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A recently derived numerical algorithm for one-dimensional time-dependent Stefan prob-
lems is extended for the purposes of solving a moving boundary problem for the transient
heating of an evaporating spherical droplet. The Keller box finite-difference scheme is used,
in tandem with the so-called boundary immobilization method. An important component
of the work is the careful use of variable transformations that must be built into the numer-
ical algorithm in order to preserve second-order accuracy in both time and space – an issue
not previously discussed in relation to this widely-used scheme. In addition, we demon-
strate that our solution is in close agreement with the solution obtained using an alterna-
tive numerical scheme that employs an analytic solution of the heat conduction equation
inside the droplet, for which the droplet radius was assumed to be a piecewise linear func-
tion of time. The advantages of the new method are discussed.

Crown Copyright � 2011 Published by Elsevier Inc. All rights reserved.
1. Introduction

Phase-change, or Stefan, problems, occur in a wide variety of natural and industrial processes. Mathematically, these are
special cases of moving boundary problems, in which the location of the front between two material phases is not known
beforehand, but must be determined as part of the solution. Although a few analytic solutions to such problems are known,
it is more common to have to apply numerical methods [1]; amongst these are the boundary immobilization method [2–8],
the enthalpy method [9,10], the variable space grid method [5,9], the finite element numerical method [11], the nodal inte-
gral method [12] and the heat balance integral method [10,13–20].

From amongst all of the above, the boundary immobilization method coupled to a Keller box discretization scheme of the
one-phase one-dimensional time-dependent governing equations appears to perform best as regards order of accuracy and
computational efficiency [7]. In particular, the algorithm was implicit, therefore not having any limitation on the time-step
size, and was in addition shown to be second-order accurate in the time and space variables; all of the methods cited above
are either of indeterminate accuracy or no higher than first-order accurate in time. Mitchell and Vynnycky [7] also resolved a
further key issue regarding how to initiate a computation for a region which initially has zero thickness, as occurs in a wide
range of Stefan problems. However, not all Stefan problems are of this type, and it is of interest to extend these methods to
other applications. The particular subject of this paper is the evaporation of spherical fuel droplets, as occurs, for example, in
Diesel engines [21–23].

Numerically speaking, the problem of droplet evaporation may seem no harder than the ones considered by Mitchell and
Vynnycky [7]. However, as this paper will demonstrate, there are different issues that need to be resolved in order to produce
2011 Published by Elsevier Inc. All rights reserved.
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Nomenclature

English
a, b coefficients introduced in Eq. (7)
BM Spalding mass transfer number
C1, C2 constants of integration given in Eq. (35)
c specific heat capacity, J kg�1 K�1

cgl dimensionless constant, cg/cl

D1, D2 constants of integration in Eq. (A7)
E; E error estimates introduced in Section 4.2
F u/R(t)
G F/s
h convective heat transfer coefficient, Wm�2 K�1

H @G/@g
k thermal conductivity, Wm�1 K�1

kgl dimensionless constant, kl/kg

L specific heat of evaporation, J kg�1

M molar mass, kg mol�1

p; �p order of accuracy indices introduced in Section 4.2
P pressure, Pa
r dimensionless distance from the centre of the droplet
�r distance from the centre of the droplet, m
R dimensionless droplet radius
R droplet radius, m
S location of moving boundary
t dimensionless time
�t time, s
T temperature, K
u rh(r, t)
X time-like variable
Y space-like variable
U temperature-like variable
V @U=@Y
Y mass fraction

Greek
a exponent in Eq. (A1)
b dimensionless constant in Eq. (13)
c dimensionless constant in Eq. (13)
Dg mesh size in the space-like variable g
Dn mesh size in the space-like variable n
Ds mesh size in the time-like variable s
e convergence criterion parameter
g independent variable, (1 � n)/t1/2

g1 numerical value for the location of the outer edge of the lower deck
h dimensionless temperature
j fuel thermal diffusivity (kl/qlcl)
k strictly positive constant introduced in Eq. (A1)
n r/R(t)
q density
s time-like integration variable, t1/2

Subscripts
e evaporation
f fuel
g gas
i index for numerical spatial step
j mesh refinement index
l liquid
m index for iteration within each numerical time step
s surface
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v vapour
0 initial value

Superscripts
n index for numerical time step
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a numerical scheme that is once again second-order accurate in both time and space. First of all, unlike the problems solved
in [7], the solution domain is initially finite in extent and subsequently shrinks as the droplet evaporates. Thus, whilst sim-
ilarity-like variables could be determined rather naturally in [7] for the purposes of initiating the numerical integration, the
way to proceed for a spherical droplet is far from obvious; therefore, recourse to the physics of the problem, as well as to
earlier work carried out in a different context [24], proves to be necessary for guidance. A related issue that we touch on here
is whether all the dependent variables are solved for with the same accuracy: Mitchell and Vynnycky [7] only checked the
order of accuracy of the numerical solution for the temperature, but since the temperature derivatives and the location of the
front are also explicit variables of the numerical algorithm that are solved for, rather than determined by post-processing, it
would make sense to determine the order of accuracy of those too.

In Section 2, we formulate a Stefan problem for the evaporation of a spherical droplet; in Section 3, we nondimensionalize
the model equations and transform them to a form more suitable for numerical integration. The heart of the new material is
given in Section 4, which explains how the Keller box scheme, in tandem with the boundary immobilization method, is ap-
plied to this particular problem. The results are then presented and discussed in Section 5, and conclusions are drawn in Sec-
tion 6.

2. Problem formulation

Consider a liquid fuel droplet, initially of radius R0 and at temperature T0, immersed into a homogeneous hot gas at con-
stant temperature, Tg, that is greater than T0. Heat transfer within the droplet is assumed to occur by conduction alone; the
effects of thermal radiation are ignored here, an assumption justified and discussed in more detail in [23]. At the surface of
the droplet, evaporation and convection are assumed respectively to be the dominant cooling and heating mechanisms, and
the radius of the droplet, Rð�tÞ, is expected to decrease with time �t, if the effects of thermal swelling are ignored.

The droplet temperature, T �r;�tð Þ, is governed by the heat conduction equation in spherical coordinates,
qlcl
@T
@�t
¼ kl

�r2

@

@�r
�r2 @T
@�r

� �
; 0 6 �r < Rð�tÞ; 0 6 �t 6 �te; ð1Þ
where �r is the distance from the centre of the droplet, cl is the specific heat capacity of the liquid, kl is its thermal conductivity
and ql its density; for brevity, we introduce j = kl/qlcl as the thermal diffusivity of the liquid fuel. In addition, �te is the time
taken for the droplet to evaporate completely.

Initial conditions are required at �t ¼ 0 and boundary conditions are required at �r ¼ 0 and R �tð Þ. For the former, we set
Tð�r;0Þ ¼ T0; Rð0Þ ¼ R0; ð2Þ
where T0 is constant, whereas the boundary condition at �r ¼ 0 is simply
@T
@�r

0;�tð Þ ¼ 0: ð3Þ
Strictly speaking, we do not need to impose the boundary condition at �r ¼ 0, as this is an internal point in the domain �r 6 R;
instead, we can look for the solution of Eq. (1) in the form of a twice continuously differentiable function T � T �r;�tð Þ for
0 6 �t < �te; 0 6 �r < R �tð Þ [23]. However, a numerical scheme will require quantitative input at �r ¼ 0, and (3) is the most appro-
priate, since it expresses spherical symmetry and ensures that the temperature will be bounded at �r ¼ 0.

At �r ¼ R �tð Þ, equating the conductive heat flux to the heat lost due to convective and evaporative cooling gives
kl
@T
@�r
þ hðT � TgÞ ¼ qlL

_R �tð Þ; ð4Þ
where L is the specific heat of evaporation and h �tð Þ is the convection heat transfer coefficient, defined by h �tð Þ ¼ kg=R �tð Þ, with
kg as the thermal conductivity of the gas. Note that the dot denotes differentiation with respect to �t. The above-mentioned
expression for h is valid when the droplets are stationary and the convection process in the gas phase reduces to a pure con-
duction process. The above approach can be generalised to the case of moving droplets within the so-called effective thermal
conductivity model when kl in Eq. (1) is replaced with the effective conductivity keff [22]. The moving boundary at �r ¼ R �tð Þ is
controlled by fuel vapour diffusion from the droplet surface, and satisfies [22]
_R ¼ � kg lnð1þ BMÞ
qlcgR

; ð5Þ
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where BM ¼ Yfs=ð1� YfsÞ is the Spalding mass transfer number, and Yfs is the mass fraction of fuel vapour near the droplet
surface:
Yfs ¼ 1þ Pg

Pfs
� 1

� �
Mg

Mf

� ��1

; ð6Þ
here, Pg and Pfs are the ambient gas pressure and the pressure of saturated fuel vapour near the surface of the droplet, respec-
tively, and Mg and Mf are the molar masses of the gas, here assumed to be air, and fuel. The variable Pfs is calculated from the
Clasius–Clapeyron equation as
Pfs ¼ exp a� b
Ts � 43

� �
; ð7Þ
where a and b are constants to be given for specific fuels and Ts ¼ T R �tð Þ;�t
� �

is the surface temperature of the fuel droplet.
When deriving Eq. (5), it was assumed that the lewis number is equal to 1 and vapour at the surface of the droplet is always
saturated, and the molecules can move infinitely fast from liquid to gas to maintain this status. This assumption implies that
(5) predicts the maximal possible evaporation rate; the actual evaporation rate, as predicted by a more rigorous kinetic mod-
el, can be up to about 5–10% less than the one predicted by (5) for small droplets having radii of about 5 lm, even in a very
dense gas in Diesel engine-like conditions [25,26].

Since Pfs involves Ts, we must solve the coupled Eqs. (1) and (5) to determine T �r;�tð Þ and R �tð Þ, using the initial and bound-
ary conditions specified above.
3. Nondimensionalization and transformation

Although it is possible to proceed in dimensional variables, nondimensionalization gives greater insight into the solution
prior to computation, so we follow this route instead. To do so, we write
r ¼
�r

R0
; R ¼ R

R0
; t ¼

�t

R2
0=j

;

h ¼ T � T0

DT
; hg ¼

Tg � T0

DT
; hs ¼

Ts � T0

DT
;

where we have chosen the timescale R2
0=j from the heat conduction Eq. (1) and the temperature scale D T = L/cl from the

boundary condition (4). Hence, we have
@h
@t
¼ 1

r2

@

@r
r2 @h
@r

� �
; 0 6 r < RðtÞ; 0 6 t 6 te; ð8Þ
where te ¼ �te=ðR2
0=jÞ; the initial conditions are
hðr;0Þ ¼ 0; Rð0Þ ¼ 1 ð9Þ
and the boundary conditions are
@h
@r
þ kglðh� hgÞ

R
¼ _RðtÞ at r ¼ RðtÞ; ð10Þ

R _R ¼ �cglkgl lnð1þ BMÞ at r ¼ RðtÞ; ð11Þ

@h
@r
¼ 0 at r ¼ 0; ð12Þ
with kgl = kg/kl, cgl = cl/cg. The form of (6) is unchanged, although (7) now becomes
Pfs ¼ exp a� b
hs þ c

� �
; ð13Þ
where b = b/DT, c = (Td � 43)/DT.
Having nondimensionalized the governing equations, several features become apparent. Using Table 1, we obtain

DT � 102 K, which is the same as obtained in [23]. In addition, it is clear that doubling R0 will increase the relevant process
timescale fourfold, which is also evident from the computations in [23]. Also, we note that these equations do not contain
any dimensionless parameters that depend on R0; thus, once the solution to the canonical problem posed by Eqs. (8)–(12)
has been found, it can be used for any value of R0, without the need for any further computation.

Lastly, we make use of a transformation that is standard for problems posed in spherical geometries. After introducing the
new variable u = rh(r, t), the problem is transformed to a planar geometry; the heat conduction Eq. (8) can then be written as



Table 1
Model parameter values, as used in [23].

Parameter Typical value Units

a 15.5274 –
b 5383.59 –
cl 2400 J kg�1 K�1

cg 1600 J kg�1 K�1

kg 0.03 Wm�1 K�1

kl 0.04 Wm�1 K�1

L 3 � 105 J kg�1

Mf 0.180 kg mol�1

Mg 0.029 kg mol�1

Pg 3 � 106 Pa
R0 5 � 10�6 m
T0 300 K
Tg 1000 K
ql 700 kg m�3
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@u
@t
¼ @

2u
@r2 : ð14Þ
The initial and boundary conditions, (9)–(12), are then
uðr;0Þ ¼ 0; Rð0Þ ¼ 1; ð15Þ

@u
@r
þ ðkgl � 1Þu

R
¼ kglhg þ R _R at r ¼ RðtÞ; ð16Þ

R _R ¼ �cglkgl lnð1þ BMÞ at r ¼ RðtÞ; ð17Þ

u ¼ 0 at r ¼ 0: ð18Þ
The forms of the expressions for BM and Yfs remain the same, but now
Pfs ¼ exp a� b
us=Rþ c

� �
; ð19Þ
where us = u(R(t), t).

4. Numerical method

4.1. Discretization scheme

Here, it is convenient to transform the variables further, and we begin by immobilizing the moving boundary by intro-
ducing the variables
n ¼ r
RðsÞ ; s ¼

ffiffi
t
p
; uðr; tÞ ¼ RðsÞFðn; sÞ: ð20Þ
Then, Eqs. (14)–(18) become
2s @
2F

@n2 ¼ RR0F þ R2 @F
@s
� nRR0

@F
@n
; ð21Þ

2s @F
@n
þ 2sðkgl � 1ÞF ¼ 2skglhg þ RR0 at n ¼ 1; ð22Þ

RR0 ¼ �2scglkgl lnð1þ BMÞ at n ¼ 1; ð23Þ

F ¼ 0 at n ¼ 0; ð24Þ

Fðn;0Þ ¼ 0; Rð0Þ ¼ 1; ð25Þ
where (�)0 denotes differentiation with respect to s. Note that the time transformation s ¼
ffiffi
t
p

turns out to be essential in
order to ensure that the later numerical scheme is second-order accurate for all variables, namely the temperature, flux
and droplet radius; this is examined further in Section 5.
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Whilst we could attempt a Keller box discretization for these equations with n and s as the independent variables, exten-
sive numerical experimentation indicated that the results would not be second-order accurate in both time and space vari-
ables, in a strict sense that will be briefly explained in Section 4.2. To achieve second-order accuracy, however, it turns out to
be necessary to make the similarity transformation
g ¼ 1� n
s

; F ¼ sGðg; sÞ; ð26Þ
so that (21)–(25) become
Ggg ¼
s
2

RR0Gþ R2

2
ðGþ sGs � gGgÞ þ

1
2
ð1� gsÞRR0Gg; ð27Þ

�Gg þ ðkgl � 1ÞsG ¼ kglhg þ
1

2s
RR0 at g ¼ 0; ð28Þ

RR0 ¼ �2scglkgl lnð1þ BMÞ at g ¼ 0; ð29Þ

G ¼ 0 at g ¼ 1=s: ð30Þ
At first sight, this appears to introduce problems in Eq. (30), since the extent of the solution domain is once again varying
with the time-like variable; we will show, however, how this issue can be resolved.

First of all, we consider the behaviour of (27)–(30) as s ? 0, obtaining
Ggg ¼
1
2

G� 1
2
gGg; ð31Þ
subject to
Gg ¼ kgl cgl lnð1þ BM;0Þ � hg
� �

at g ¼ 0; ð32Þ

G! 0 as g!1; ð33Þ
with
BM;0 ¼ lim
s!0

BM ¼
Mf

Mg Pg exp b
c� a
h i

� 1
	 
 :
Eq. (31) has the general solution
GðgÞ ¼ C1gþ C2 e�g2=4 þ
ffiffiffiffi
p
p

2
gerf

g
2

	 
� �
; ð34Þ
where C1 and C2 are constants to be determined from boundary conditions (32) and (33); it is straightforward to obtain
C1 ¼ kgl cgl lnð1þ BM;0Þ � hg
� �

; C2 ¼
2kglffiffiffiffi

p
p hg � cgl lnð1þ BM;0Þ

� �
: ð35Þ
Also, since
RR0 � �2scglkgl lnð1þ BM;0Þ; ð36Þ
we can integrate once with respect to s to obtain
R2

2
� 1

2
� s2cglkgl lnð1þ BM;0Þ; ð37Þ
whence
R � 1� s2cglkgl lnð1þ BM;0Þ: ð38Þ
Thus, as s ? 0, there is no difficulty as such with (27)–(30), despite the fact that g ?1.
The key point to note, however, is that the overall situation is similar to that in [24,27], with a double-deck solution struc-

ture in n being necessary. In fact, the transformation (26) accounts for the variables in the lower deck where 1 � n � s,
whereas in the upper deck, where n � 1, one would simply choose n and s as the independent variables. Fortunately, in this
problem, there turns out to be no need to solve in the upper deck, since G and Gg will be exponentially small there. This can
be seen from (34) and (35), which indicate, on using
erfðgÞ ¼ 1� e�g2

g
ffiffiffiffi
p
p 1� 1

2g2 þ Oðg�4Þ
� �

;
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that
G � 4kglffiffiffiffi
p
p hg � cgl lnð1þ BM;0Þ

 � e�g2=4

g2 as g!1; ð39Þ
however, care is necessary with regard to the numerical implementation of (30).
To apply the box scheme, we rewrite (27) as a first-order system by setting Gg = H. For a general dependent variable U and

general independent time- and space-like variables, X and Y respectively, we define the following finite difference operators:
lXU
nþ1

2
iþ1

2
¼

Unþ1
iþ1

2
þUn

iþ1
2

2
; dXU

nþ1
2

iþ1
2
¼

Unþ1
iþ1

2
�Un

iþ1
2

DX
; ð40Þ
lYU
nþ1

2
iþ1

2
¼

U
nþ1

2
iþ1 þU

nþ1
2

i

2
; dYU

nþ1
2

iþ1
2
¼

U
nþ1

2
iþ1 �U

nþ1
2

i

DY
: ð41Þ
With X = s, Y = g, the box scheme applied to (27) therefore gives, for n = 0,1,2, . . . ,
lsdgG
nþ1

2
iþ1

2
¼ lslgH

nþ1
2

iþ1
2
; ð42Þ
lsdgH
nþ1

2
iþ1

2
¼ 1

2
lss

nþ1
2lsRnþ1

2dsRnþ1
2 þ lsRnþ1

2

	 
2
� �

lslgG
nþ1

2
iþ1

2
þ 1

2
lss

nþ1
2 lsRnþ1

2

	 
2
lgdsG

nþ1
2

iþ1
2

� 1
2

lggiþ1
2

lsRnþ1
2

	 
2
� 1� lggiþ1

2

	 

lsRnþ1

2dsRnþ1
2

� �
lslgH

nþ1
2

iþ1
2
; ð43Þ
which holds for i = 1, . . . , I � 1. Boundary condition (30) is simply Gn
I ¼ 0, for n = 0,1,2, . . . , and condition (28) becomes
�lss
nþ1

2lsH
nþ1

2
0 þ ðkgl � 1Þ lss

nþ1
2

	 
2
lsG

nþ1
2

0 ¼ kglhglss
nþ1

2 þ 1
2
lsRnþ1

2dsRnþ1
2: ð44Þ
The box scheme discretization of the condition in (29) is
lsRnþ1
2dsRnþ1

2 ¼ �2cglkgl ln 1þ B
nþ1

2
M

	 

lss

nþ1
2; ð45Þ
where
B
nþ1

2
M ¼ Mf

Mg Pg exp b

lss
nþ1

2lsG
nþ1

2
0 þc

� a

" #
� 1

 ! :

Finally, the initial conditions come from (34)
G0
i ¼ C1gi þ C2 e�g2

i
=4 þ

ffiffiffiffi
p
p

2
gierf

gi

2

	 
� �
; H0

i ¼ C1 þ C2

ffiffiffiffi
p
p

2
erf

gi

2

	 

: ð46Þ
In practice, a finite computational domain of extent g1 is chosen, and it is clear that the numerical outer edge of the lower
deck, at which G = 0, meets the boundary at n = 0 when s = 1/g1; clearly, the larger we make g1, the more appropriate it
becomes to neglect the upper deck for s < 1/g1. Subsequently, for s > 1/g1, the numerical integration should be continued
in (n,s) variables, although we omit writing down the complete discretization here. The box scheme is applied to the system
(21)–(24) with initial conditions coming from the solution in (g,s) variables, after the appropriate transformation using (26).
It makes sense to continue the computation using s instead of t as the time variable, and this is the reason we use s in (21)–
(25), rather than leaving in terms of t. A schematic of the computational domain and the mesh used is given in Fig. 1.

It should be noted that Eq. (43) involves Rn+1 and so it is necessary to solve a nonlinear equation at each timestep. This is
achieved by iterating on R, using the value at level n as a starting guess, and then updating from solving the quadratic equa-
tion in (45) for Rn+1 until some desired tolerance, e, is reached. Denoting by Rnþ1

ðmÞ the value for Rn+1 after m iterations, the con-
vergence criterion used is
Rnþ1
ðmþ1Þ � Rnþ1

ðmÞ

��� ��� < e: ð47Þ
This iteration procedure at each timestep is continued until Rn+1 first becomes negative; it is of course not, in general, pos-
sible to ensure that Rn+1 equals exactly zero, which would correspond to finding the exact value of te, although we discuss in
Section 6 how this might be achieved. In all computations, we use e = 10�13; this leads to an iteration count until conver-
gence of less than 10 for each value of n.



Fig. 1. Mesh for numerical scheme in n–s variables.
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4.2. Order of accuracy

We will also wish to determine the order of accuracy of our numerical scheme. We start this discussion by considering a
sequence DYj where
DYj ¼ 2�jDY0; j ¼ 1;2; . . .
and we denote the space coordinates of meshes associated with this sequence by
Yi;j ¼ iDYj; i ¼ 0;1; . . . ; Ij; j ¼ 0;1;2; . . . ;
where
Ij ¼ 2jI0; j ¼ 1;2; . . . :
As discussed in [28], for a general numerical solution Un
2j i and corresponding exact solution UðYi;j;X

nÞ to the heat conduction
equation at the nth time-like step, Xn, the error and corresponding order of convergence, En

U;j and pU,j respectively, are given
by
En
U;j ¼ DYj

XI0

i¼0

UðYi;0;X
nÞ � Un

2j i

� �2

 !1=2

; pU;j ¼
ln En

U;j=En
U;jþ1

	 

ln 2

; ð48Þ
for j = 0,1,2, . . . In order to be able to make use of (48), it is necessary that an exact solution is known. However, as demon-
strated in [7], it turns out to be possible to estimate the order of accuracy even when an exact solution is not known. Instead
of En

U;j in (48), we define, for j = 1,2, . . .
En
U;j ¼

XI0

i¼0

Un
2j i � Un

2j�1 i

� �2

 !1=2

; �pU;j ¼ ln En
U;j=En

U;jþ1

	 
.
ln 2; ð49Þ
in cases where an exact solution was known, Mitchell and Vynnycky [7] showed that pU ¼ �pU , where
pU ¼ lim
j!1

pU;j; �pU ¼ lim
j!1

�pU;j:
However, they applied this only to the temperature, i.e. U; here, in contrast, we will apply it also to the spatial derivative of
the temperature, @U=@Y , and the location of the moving boundary which, for this general discussion, we denote by SðXÞ.
Thus, writing V ¼ @U=@Y; we define, analogously to (48) and (49), for j = 1,2, . . .
En
V ;j ¼ DYj

XI0

i¼0

VðYi;0; tnÞ � Vn
2j i

� �2

 !1=2

; pV ;j ¼
ln En

V ;j=En
V ;jþ1

	 

ln 2

; ð50Þ

En
V ;j ¼

XI0

i¼0

Vn
2j i � Vn

2j�1 i

� �2

 !1=2

; �pV ;j ¼ ln En
V ;j=En

V ;jþ1

	 
.
ln 2; ð51Þ

En
S;j ¼ SðX

nÞ � Sn
j

��� ���; pS;j ¼ ln En
S;j=En

S;jþ1

	 
.
ln 2; ð52Þ

En
S;j ¼ S

n
j � S

n
j�1

��� ���; �pS;j ¼ ln En
S;j=En

S;jþ1

	 
.
ln 2; ð53Þ
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where Vn
2j i;S

n
j

	 

and VðYi;j;X

nÞ;SðXnÞ
� �

denote, respectively, the numerical and exact solutions to the heat conduction equa-

tion at the nth time step; in addition, we define
Table 2
Order o

g1

5

10

20
�pV ¼ lim
j!1

�pV ;j; �pS ¼ lim
j!1

�pS;j:
We point out that such a detailed investigation of the numerical accuracy of the Keller box method appears never to have
been undertaken, not even in problems that were not moving-boundary problems; in fact, it appears that it was almost never
necessary, although perhaps not for a reason that one might expect. Such problems had a self-similarity solution as the initial
condition from which the solution evolves [29–31]; on the rare occasions that the scheme has been used for moving bound-
ary problems, self-similar solutions were also available [6–8]. The only exceptions that we are aware of where there was no
self-similarity solution was in fixed-boundary time-independent viscous boundary-layer computations by Cebeci et al. [27]
and Vynnycky [24] in which, as usual, the streamwise space variable plays the role of a time-like variable: due to a discon-
tinuity in a boundary condition, it was necessary to introduce a double-deck structure for the transverse space variable and
to use numerical matching. For the current problem, therefore, it is necessary to consider whether there are any discontinu-
ities, and hence inconsistencies, between the initial and boundary data at g = 0 as s ? 0 and s = 0 as g ? 0. Identifying U with
G, V with H and S with R, it is evident from the analysis in Section 4.1 that the data is consistent for U, but inconsistent for V,
since we have that
Uðg;0Þ ! 0 as g! 0; Uð0; sÞ ¼ 0 as s! 0; ð54Þ
but
Vðg;0Þ ! 0 as g! 0; Vð0; sÞ9 0 as s! 0: ð55Þ
Hence, had we solved the governing equations without the use of transformation (26), we would not expect to find that
�pU ¼ �pV ¼ �pS ¼ 2; using (26), however, should lead to this result, which is the motivation for introducing it in this paper. This
is indeed borne out, although we do not display here the values obtained for �pU ; �pV and �pS when (26) was not used. Note also
that the discontinuity in Eq. (55) is not a consequence of transformation (26). First of all, if (26) is not used and we try to
solve (21)–(25), we find that the problem is degenerate as s tends to zero, since the highest order derivative is multiplied
by s. It is therefore not possible to know from (21)–(25) whether there is a discontinuity or not. Furthermore, it should
be noted that it would not have been possible to see whether there is a discontinuity from Eqs. (8)–(12), either, although
there is no reason to believe that there would not be a discontinuity, since initial condition (9) and boundary condition
(10) have been chosen independently of each other.

5. Results

In view of the canonical nature of the problem, it is more appropriate to present the results in terms of nondimensional
variables.

First, we consider the numerical accuracy of the scheme. Table 2 compares the relevant values of �p for a sequence of pro-
gressively finer meshes when using g1 = 5, 10 and 20 at s = 0.4; this value of s was chosen as it is well before complete evap-
oration occurs, but nevertheless after the switch has been made from (g,s)-to (n,s)-coordinates. Note that these results come
from solving (21)–(25), and we have used the notation eF ¼ @F=@n. Table 3 shows the corresponding data at s = 0.76 which, as
we will see later, is just prior to complete evaporation. From these tables, we see that �p tends to 2 for all variables that are
solved for, and that there is no deterioration in the accuracy as the extent of the droplet dwindles; thus, the scheme is sec-
ond-order accurate in both time- and space-like variables.
f accuracy for a sequence of meshes at s = 0.4.

�p Dg (j)

1/8 (2) 1/16 (3) 1/32 (4) 1/64 (5)

�pF;j 1.99644 1.99907 1.99975 1.99993
�peF ;j 2.02469 2.00312 2.00020 2.00004

�pR;j 1.98877 1.99710 1.99927 1.99982

�pF;j 2.00028 2.00006 2.00002 2.00001
�peF ;j 2.02475 2.00547 2.00140 2.00036

�pR;j 2.01146 2.00287 2.00072 2.00018

�pF;j 2.00163 2.00030 2.00007 2.00003
�peF ;j 2.02560 2.00600 2.00152 2.00038

�pR;j 2.01949 2.00487 2.00122 2.00030



Table 3
Order of accuracy for a sequence of meshes at s = 0.76.

g1 �p Dg (j)

1/8 (2) 1/16 (3) 1/32 (4) 1/64(5)

5 �pF;j 1.98228 1.99408 1.99835 1.99958
�peF ;j 2.02409 2.00325 2.00109 2.00072

�pR;j 2.02194 2.00546 2.00137 2.00034

10 �pF;j 1.96106 1.98673 1.99629 1.99904
�peF ;j 2.02632 2.00573 2.00148 2.00039

�pR;j 2.00655 2.00182 2.00048 2.00012

20 �pF;j 1.93980 1.98010 1.99449 1.99858
�peF ;j 2.02880 2.00687 2.00176 2.00045

�pR;j 2.00062 2.00079 2.00027 2.00007
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Next, we consider why it was necessary to use s, rather than t, for marching forward in time. Tables 4 and 5 show the
order of accuracy of the scheme when s = t1/2 = 1/g1; thus, we are judging the schemes on their performance before the out-
er extent of the lower deck reaches n = 0. From the tables, it is clear that the t-formulation provides very poor accuracy for the
flux; on the other hand, the s-formulation provides excellent accuracy for all variables. We surmise that this is because the t-
formulation contains t1/2 and its derivatives, which are harder to capture with the regular Taylor expansions that are being
used in a numerical scheme of this sort; on the other hand, there are no such square roots in the s-formulation.

Now, we consider the physical aspects of the results that were obtained. First of all, Fig. 2 compares the results for hs vs. t
obtained using the box scheme for three different meshes; the computations were carried out for g1 = 5, Ds = 0.01/2j,
Dg = 0.5/2j, Dn = 0.1/2j, for j = 0, 1, 2. Even though these results are for the three coarsest meshes considered, all solutions
Table 4
Order of accuracy for a sequence of meshes at s = 1/g1.

g1 �p Dg (j)

1/8 (2) 1/16 (3) 1/32 (4) 1/64 (5)

5 �pG;j 2.00219 2.00055 2.00014 2.00003
�pH;j 2.01226 2.00346 2.00084 2.00016
�pR;j 1.97271 1.99321 1.99830 1.99958

10 �pG;j 2.00416 2.00105 2.00026 2.00007
�pH;j 2.017999 2.00450 2.00111 2.00028
�pR;j 1.97903 1.99475 1.99868 1.99967

20 �pG;j 2.01571 2.00392 2.00098 2.00024
�pH;j 2.01786 2.00790 2.00197 2.00049
�pR;j 1.99044 1.99742 1.99922 2.00069

Table 5
Order of accuracy for a sequence of meshes at t ¼ 1=g2

1 .

g1 �p Dg (j)

1/8 (2) 1/16 (3) 1/32 (4) 1/64 (5)

5 �pG;j 1.98250 2.00432 2.00629 2.00627
�pH;j 1.46906 1.36174 1.20769 0.62710
�pR;j 1.97556 1.99765 2.00545 2.01143

10 �pG;j 1.98408 2.00455 2.00302 1.99861
�pH;j 1.71753 1.56641 0.81915 0.53670
�pR;j 1.98338 2.00950 2.02246 2.03500

20 �pG;j 1.97749 2.00359 1.99768 1.99777
�pH;j 2.11246 1.54321 0.84738 0.55993
�pR;j 2.06127 2.17436 2.32246 2.06266
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Fig. 2. Comparison of hs vs. t obtained using the box scheme for three different meshes (j = 0,1,2). All solutions are virtually on top of each other.
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are nonetheless virtually on top of each other, indicating that mesh-independence has been achieved. Next, Fig. 3 compares
the result for hs for j = 2 from Fig. 2 with the solution of Sazhin et al. [23]. The numerical scheme used in [23] was based on
the numerical solution of Eq. (5) combined with the analytical solution to Eq. (1), taking into account the changes in R during
the time steps. It was assumed that R(t) is a linear function of t during each time step, with the slope determined by Eq. (5) at
the previous time step. An alternative approach to the solution to Eq. (1) has been suggested in [32]; in this approach, the
solution to Eq. (1) was reduced to the solution of a Volterra integral equation of the second kind, and it was shown that the
numerical schemes based on both solutions gave identical results, which confirms their correctness. Fig. 3 also displays the
result obtained using the conventional numerical method, for which R(t) is assumed to be piecewise constant in time; there
is a clear discrepancy between this result and the others. Furthermore, the analysis in Section 4.1 indicates that hs � C2t1/2

initially, where C2 is given in Eq. (35), which explains the sudden rise in hs just after t = 0 in Figs. 2 and 3.
Fig. 4 compares the results for R(t) vs. t obtained using the box scheme for the same three meshes as in Fig. 2; once again,

mesh-independence is evident. Next, Fig. 5 compares the result for R for j = 2 from Fig. 4 with the solutions computed by
Sazhin et al. [23] for which R(t) is assumed to be piecewise constant and piecewise linear in time; as in Fig. 3, the solution
for which R(t) is piecewise constant in time differs considerably from the others. Also, noting from Section 3 that kgl� 1,
cgl� 1, we can understand why R changes so slowly initially in Figs. 4 and 5.

The limit as s! seð¼ t1=2
e Þ turns out to be particularly interesting. First of all, it is evident that as this limit is approached,

R decreases very rapidly; hence, if Ds is kept constant for the entire integration, as is necessary in order to compute the for-
mal order of accuracy of the numerical scheme, it proves rather difficult to obtain solutions for R that are close to zero; this
issue can be partially resolved, however, by simply refining Ds. A more sophisticated resolution, which ensures that the
numerical scheme can land at R = 0 when s = se and with Ds constant for the entire computation, is beyond the scope here,
but is discussed in the conclusions.

Furthermore, the results of Sazhin et al. [23] indicate that, for given values of T0 and Tg, the maximum surface temperature
reached is always the same, regardless of the initial droplet radius. Note that this maximal temperature (wet-bulb temper-
ature) is asymptotically approached only in the case when the contribution of thermal radiation is ignored; when this con-
tribution is taken into account, the droplet temperature reaches its maximal temperature, which is greater than the wet-bulb
temperature, and then decreases, approaching the wet-bulb temperature from above [33,34]. Fortunately, for the case of
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Fig. 3. Comparison of hs vs. t obtained using three different methods: the box scheme for j = 2 (solid); the numerical method developed by Sazhin et al. [23]
(dotted); and the conventional numerical method for which R(t) is piecewise constant in time (dashed).



0 0.2 0.4 0.60

0.2

0.4

0.6

0.8

1

t

R
Numerical solution 
Sazhin et al. [23] 
Conventional solution 

Fig. 5. Comparison of R vs. t obtained using three different methods: the box scheme for j = 2 (solid); the numerical method developed by Sazhin et al. [23]
(dotted); and the conventional numerical method for which R(t) is piecewise constant in time (dashed).
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Fig. 4. Comparison of R vs. t obtained using the box scheme for three different meshes (j = 0,1,2). Once again, all solutions are virtually on top of each other.
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negligible thermal radiation, we are able analytically to investigate this further, as shown in the appendix. In brief, an ana-
lytical solution can be found as t ? te, and from this we are able to find the maximum surface temperature, in dimensional
form, as Td + LD1/cl, where D1 is a constant that satisfies Eq. (A10); for the parameter values given in Table 1, we obtain
685.79 K, which is in excellent agreement with the value of 685.68 K obtained in our computations and that of 685.29 K ob-
tained in [23]. This analysis is further backed up by the fact that _R becomes very large and negative as t ? te, as is seen in Figs.
4 and 5, and Fig. 6, which shows the profiles for F as a function of n for different values of t, as t ? te; from the latter, it is
evident that F is tending to the expression given by (A11). Furthermore, Figs. 4 and 5 illustrate the potential peril of assuming
a priori a piecewise linear expression for R(t), since ultimately R � (te � t)1/2.
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Fig. 6. F vs. n for three different values of t, as t ? te (solid lines). The dashed line is the expression (A11).
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6. Conclusions

This paper has considered the so-called boundary immobilization method, in tandem with the Keller box finite-difference
scheme, for the numerical solution of a one-dimensional moving boundary problem arising during the transient heating of
an evaporating droplet. An important component of the work was the use of variable transformations that must be built into
the numerical algorithm in order to preserve second-order accuracy in both time and space for the temperature and the heat
flux. This solution was found to agree well with that obtained using a recent alternative numerical scheme that employs an
analytic solution of the linear heat conduction equation inside the droplet, for which the droplet radius was assumed to be a
piecewise linear function of time [23]. In addition, we identified a canonical problem that can be solved once and for all for
any initial droplet radius; this means that it could prove feasible to implement our method into CFD codes. Furthermore, as
well as being formally more accurate than other methods, including that in [23], a further advantage of our algorithm is that
it makes no assumptions about how the location of the front changes at each time-step and can be generalised to cases
where the material properties vary with temperature, so that governing Eq. (1) is non-linear.

Whilst our combined analytical and numerical approach has explored most aspects of the problem, one issue that we
have relegated to future work is whether it is possible to compute the time to total evaporation, te, with the same degree
of accuracy as we have computed the temperature, the heat flux and the location of the moving boundary prior to te. This
situation, where a phase is completely exhausted, occurs in a wide variety of Stefan problems [10,35–40], although, as far
as we are aware, it is never treated particularly rigorously from the numerical point of view. The numerical method that
we have presented here can therefore serve as a subroutine to an outer iterative loop whose role is to ensure the integration
lands exactly at the value of t at which R = 0, to some given tolerance, rather than either side of it, as is the case at present. To
do this, whilst still keeping a uniform mesh for the purposes of checking the order of accuracy on a sequence of progressively
finer meshes, will require us to be able to iterate for the step size used for the time variable. Since this is a complex task in the
context of moving boundary problems, it would probably be wiser to perform numerical tests on a fixed boundary problem
first, and a particular candidate for this would be the pre-solidification stage of the non-classical Stefan problem formulated
in [8].
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Appendix A

A limit of particular interest is that for total evaporation time when R reaches zero. Consider the possibility that
RðtÞ � kðte � tÞa; ðA1Þ
where k and a are strictly positive constants whose values we hope to determine; this analysis cannot, however, give any
indication of the value of te. Choosing a = 1/2 gives that, in the limit as t ? te, or s ? se, (21) becomes
@2F

@n2 ¼ �
1
2

k2F þ 1
2

k2n
@F
@n
; ðA2Þ
subject to
@F
@n
þ ðkgl � 1ÞF ¼ kglhg �

1
2

k2 at n ¼ 1; ðA3Þ

�1
2

k2 ¼ �cglkgl lnð1þ BM;eÞ at n ¼ 1; ðA4Þ

F ¼ 0 at n ¼ 0; ðA5Þ
where
BM;e ¼
Mf Pfs;e

MgðPg � Pfs;eÞ
ðA6Þ
with
Pfs;e ¼ exp a� b
Fð1; teÞ þ c

� �
:

http://www.macsi.ul.ie
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The general solution to (A2) is now
F ¼ D1nþ D2
1
2

k2n
Z n

0
ek2 n̂2=4 dn̂� ek2n2=4

� �
; ðA7Þ
where D1 and D2 are constants to be determined. Applying (A5) it follows that D2 = 0, and then (A3) and (A4) give,
respectively,
kglD1 ¼ kglhg �
1
2

k2; ðA8Þ
�1
2

k2 ¼ �cglkgl lnð1þ BM;eÞ; ðA9Þ
resulting in a transcendental equation for D1:
exp
hg � D1

cgl

� �
� 1

� �
Pg exp

b
D1 þ c

� a
� �

� 1
� �

¼ Mf

Mg
: ðA10Þ
Note that even though the solution that we have found, i.e.
F ¼ D1n; ðA11Þ
would have satisfied (21) in the limit as t ? te if we had chosen a > 1/2 or a < 1/2, the equation set would have been incon-
sistent, since the left-hand side of (23) would have been zero or infinite, respectively, and it would not have been possible to
satisfy this boundary condition; thus, a = 1/2 is the only possible choice.
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