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Two fundamental properties of the particles are their velocity and consequent displacement versus time history during the granulation process.
Knowledge of the particle velocity might supply much information about the sub-processes. In this paper, an analytical model of a solid particle
motion in an internal re-circulatory fluidised bed unit is developed and validated against experimentally obtained data. The model predictions
show good correspondence with the experimental results for the spherical particles. For the case of non-spherical granules, the agreement
between the model and the experiments is not equally convincing but still adequate.

Deux propriétés fondamentales des particules sont la vélocité et le déplacement consécutif par rapport à l’historique du temps pendant le processus
de granulation. La connaissance de la vélocité des particules pourrait fournir beaucoup d’information concernant les sous-processus. Dans ce
document, un modèle analytique d’un mouvement de particules solides dans un lit fluidisé recirculatoire interne est créé et validé par rapport à
des données obtenues lors d’expériences. Les prédictions du modèle indiquent une bonne correspondance avec les résultats expérimentaux pour
les particules sphériques. Dans le cas des granules non sphériques, l’accord entre le modèle et les expériences n’est pas aussi convaincant, mais
demeure adéquat.

Keywords: fluidization, particle motion, modelling, drag force

INTRODUCTION

Fluidised bed (FB) processing has been used in the phar-
maceutical industry for more than 50 years. Although, this
technology was originally designed for the rapid drying of

pharmaceutical granulations, over the years, fluid bed process-
ing has become an important application for other processes such
as granulation, coating, and layering. Fluidised bed granulation
(FBG) is a particle size enlargement technique especially preva-
lent in industries concerned with pharmaceuticals, detergents,
fertilisers and food. In a fluidised bed unit, air flow is used instead
of mechanical forces to agitate the particles. For the granulation,
one common configuration is where a systematic internal circu-
latory motion is superimposed on the random fluid bed motion
of the particles by controlling the air flow pattern in the system.
The fluidized particles travel up an inner or draught tube, exit
out the top into the main chamber (the sprouting zone), then fall
down the annular space between the tube and the chamber to the
base of the unit and then repeat the process. A liquid binder is
sprayed over the particles as they pass through the inner tube to
wet their surfaces so they can stick together if they come in con-
tact. Repeated movement of the particles through the spray zone

results in agglomeration of particles to form granules. This system
is illustrated in Figure 1.

The fluidizing gas enters into the bed from the gas inlet chamber
which is the lowest part of the FB unit. There is a gas distributor
between the gas inlet chamber and the process chamber. Usually,
circular and porous static plates are used for gas distribution. Pre-
determined liquid binder is injected into the bed by means of a
nozzle or nozzles in the process chamber. The granulation process
and main sub-processes such as particle-binder droplet collisions,
inter-particle collisions, particle agglomeration and breakage take
place in this main part of the unit.

Two fundamental properties of the particles are their velocity
and consequent displacement versus time history during the gran-
ulation process. Knowledge of the particle velocity might supply
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Figure 1. Internal re-circulatory fluidised bed granulator.

much information about the sub-processes. For instance wetness
degree of the particles might be estimated using the knowledge of
spending time in the spray zone, the probability of the particle-
binder droplet collisions and the drying rate of the wet film on the
particles can be calculated using the particle velocity. In addition,
the velocity can be employed to find out inter-particle collision
probability through Kinetic Gas Theory (Zhang and Reese, 2001)
or Kinetic Granular Flow (Hounslow, 1998); then subsequent coa-
lescence or breakage probability using Stokes criteria (Ennis et al.,
1991); residence time distribution in each zone and total circula-
tion time (Cronin et al., 2009). Kinetic theory for granular flow has
been employed to model particle motion in circulating fluidised
beds by several researches (Jenkins and Mancini, 1989; Gidaspow
et al., 1996; Manger, 1996). Goldschmidt et al. (2001) studied
the influence of the coefficient of restitution on the hydrodynam-
ics of dense gas-fluidised beds. Harris et al. (2002) developed a
model, which considers the random variability in such systems,
to analyse the residence time distribution of the particles.

The objective of this paper is to develop and validate an ana-
lytical model of particle velocity and displacement in an internal
re-circulatory fluidised bed rig. The deterministic approach is cho-
sen and the randomness as described by Harris et al. (2002) is not
considered.

THEORY

Air Flow Pattern
To permit the formulation of analytical solutions a simpler geom-
etry is examined. The system consists of two cylinders made by
Perspex material. A general scheme of a fluidised bed and possible
particle trajectory are shown in Figure 2. Air is blown vertically
up through both tubes and using a flow distributor it is arranged
that there is a certain air velocity in the inner tube and a lower air
velocity in the annular space between the inner and outer tube.
Air velocity in the outer annular zone is solely in the vertical
direction with no radial component. Moreover air velocity is uni-
form across the flow cross section (except very close to the walls).
Air velocity in the inner tube displays these same characteristics.
The air velocity in the space above the inner tube within the main
tube has a more complex distribution.

It is possible to compartmentalise the real flow system into
zones (Teunou and Poncelet, 2002). In this work, three distinct

Figure 2. Simplified zone flow geometry.

flow zones through which the particle sequentially passes through
in its re-circulatory motion were taken. (i) Zone 1: Where the par-
ticle starts to its journey with zero velocity and than accelerates
until it reaches its terminal velocity or until end of the first cylin-
der. (ii) Zone 2: The particle decelerates in this zone until its
velocity drop to zero at where the particle reaches its maximum
height in the rig. (iii) Zone 3: In this zone, the motion of the par-
ticle is an example of free fall. The particle accelerates until to
hit the bottom of the rig then it passes to Zone 1 to start another
circulation.

Kinetics of Solid Particles in a Gas Stream
Particles in a gas flow field may be subject to forces such as grav-
ity, fluid drag, buoyancy, particle–particle collisions, particle–wall
collisions and inter-particle forces including Van der Waals, cap-
illary and electrostatic forces. Seville et al. (1997) stated that the
latter three forces can be neglected for particle sizes greater than
100 �m. For the very dilute phase systems under analysis here,
collision forces have a low probability of occurrence and will also
be discounted. Furthermore, one dimensional kinetic approach is
employed, that is the vertical component of the particle velocity
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is analysed and any radial component is ignored.

Gravity force
For a spherical solid, the particle mass is given as:

m = �

6
d3�p (1)

where m is the particle mass, d is the particle diameter and �p

is the particle density. Accordingly, the gravity force is calculated
as:

FW = mg (2)

where g is the gravity constant which is 9.81 m/s2. The gravity
force always acts in the negative vertical direction.

Buoyancy force
The fluid exerts a resultant upward force on any solid body which
is entirely or partially immersed in it, since the pressure applying
on the surface of the solid changes with the depth (Massey, 1979).
This force is known as the buoyancy and it is given as:

FB = �

6
d3�fg (3)

where �f is the fluid density. The buoyancy force always acts
against to the gravity force.

Drag force
Since the air surrounding the solid particle moves, the particle is
subjected to a drag force, FD. The magnitude and the direction of
the drag force are dependent on the relative velocity of the particle
referring to fluid ambiance. The drag force is explained as:

FD = CT(UF−Up)|UF−Up| (4)

where CT is the turbulent drag factor and UF is local fluid velocity
and Up is the particle velocity. The absolute sign is necessary for
the correct direction of the drag force. The turbulent drag factor
is explained as:

CT = 0.5 CD�fAp (5)

where CD is the drag coefficient, �f is the fluid density and Ap is
the projected area of the particle, which is a circle for a spherical
particle.

The drag coefficient is solely defined by the Reynolds number.
In the literature there are several numbers of formulae to explain
the drag coefficient. A commonly used definition which is valid
for Reynolds number less than 2 × 105 is given as (Turton and
Levenspiel, 1986):

CD = 24
Re

(1 + 0.173Re0.657) + 0.413
1 + 16 300Re−1.09

(6)

Reynolds number is calculated as:

Re = �fd|UF−Up|
�f

(7)

where �f is the fluid dynamic viscosity.
In practise, the drag coefficient is about 0.44 if the Reynolds

number is in the range between 500 and 2 × 105 (Rhodes, 2008).

For non-spherical particles, formulae for the drag coefficient are
more complicated and dependent on the sphericity of the par-
ticle and the Reynolds number. Ganser (1993) recommends the
following formula for non-spherical particles:

CD = 24
ReK1

(1 + 0.1118(ReK1K2)0.657) + 0.4305
1 + 3305

ReK1K2

(8)

where the factors K1 (Stokes) and K2 (Newton) are defined as
follows:

K1 = 1
1
3 + 2

3
1√
ϕ

−2.25
d

D
K2 = 101.8148[−log10 ϕ]0.5743

(9)

Both factors depend on the sphericity of the particle. In addition,
the Stokes factor (K1) also has a dependency on the size ratio of
the particle and the containing vessel. The sphericity is defined as
the ratio of the surface area of a sphere of equal volume with the
particle to the surface area of the particle itself. It can be calculated
as:

ϕ = 4.836V0.666

AS
(10)

where V is the volume and AS is the total surface area of the
particle. For non-spherical particles the equivalent diameter, de is
determined by the following equation:

de =
(

6V

�

)1/3

(11)

For example, the sphericity of a cube is therefore 0.806.

Terminal velocity
If a solid particle is falling through a fluid under its own weight,
the particle can accelerate until the net force acting on the particle
becomes zero. Beyond this balance point, no further acceleration
is possible as the particle reaches its “terminal velocity” which is
notated as UT. Assuming that the all other forces are negligible,
the magnitude of drag force and the magnitude of gravity force are
equal but in opposite directions at the balance point. By invoking
zero fluid velocity into Equation (4) it is obtained that:

CTU2
T = mg

UT =
√

mg

CT

(12)

Analytical Solution of the Equation of Particle Motion
The main forces acting on the particle are the natural gravity force
(FW), air drag force (FD) and buoyancy force (FB).

It is assumed that the upward is positive and the downward
is negative side. With this assumption, FW is always negative;
direction of drag force FD is determined by air velocity (UA) and
particle velocity (Up). According to Newton’s Second Law, the par-
ticle motion depends on the total forces acting on the particle and
can be written as:

FD + FB−FW = ma (13)

If the fluid density is much smaller than the solid density
(�f � �p), then the buoyancy force is negligible in the calcula-
tions (Li and Mason, 2002). In this case, dimensional form of the
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Equation (13) can be written as:

m
d2y

dt2
= CT

(
UA−dy

dt

)∣∣∣∣UA−dy

dt

∣∣∣∣−mg; y(0) = 0,
dy

dt

∣∣
t=0 = Upi

(14)

where y is dimensional displacement and t is the dimensional
time. Note that air velocities in each zone and the drag coefficient
are taken as constant to simplify the solution.

To obtain the dimensionless form of the Equation (14) the fol-
lowing descriptions will be used:

y = m

CT
x or y = U2

T

g
x; t =

√
m

CTg
� or t = UT

g
� (15)

where x is dimensionless displacement and � is the dimensionless
time.

To rewrite Equation (14) in dimensionless form, the first order
and the second order derivatives of y with respect to t are calcu-
lated:

d2y

dt2
= g

d2x

d�2
;

dy

dt
=

√
mg

CT

dx

d�
= UT

dx

d�
(16)

Thereafter, the dimensionless from of Equation (14) can be
written as:

mg
d2x

d�2
= CT

(
UA−UT

dx

d�

)∣∣∣∣UA−UT
dx

d�

∣∣∣∣−mg;

x(0) = 0,
dx

d�
|�=0 = Upi

UT
(17)

which might be simplified as follows:

d2x

d�2
=

(
UA

UT
−dx

d�

)∣∣∣∣UA

UT
−dx

d�

∣∣∣∣ |−1; x(0) = 0,
dx

d�
|�=0 = Upi

UT
(18)

Equation (18) can be defined in a more simplified form as:

d2x

d�2
=

(
˛−dx

d�

)∣∣∣∣˛−dx

d�

∣∣∣∣−1; x(0) = 0,
dx

d�
|�=0 = ˇ (19)

where:

˛ = UA

UT
, ˇ = Upi

UT
(20)

The relationship between the dimensional and the dimension-
less velocities is defined as:

Up(t) = UTv(�) (21)

The first order differential equation form of Equation (14) is
written using dimensionless velocity as:

dv

d�
= (˛−v)|˛−v|; v|�=0 = ˇ (22)

If w(�) = ˛ − v(�), then Equation (22) becomes:

dw

d�
= 1−w|w|; w(0) = ˛−ˇ (23)

Equation (23) is the simplest and dimensionless form of Equa-
tion (14) which is aimed to be solved.

Solution of differential equation
By defining that ˛ − ˇ = �, the solution of the following differential
equation will be obtained:

dw

d�
= 1−w|w|; w(0) = � (24)

w(�) = 1 is a particular solution of foregoing equation, but the
other solutions of the equation must be found. Solutions of Equa-
tion (24) are dependent on the initial condition � because of the
absolute sign. Two cases will be considered; � > 0 and � < 0.

Solution of differential equation with � > 0 (Case 1 and
Case 2). Under the condition of w(0) = � > 0 Equation (24) can
be written as:

dw

d�
= 1−w2; w(0) = � (25)

There are two distinct solutions of Equation (25) as:

• � > 1, that is, dw/d� < 0 and w(�) is an decreasing function in
its domain (Case 1)

• � < 1, that is, dw/d� > 0 and w(�) is an increasing function in
its domain (Case 2)

For the first case, that is, � > 1, the solution of Equation (25)
can be found as:

w(�) = cot h(� + cot h−1(�)) (26)

v(�) = ˛−w(�) (27)

v(�) = ˛−cot h(� + cot h−1(�)) dimensionless velocity (28)

dx

d�
= v(�) = ˛−cot h(� + cot h−1(�)) (29)

x(�) = ˛�−ln(sin h(� + cot h−1(�))) + ln(sin h(cot h−1(�))) (30)

dimensionless displacement

which satisfies the initial condition x(0) = 0.
For the second case, that is, 0 < � < 1, the solution of Equation

(25) is:

w(�) = tan h(� + tan h−1(�)) (31)

Consequently, functions of the dimensionless velocity and dis-
placement can be calculated as:

v(�) = ˛−w(�) (32)

v(�) = ˛−tan h(� + tan h−1(�)) dimensionless velocity (33)

dx

d�
= v(�) = ˛−tan h(� + tan h−1(�)) (34)

x(�) = ˛�−ln(cos h(� + tan h−1(�))) + ln(cos h(tan h−1(�))) (35)

dimensionless displacement

This satisfies the initial condition x(0) = 0.
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Solution of differential equation with � < 0 (Case 3). For the
initial condition w(0) = � < 0 Equation (24) can be written as:

dw

d�
= 1 + w2; w(0) = � (36)

Solution of the Equation (36) becomes:

w(�) = tan(� + tan−1(�)) (37)

According to Equation (37) w(�) is a monotonic increasing
function, which is impossible as a velocity in a fluid, therefore this
solution is valid until w(�) = 0 which occurs at � = �s = −tan−1(�)
as:

v(�) = ˛−w(�) (38)

v(�) = ˛−tan(� + tan−1(�)) dimensionless velocity (39)

dx

d�
= v(�) = ˛−tan(� + tan−1(�)) (40)

x(�) = ˛� + ln|cos(� + tan−1(�))| + 1
2

ln(1 + �2), (41)

dimensionless displacement

This satisfies the initial condition x(0) = 0.
At the � = �s

x(�s) = −˛ tan h−1(�) + 1
2

ln(1 + �2) (42)

and the new initial value equation is written as:

dw

d�
= 1−w2; w(−tan−1(�)) = 0 (43)

w(�) = tan h(� + tan−1(�)); �>�s (44)

dw

d�
= 1−w2; w(−tan−1(�)) = 0 (45)

v(�) = ˛−tan h(� + tan−1(�)) dimensionless velocity (46)

dx

d�
= v(�) = ˛−tan h(� + tan−1(�)) (47)

x(�) = ˛(�−�s) + ln(cos h(�−�s)) + x(�s)

dimensionless displacement (48)

This satisfies the condition x(�s) = −˛ tan h−1(�) + 1
2 ln(1 +

�2).
A complete table of results of the solution is available in the

Appendix.

MATERIALS AND METHODS
A simplified laboratory scale model of a re-circulatory fluidized
bed unit was used to carry out the experimental works. It is shown
in Figure 3. Its all-Perspex construction permits the position of the
particles to be detected at all times and the straightforward flow
geometry. It consists of a 1.5 m tall Perspex outer tube of 150 mm

Figure 3. Laboratory scale re-circulatory fluidised bed unit.

diameter and a concentric inner tube of height 450 mm and diam-
eter 50 mm. The base of the unit is a shallow conical steel mesh
so a particle falling down through the outside region will fall in to
the centre and then be carried up the inner tube. Filter material of
differing thickness was attached to the underside of the mesh to
obtain a differential air velocity between the inner tube and outer
annular zone and to promote uniformity of velocity within each
zone. A centrifugal blower driven by an electric motor through a
variable speed controller supplied air to the system. A number of
unit spherical particles were obtained with diameters 2.33, 3, and
4 mm. These were coloured (for high visibility) had a smooth sur-
face and were constructed from polypropylene with a density of
1044 kg/m3. The relatively large diameter test particles are easy to
identify using the image analysis software. Also because of their
large diameter, the Reynolds number remains high for most of the
motion meaning that the fluctuation in the drag coefficient from
its time-averaged magnitude is low. This is needed for the analyt-
ical equations for particle velocity to be valid. Finally, the almost
perfect sphericity of the chosen particles allows a more reliable
calculation of the drag coefficient.

Moreover, motions of the three different non-spherical granules
were analysed for a more realistic application of the validated
theory. The granules were obtained by combination of two
3 mm particles and one 2.33 mm particle in triangular form
(granule 1); combination of three 2.33 mm particles in triangular
form (granule 2); combination of three 2.33 mm particles in
linear form (granule 3). An ordinary glue was used to hold the
particles together.

For each zone, air velocity in the vertical direction was mea-
sured at a number of radial positions and at a number of
elevations. Air speed was measured with a number of different
anemometers (moving vane, hot wire, pitot tube) to check for
accuracy and repeatability. In addition to this, a number of smoke
tests were also carried out with different smoke colours in the
central and outer tubes to visually assess the air flow pattern.

The main objectives of the experiments were to determine the
displacement versus time histories of the particles in the equip-
ment, the residence time in each zone and the total circulation
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time. These experimental results were then compared to the pre-
dictions of the analytical solution. A high speed camera [AOS
Technologies, Baden, Switzerland] connected to displacement
analyser software [ProAnalyst] was used to capture particle posi-
tion. The analytical equations explained in Theory Section were
coded in Matlab so that analytical predictions of particle velocity
and displacement versus time were obtained.

In zone 1 the particle starts under the base of the inner tube
with zero velocity. It is carried up the tube within an air stream of
velocity UA1; drag force always exceeds weight force and the par-
ticle is continuously accelerated. Please note that, the continuous
acceleration is valid for our experimental system. In another sys-
tem, a particle may reach its limit velocity, which equals UA–UT, in
the inner tube depending on several parameters such as length of
the inner tube, air flow velocity, particle density. The expressions
for particle velocity and displacement in this zone are calculated
in the case of � > 1 (Case 1).

In zone 2, the motion is more complex. The particle enters the
zone with initial velocity Up(t1). The analytical solution of the
particle motion might be as the case of 0 < � < 1 (Case 2) or might
the Case 3 is dependant on the Up(t1) and UA2.

In zone 3 the particle falls down along the annular space
between the inner and the outer tube against the upward mov-
ing air stream with velocity UA3. The entering particle velocity is
zero in this zone and the analytical solution of the particle motion
is explained as Case 2.

RESULTS AND DISCUSSIONS
For the experimental system, analysis of the measured air
velocities and the smoke test results indicated that air flow is
axi-symmetric as expected. Measured air velocity varied rapidly
with time (with a turbulence intensity of close to 15%) so in
all cases time-averaged values are quoted. Increasing the blower
speed, increases the air velocity in each zone and the overall flow
pattern remains the same. The air flow pattern conformed quite
well to that assumed in the model of three zones each described
by a single, constant and uni-axial air velocity. This was found
to be almost exactly the case for zone 1 (inner tube) and zone 3
(outer region of main tube) and the average measured air veloci-
ties are used as the model parameters. For zone 2 (central region
of the main tube above the inner tube) the motion of the air is
complex. Air speed in the vertical direction is spatially variable
depending on radial and vertical position. The average value from
the different measured locations was obtained and used to quan-
tify air velocity of the zone. The air velocities in each zone are
given in Table 1.

The displacement and velocity predictions of the model and
experimentally obtained data versus time for 2.33 mm of spher-
ical particle are illustrated in Figure 4. There is good agreement
between the theoretical prediction of particle displacement and
the measured values. The bottom of the inner tube corresponds
to the zero displacement mark. The particle exits from the top of
the inner tube (corresponding to a displacement of 450 mm) in

Table 1. Zonal air velocities for the experimental rig

Zone Air velocity (m/s)

1 12.2
2 6.5
3 5.6

Figure 4. Velocity and displacement evolutions of 2.33 mm particle.

0.3 s. It travels upwards another 650 mm in the main tube and
its maximum displacement at that point is just about 1100 mm.
At this point the elapsed time is nearly 0.9 s. It then falls back to
zero displacement through the annular space between both tubes
to the bottom of the system in a time of 0.8 s. Total circulation
time is close to 1.7 s.

The related figures for 3 and 4 mm of spherical particles are
shown in Figures 5 and 6, respectively. Overall agreement between
theory and experiment was found to be good for all three particles
in terms of predicting residence time in each zone and recircula-
tion time. Maximum error in the prediction of total or component
residence time remained less than 10%. The smaller particles
reach greater maximum height in the bed as expected from the
theory.

Table 2 contains the data such as diameter, mass, terminal veloc-
ity, elapsed times in the zones and the maximum achieved heights
for the spherical polypropylene particles used in the experiments.

Table 2. Particle properties and experimental results

d (mm) m (mg) UT (m/s) t1 (s) t2 (s) t3 (s) ttotal (s) hmax (model) (mm) hmax (exp) (mm)

2.33 7 7.76 0.30 0.52 0.85 1.67 1100 1116
3 15 8.80 0.38 0.32 0.56 1.26 730 732
4 35 10.17 0.97 0.12 0.41 1.50 494 507
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Figure 5. Velocity and displacement evolutions of 3 mm particle.

Figure 6. Velocity and displacement evolutions of 4 mm particle.

Table 3. Velocity comparisons

UA1–UT Umax Umax
d (mm) UT (m/s) (m/s) (exp) (m/s) (model) (m/s)

2.33 7.76 4.44 0.52 0.85
3 8.80 3.40 0.32 0.56
4 10.17 2.03 0.12 0.41

Table 4. Properties of non-spherical granules

de (mm) m (mg) ϕ

Granule 1 4.07 37 0.81
Granule 2 3.37 21 0.83
Granule 3 3.37 21 0.69

In the zone 1, the elapsed time is proportional to the particle diam-
eter since the difference between the air drag and natural gravity
forces decreases while the mass increases. On the other hand, in
zone 2 and zone 3 the elapsed time is inversely proportional to
the mass. The fact is that larger particles are conveyed slowly up
inner tube but then fall faster down the annular zone. Therefore,
the analysis demonstrated that total circulation time is not very
sensitive to particle diameter.

In addition, the model predictions of the maximum height
achieved by the particles have good correspondence with the
experimental results.

According to the experimental results, the spherical particles
do not reach their terminal velocities in the inner tube (zone

Figure 7. Displacement versus time comparisons of experimental results
and model predictions for non-spherical granules.
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1). In fact, it is shown that the assumption of constant particle
velocity (equals to the air velocity minus its terminal velocity)
is not valid for this system. The terminal velocities, the differ-
ences between the air velocity and the particle velocities and the
maximum achieved particle velocities are given in Table 3.

In addition to the analysis of the spherical particles, the ana-
lytical solution was employed to predict the displacement versus
time trajectory of a non-spherical granules. Some properties of the
granules are given in Table 4.

Comparisons of the experimental results and the analytical
solution for non-spherical granules are displayed in Figure 7.
According to Kolmogorov–Smirnov test, the experimental and the
model results have consistency not less than 90%. The drag coeffi-
cient is inversely related to the particle sphericity (see Equations
8 and 9). Hence, the drag force increases while the sphericity
decreases (see Equations 4 and 5). Consistently, in Figure 7 it is
seen that granule 3 accelerated more than granule 2 which has
same mass in zone 1. On the other hand, granule 3 decelerated
slowly in zone 2 and falling slowly down in zone 3 comparing to
granule 2.

According to statistical analysis of the results, it is deduced
that the analytical model supplies more accurate predictions for
spherical particles than non-spherical granules.

CONCLUSIONS
In this paper, an analytical solution, which is based on determinis-
tic approach, of a solid particle motion in an internal re-circulatory
fluidised bed unit is developed. Analysis of the particle motion
in a gas stream is complicated mainly due to the fluctuations in
the fluid velocity. A flow model based on three zones is assumed
to simplify the real complex flow pattern. The model validated
against experimental studies for spherical and non-spherical par-
ticles. The particle motion was considered one-dimensional and
only air drag and gravity forces are taken into account. Model
results show good correspondence with the experimental data
for spherical particles. For the case of non-spherical granules, the
agreement between the model predictions and the experimental
results is not equally convincing but still adequate. According to
results, the model is an efficient tool to understand the particle
motion and it can represent the complex particle circulation in a
realistic manner.

For future work, the model can be adapted for more dense sys-
tems considering the inter particle collisions as well as the particle
wall collisions. Additionally, the fluctuations in the particle veloc-
ity in the simplified zones might be considered to attain more
accurate model.

NOMENCLATURE
CD drag coefficient
CT drag factor (kg/m)
d particle diameter (m)
de particle equivalent diameter (m)
FD drag force (N)
K1 stokes shape factor
K2 Newton shape factor
m particle mass (kg)
Re Reynolds number
t time (s)
UA air velocity (m/s)
UF fluid velocity (m/s)
UP particle velocity (m/s)

UT terminal velocity (m/s)
V particle volume (m3)
y particle displacement (m)
� granule (average) density (kg/m3)
�f fluid density (kg/m3)
ϕ particle sphericity
x dimensionless displacement
� dimensionless time
� dimensionless velocity
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APPENDIX A: COMPLETE RESULT TABLE
Case 1:

� = UA−Upi

UT
>1

v(�) = ˛−cot h(� + cot h−1(�))

x(�) = ˛�−ln(sin h(� + cot h−1(�))) + ln(sin h(cot h−1(�)))

Up(t) = UA−UT

[
cot h

(
g

UT
t + cot h−1

(
UA−Upi

UT

))]

y(t) = UAt + U2
T

g

(
−ln

(
sin h

(
g

UT

t + cot h−1

(
UA−Upi

UT

)))

+ ln

(
sin h

(
cot h−1

(
UA−Upi

UT

))))

Case 2:

0<� = UA−Upi

UT
<1

v(�) = ˛−tan h(� + tan h−1(�))

x(�) = ˛�−ln(cos h(� + tan h−1(�))) + ln(cos h(tan h−1(�)))

Up(t) = UA−UT

(
tan h

(
g

UT
t + tan h−1

(
UA−Upi

UT

)))

y(t) = UAt + U2
T

g

[
−ln

(
cos h

(
g

UT
t + tan h−1

(
UA−Upi

UT

)))

+ ln

(
cos h

(
tan h−1

(
UA−Upi

UT

)))]
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Case 3a:

� = UA−Upi

UT
<0 and

0<�<�s = −tan−1(�)≡0<t<ts = −UT

g
tan−1(�)

v(�) = ˛−tan(� + tan−1(�))

x(�) = ˛� + ln|cos(� + tan−1(�))| + 1
2

ln(1 + �2)

Up(t) = UA−UT

[
tan

(
g

UT
t + tan−1

(
UA−Upi

UT

))]

y(t) = UAt + U2
T

g

[
ln

∣∣∣∣cos

(
g

UT
t + tan−1

(
UA−Upi

UT

))∣∣∣∣
+ 1

2
ln

(
1 +

(
UA−Upi

UT

))2
]

Case 3b:

� = UA−Upi

UT
<0 and �>�s = −tan−1(�)≡t>ts = −UT

g
tan−1(�)

v(�) = ˛−tan h(� + tan−1(�))

x(�) = ˛(�−�s) + ln(cos h(�−�s)) + x(�s)

x(�s) = −˛ tan h−1(�) + 1
2

ln(1 + �2)

Up(t) = UA−UT

(
tan h

(
g

UT
(t−ts)

))

y(t) = UA

(
t + U2

T

g2
tan−1

(
UA−Upi

UT

))

−U2
T

g

[
ln

(
cos h

(
g

UT
t + UT

g
tan−1

(
UA−Upi

UT

)))]
+ y(ts)

y(ts) = U2
T

g

[
−UA

UT
tan h−1

(
UA−Upi

UT

)
+ 1

2
ln

(
1 +

(
UA−Upi

UT

))2
]
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