so rs = 1 � b, giving st = 1 � b
(and so requiring b < 1). This is consistent with the travelling wave
solution, valid for b < 1, found in Section 3.2.

A third reduction is obtained by first setting b = 1 in Eq. (84)

�2�crss ¼ �
ðnþ 1Þ�4ð1�cÞr4

s

n 1� �2ð1�cÞr2
s

� � : ð86Þ

Then balancing both sides gives 2 � c = 4(1 � c), or c = 2/3, leading
to

rss � �
ðnþ 1Þr4

s
n

) rs �
3ðnþ 1Þs

n

� ��1=3

: ð87Þ

Thus

st �
3ðnþ 1Þt

n

� ��1=3

) s � 9n
8ðnþ 1Þ

� �1=3

t2=3: ð88Þ

Again the constants of integration have been set to zero to achieve
the appropriate behaviour as t ?1. This is the behaviour predicted
by the large time, b = 1 analysis of Section 3.2.

From the above we see that the HBIM formulation allows us to
easily capture the three forms of solution behaviour determined in
Section 3.2.2.

4.3.2. Nonlinear kinetic undercooling
As in the previous section we may make analytical progress in

the large time limit by setting t = s/�, s = r/�c and also TI = �hU,
where c,h P 0. Eq. (12) then becomes

�1�crs ¼ ��hU exp
Q�hU

P þ �hU

� �
: ð89Þ

This equation clearly shows that for the front to move h = 1 � c. Eq.
(81) becomes

�
2ð1þ �1�cUÞ

rs

dU
ds
� �c ð1þ �

1�cUÞ2

r2
s

rss

¼ �1�c ðnþ 1Þbðb� 1� �1�cUÞ
n

rs: ð90Þ

We note that the first term in (90) will never be dominant for any
value of c 2 [0,1]. So, in fact,

��c ð1þ �
1�cUÞ2

r2
s

rss � �1�c ðnþ 1Þbðb� 1� �1�cUÞ
n

rs; 8c: ð91Þ

Moreover, we realize that the exponential in (89) affects the leading
order term only when c = 1, otherwise rs ¼ �U þOð�1�cÞ, i.e. the
linear case is retrieved, and so we find the same balances as in
the previous section. First, for c = 1/2 (91) reduces to (85) valid
for b > 1 (st � t�1/2). Second, setting b = 1, we find that c = 2/3 and
(91) reduces to (88) (st � t�1/3). Finally, for c = 1 the right hand side
of (91) is dominant and we find U = TI = b � 1. Then st is described
by the travelling wave solution (72) which requires b < 1. There is
also the possibility of setting c = 0 but this implies TI = �U	 1
which is not consistent with the specification of large supercooling.

4.3.3. Discussion
The equations obtained through the HBIM formulation for the

linear case are easily analysed to determine the three time depen-
dencies found at large times by previous authors. In the nonlinear
case the asymptotic analysis may no longer be applied, however
the HBIM formulation indicates the three same solution forms.
When b P 1, as t ?1 the velocity st ? 0 and so TI ? 0. Conse-
quently we should expect the linear and nonlinear cases to coin-
cide. The numerics of the following section confirms this. When
b < 1 the value of st is constant and differs for the linear and non-
linear cases.

5. Results

We now present a set of results for the various scenarios dis-
cussed in Sections 3 and 4. The asymptotic and HBIM results are
compared with a numerical scheme similar to that developed by
Mitchell & Vynnycky [25,26]. This uses the Keller box scheme,
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which is a second order accurate finite-difference method, and has
been successfully applied to several moving boundary problems.
The boundary immobilisation transformation at the end of Sec-
tion 2, along with a small time analysis, ensures that the correct
starting solution is used in the numerical scheme. In all examples
we use parameter values for copper, hence Q � 3.5811. The value
of b and P depend on DT hence the plots with b = 0.7,1,1.5 corre-
spond to P � 2.417, 3.453, 5.179 respectively.

For clarity we present the results in three subsections: in the
first we compare numerics, HBIM and asymptotic solutions for
the case of linear kinetic undercooling, then repeat this for nonlin-
ear undercooling, and finally we compare results obtained through
the two undercooling models and the classical Neumann solution.

5.1. Linear kinetic undercooling

In Fig. 2 we compare the results of the numerical solution (solid
line), the HBIM (dashed) defined by Eq. (79) and the small and
large time asymptotics (dash-dot) for the case b = 1. The value of
the exponent used in the HBIM was n = 3.57 which was deter-
mined by minimising the least-squares error. The left-hand figure
shows the solutions for t 2 [0,0.1]. In this range the numerical
and HBIM solutions are virtually indistinguishable whilst the small
time asymptotic solution is only accurate for the very initial stage.
The asymptotic solution does have a time restriction since the
leading order term must be significantly greater than the first or-
der. In fact a more rigorous bound is imposed by the restriction
that st > 0 thus requiring t < p/(4b2) and so the smaller the value
of b the longer the solution is valid (although recall b is restricted
such that the linear undercooling relation is valid). The right hand
figure shows a comparison of the numerics, HBIM solution and
large time asymptotics carried on until t = 140. Again the HBIM is
close to the numerics for all of the range. The large time asymptotic
solution improves as t increases and for t approximately greater
than 80 becomes more accurate than the HBIM.

Fig. 3 displays two sets of results demonstrating the two other
forms of behaviour, with b < 1 and b > 1. The left hand figure is
for b = 0.7. For large times the solution is a travelling wave. The
large time asymptotic result is therefore a straight line correspond-
ing to the wave speed st = 1 � b = 0.3. As mentioned in Section 3.2.2,
the travelling wave does not match the initial conditions, which
the HBIM and numerics correctly capture, and so must be classified
as a large time solution. Even at t = 100 the travelling wave speed is
around 3% below the numerical solution.

For b > 1 the large time asymptotic solution (at leading order)
reduces to the no kinetic undercooling (or Neumann) solution.

The velocity is represented by (45c) and it is shown in the right
hand plot in Fig. 3 for b = 1.5 together with numerical and HBIM re-
sults (which again are virtually indistinguishable). At t = 100 the
difference between numerics and asymptotics is around 10%. How-
ever, if we increase b to 2 the error at t = 100 reduces to 4%.

5.2. Nonlinear kinetic undercooling

In Figs. 4 and 5 we demonstrate different solution behaviours
for the nonlinear kinetic undercooling case. In contrast to the linear
examples we do not have large time asymptotic solutions for b 6 1
and only show HBIM and numerical solutions for those cases. The
HBIM solution is obtained by integrating (82) and (83) using Mat-
lab routine ode15s.

The left hand plot in Fig. 4 shows the small time behaviour with
b = 1, when t 2 [0,0.1]. Again the HBIM (with n = 3.57) appears to
be very accurate, whilst the asymptotic solution slowly loses accu-
racy. As before this is bounded by a time restriction, t	 p/4b2-

exp[2Q/(1 � P)][1 � QP/(P � 1)2]2. Decreasing b would improve
the accuracy of the asymptotic solution. The HBIM solution has
the initial value st = exp (�Q/(P � 1)), which in this case gives
st(0) � 0.232. An important difference between this solution and
the zero and linear undercooling cases is that the speed now in-
creases with time. Referring to Fig. 1, this indicates that this value
of Stefan number requires Tm � TI such that we begin to the right of
the peak in the st(DT) curve. As time proceeds and TI approaches Tm

we will move to the left and so observe an initial increase in st fol-
lowed by a decrease as we pass the peak. This behaviour is appar-
ent in the right hand plot of Fig. 4, which shows the numerical and
HBIM solution for t 2 [0,100]. For t 2 [0,5] (approximately) st in-
creases to a maximum of just above 0.28 and then slowly decreases
with the t�1/3 behaviour predicted in Section 4.3.

Fig. 5 displays results for b = 0.7, 1.5 for t 2 [0,300],[0,40] respec-
tively. The left hand figure shows that the HBIM is always close to the
numerical solution and that the travelling wave result is only
achieved after a very large time. Even after t = 300 the large time
asymptotic solution is 4% below the numerical solution. This ap-
proach to the travelling wave is much slower than in the linear case.
The HBIM and numerical results, as in Fig. 4, show an initial growth
in st followed by a decrease for t > 30, again this may be attributed to
starting from the right of the peak in the st(DT) graph and then mov-
ing to the left, across the peak as t increases. The right hand figure
contains the HBIM and numerical solutions for b = 1.5. Obviously
the curves are very close to each other. The larger value of b indicates
a lower value of D T than in the left hand plot and this means the de-
gree of undercooling is always such that we remain to the left of the
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Fig. 2. Linear kinetic undercooling with a) t 2 [0, 0.1], b) t 2 [0,140]. The sets of curves denote the numerical solution (solid line), HBIM (dashed) and small and large time
asymptotics (dash-dotted) results for the interface velocity when b = 1.

418 F. Font et al. / International Journal of Heat and Mass Transfer 62 (2013) 411–421



Author's personal copy

peak on the st(DT) graph. Consequently st is a decreasing function of
time and, as shown in Section 4.3, st / t�1/2.

At the end of Section 4 it was mentioned that the two solution
forms, with b P 1, must approach the linear kinetic undercooling
forms since TI = �st ? 0. Comparing Figs. 2 and 4 shows the large

time solutions for b = 1 do coincide, similarly with the results when
b = 1.5 shown in the right side of Figs. 3 and 5. However, when b <
1 then TI = 1 � b does not approach Tm and so linear and nonlinear
results for b = 0.7, shown in the left side of Figs. 3 and 5, have dif-
ferent limits, st = 0.3 and st � 0.18 respectively.
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Fig. 3. Linear kinetic undercooling with t 2 [0,100] and a) b = 0.7, b) b = 1.5. The sets of curves denote the numerical solution (solid line), HBIM (dashed) and large time
asymptotics (dash-dotted) results for the interface velocity.
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Fig. 4. Nonlinear kinetic undercooling with a) t 2 [0, 0.1], b) t 2 [0, 100]. The sets of curves denote the numerical solution (solid line), HBIM (dashed) and small time
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5.3. Comparison of linear and nonlinear undercooling

In Fig. 6 we show plots of the velocity st for t 2 [0,100] and the
temperature T at t = 1 for the case b = 1.1. This b value was chosen
to permit the inclusion of the Neumann solution. On the plots the
solid line represents the numerical solution of the nonlinear prob-
lem, the dashed line that of the linear case and the dot-dash line
the Neumann solution.

The left hand plot shows the velocities st. The Neumann solution
breaks down at b = 1, however, it is clear from the curves that even
for b = 1.1 it is far from the solutions with undercooling. This indi-
cates that, although the Neumann solution is accepted as valid down
to b = 1, it may be highly inaccurate and inappropriate for describing
the solidification of a supercooled liquid. The choice b = 1.1 means
that we operate to the left of the peak in the st(DT) graph, where
the linear approximation is close to the nonlinear curve. Conse-
quently, the corresponding velocities shown on Fig. 6 converge quite
rapidly. However, for small times the linear case has much higher
velocities which would result in a significantly higher prediction
for s than when using the nonlinear relation. Decreasing the value
of b causes the st curves to diverge further.

The right hand plot shows the temperature profiles at t = 1 as a
function of the fixed boundary co-ordinate y = x � s. The Neumann
solution (dash-dotted line) has a constant temperature T = 0 at x = s
for all times, while the nonlinear (solid) and linear (dashed) solu-
tions present a variable temperature at x = s that tends to 0 as time
increases. The differences observed between the temperature pro-
files become smaller for larger times and the solutions look almost
the same at t = 100.

6. Conclusions

In this paper we have investigated the one-phase one-dimen-
sional Stefan problem with a nonlinear relation between the phase
change temperature and solidification rate. In the limits of zero
and linear (small) supercooling we reproduced the asymptotic
behaviour found in previous studies. The asymptotics for the non-
linear regime proved more difficult and then our analysis was lim-
ited to small time solutions for arbitrary Stefan number and a
travelling wave solution at large time (valid for b < 1). A recent
extension to the Heat Balance Integral Method was then applied
to the system to reduce the problem to a single ordinary differen-
tial equation for the case of linear supercooling and two ordinary
differential equations for the nonlinear case. Asymptotic tech-
niques could then be applied to the ordinary differential equations
to reproduce the various asymptotic behaviours found in the linear

system. For the nonlinear system it turned out that the same
behaviour could be found at large times and, given the proximity
of the HBIM solution to numerical results we conclude that this re-
flects the behaviour of the full system.

Whilst asymptotic analysis is a popular method to analyse the
solution form in various limits it may only be valid over a very
small range. In contrast the HBIM solution was very close to the
numerical solution and in general proved more accurate than the
small and large time asymptotics. In the nonlinear case, where
the asymptotic solutions were not available for all cases the HBIM
equations could still be analysed to predict the solution behaviour.
This indicates that the new accurate version of the HBIM is a useful
tool in analysing this type of problem.

An interesting point concerns the Neumann solution. Although
this solution exists for supercooled fluids (such that b ? 1+) it can
be highly inaccurate. In our final set of results we compared
solutions for b = 1.1. The Neumann solution has st(0) =1, with
linear supercooling st(0) = 1 and with the nonlinear relation
st(0) = e�Q/(P�1), which for the current study on copper gave
st(0) � 0.278. For large times the linear and nonlinear velocities
converged (although the initial discrepancy may lead to a large
difference in the position of the front) whilst the Neumann
solution had st approximately 50% higher even at t = 100.
Increasing the value of b caused the three solution sets to
converge. Perhaps the main conclusion of this study is that for
practical purposes when attempting to predict realistic solidifica-
tion rates for b < 1 and even for values slightly greater than unity
the nonlinear relation should be employed. Even though the
Neumann solution exists it should not be trusted to predict solid-
ification rates of supercooled liquids for values of b close to unity.
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