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1 Rectangular cartesian coordinates and rotation of axes

1.1 Rectangular cartesian coordinates

We wish to be able to describe locations and directions in space. From a fixed point O, called the origin
(of coordinates), draw three fixed lines Ox,Oy,Oz at right angles to each other as in fig.1.1 and forming
a right handed system (rectangular cartesian axes) (use RH screw rule as in fig.1.2). If we are restricting
attention to a 2D flat surface (e.g. tabletop) then two axes are sufficient (usually the x and y axes).
Any point P in space can be uniquely represented as a triad (x,y,z) (or pair(x,y) in the 2D case) of real
numbers called the coordinates of P. Thus we write P(x,y,z) or P(x,y).
N.B. Don’t confuse the distance x with the ‘x axis’.

1.1.1 Distance from the origin

To find the distance of a point P from the origin, construct a parallelopiped which has PL,PM,PN as
edges (fig.1.3). From Pythagoras’ theorem we have:

OP 2 = ON2 + PN2 = PL2 + PM2 + PN2

Since the perpendicular distances of p from the coordinate planes are |x|, |y|, |z| it follows that:

OP =
√

(x2 + y2 + z2) (1)

1.1.2 Distance between points

The distance between the points P with coordinates (x, y, z) relative to Ox,Oy,Oz and P ′ with coordi-
nates (x′, y′, z′) is found in the following way. Through P construct three new coordinate axes PX,PY,PZ
parallel to the original axes Ox,Oy,Oz. Let the coordinates of P ′ relative to the new axes be X,Y,Z. Then
it is easily seen that:

x+X = x′, y + Y = y′, z + Z = z′

and it follows that
X = x′ − x, Y = y′ − y, Z = z′ − z.

Now using (1.1) we find:

PP ′ =
√

(X2 + Y 2 + Z2)

and so in terms of coordinates relative to the original axes:

PP ′ =
√

(x′ − x)2 + (y′ − y)2 + (z′ − z)2 (2)

(See Fig. 1.4).

1.2 Direction cosines and direction ratios

1.2.1 Direction cosines

Definition Consider an arbitrary line OP. If the angles which OP makes with Ox,Oy,Oz (fig. 1.5) are
α, β, γ then the direction cosines are defined to be cosα, cosβ, cos γ and for convenience we write:

l = cosα,m = cosβ, n = cos γ (3)

The direction cosines of the x-axis, for example, are 1,0,0. (The direction cosines only give information
about the direction of the line but say nothing about its length). Note also that when working in 2D
xy space, we have γ = π/2 and so n = 0 and we only usually speak of two direction cosines l,m.

Denote the foot of the perpendicular from P to the x-axis by N, let OP = r and suppose that the
coordinates of P are (x, y, z). From the triangle OPN we have ON =| x |= r cosα. Also if α is an
acute angle, cosα and x are positive, while if α is obtuse, then they are both negative. It follows that
x = r cosα and similarly y = r cosβ, z = r cos γ. The direction cosines of OP are thus

l = x/r, m = y/r, n = z/r. (4)

Since r2 = x2 + y2 + z2, we have

l2 +m2 + n2 =
x2 + y2 + z2

r2
=

r2

r2
= 1 (5)
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Thus the direction cosines of a line are not independent: they must satisfy (5) or they cannot be direction
cosines of any line. The direction cosines of any line not passing through the origin are defined to be the
same as those of the parallel line drawn from the origin in the same sense. (This again emphasizes the
fact that direction cosines define a direction in space: no more and no less. We will see presently that a
unit vector does the same thing in effect).

1.3 Angles between lines through the origin

Given the direction cosines of two lines (which contain all information about the directions of the lines),
we would like to find an expression for the angle between the lines. Consider two lines OA and OA′ with
direction cosines l,m, n and l′,m′, n′. To find the angle θ between them, denote by B,B′ the points on
OA,OA′ (produced if necessary) such that OB = OB′ = 1. (Fig.1.6). Then the coordinates of B,B′ are
(l,m, n), (l′,m′, n′), using (4) with r=1. Applying the cosine rule to the triangle OBB′ gives

cosθ =
OB2 + OB′2 −BB′2

2OB.OB′
= 1− 1

2
BB′2

as OB = OB′ = 1. But from ( 2 )

BB′2 = (l′ − l)2 + (m′ −m)2 + (n′ − n)2 = (l′2 +m′2 + n′2) + (l2 +m2 + n2)− 2(ll′ +mm′ + nn′)

Using the results l2 +m2 + n2 = 1, l′2 +m′2 + n′2 = 1, we obtain

cosθ = ll′ +mm′ + nn′ (6)

Note that because cos(2π − θ) = cosθ, we can still obtain (6) when the angle between OA and OA′ is
taken as 2π − θ.

1.3.1 Condition for perpendicular lines

Two lines through the origin are perpendicular if and only if

ll′ +mm′ + nn′ = 0 (7)

Proof
(⇒). Two lines OA,OA′ are at right angles ⇒ θ = π/2 or θ = 3π/2 ⇒ cos θ = 0. The result follows from
(6).
(⇐). ll′ +mm′ + nn′ = 0 ⇒ cos θ = 0 ⇒ θ = π/2 or 3π/2 ⇒ the two lines are perpendicular |.

Example

Find the angle between the lines OA and OB where A = (1, 3, 1) and B = (1, 2, 3).

Using (4), we note that for A, r =
√
1 + 9 + 1 =

√
11 while for B, r =

√
1 + 4 + 9 =

√
14. So the direction

cosines of A are 1/
√
11, 3/

√
11, 1/

√
11 and the direction cosines for B are 1/

√
14, 2/

√
14, 3/

√
14. Applying

(6) we thus have:

cos θ = (1 + 6 + 3)/
√
154 =⇒ θ = arccos((1 + 6 + 3)/

√
154)|.

If and only if “If and only if” as it occurred in the proof above is very often written as⇔. It corresponds
to ⇒ in both directions. “if” corresponds to ⇐ and “only if” corresponds to ⇒. For example, a if b is
equivalent to a ⇐ b or b ⇒ a.

Suppose “a,b” are two (mathematical) statements. Thus a ⇔ b means that “if a is true then b is true
and if b is true then a is true” i.e., it is equivalent to a ⇒ b AND b ⇒ a. In this context the terminology
“necessary, sufficient” is also used. a ⇒ b can be written “a is a sufficient condition for b to be true”
or “b is a necessary condition for a to be true”. a ⇔ b can be written “ b is a necessary and sufficient
condition for a to be true and vice versa”.
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Contrapositive Note that if a ⇒ b we can read this as “ b is a necessary condition for a to be true”.
Thus if b is not true, we can infer that a is not true. This is referred to as the “contrapositive” of the
statement and is commonly used in mathematical proofs. The original statement and the contrapositive
are logically equivalent. If we write: a ⇒ b, the contrapositive is not(b) ⇒ not(a) where not(b) means b
is not true. The only way that a ⇒ b can fail to be correct is if the hypothesis a is true and b is false.
Otherwise it is correct. Similarly, the only way in which the statement not(b) ⇒ not(a) can fail to be true
is if the hypothesis “not (b)” is true and the conclusion “not (a)” is false. This is the same as saying that
b is false and a is true. And this, in turn, is precisely the situation in which a ⇒ b fails to be correct. The
two statements are either both correct or incorrect: they are logically equivalent. Thus we can accept a
proof of the statement not(b) ⇒ not(a) as a proof of the statement a ⇒ b.

Converse Another statement related to a ⇒ b is b ⇒ a. It is called the converse of the original
statement. One must be careful to distinguish between the converse and the contrapositive. Whereas
a statement and its contrapositive are logically equivalent, the truth of a statement says nothing at all
about the converse. For example, the true statement if x > 0, then x3 6= 0 has as its converse the
statement if x3 6= 0, then x > 0, which is false. If it happens that both a statement and its converse are
true, we use the notation a ⇔ b as above.

We can picture this in terms of set theory using figure 1. B ⊆ A is equivalent to B ⇒ A. If an element
is in B, then it must also be in A.

Similarly A ⊆ B is equivalent to A ⇒ B. Obviously if A ⊆ B and A ⊆ B, then A ≡ B.

A

B A

B

Figure 1: Use of set theory to illustrate the meaning of ⇒,⇐,⇔.

Example

If x is a real number then x = 2 ⇔ x+ 1 = 3 is true i.e., x = 2 ⇒ x+ 1 = 3 and x+ 1 = 3 ⇒ x = 2.
x > 4 ⇒ x > 2 but clearly x > 4 ⇔ x > 2 is not true.
Consider again x > 4 ⇒ x > 2. The contrapositive of the statement is that if x > 2 is not true then
x > 4 is not true i.e., “if x is not bigger than 2” then “x is not bigger than 4” |.

1.4 The orthogonal projection of one line on another

Let two lines OP,OA meet at an angle θ. Then we define the orthogonal projection of OP on OA to be
OP cos θ (fig.1.7).

Note that if N is the foot of the perpendicular from P to OA (produced if necessary beyond O or
beyond A), then ON = OP | cos θ | . The work in section 1.2 shows that the orthogonal projections of
OP on rectangular cartesian axes with origin O are the x, y, z coordinates of P relative to these axes.
We now extend this result to find the orthogonal projection of OP on a line OA which is not necessarily
part of one of the coordinate axes.

Let the direction cosines of OA be l,m, n and let P have coordinates (x, y, z). Then the orthogonal
projection of OP on OA is

lx+my + nz (8)
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Proof
By equations (4) the direction cosines of OP are x/r, y/r, z/r , where r = |OP |. By formula (6) , the

angle θ between OP and OA is given by

cosθ = (lx+my + nz)/r

From the definition of the orthogonal projection of OP on OA, (8) follows at once.

Example

If A = (2, 1, 0) and B = (1, 1, 0) find the orthogonal projection of OB onto OA.

In order to use the formula (8), we need to find the direction cosines of OA. Clearly r = |OA| =√
4 + 1 =

√
5. Thus OA has direction cosines l = x/r = 2/

√
5,m = y/r = 1/

√
5, n = z/r = 0. Letting

(x, y, z) = (1, 1, 0), the orthogonal projection is given by (8):

lx+my + nz = 2/
√
5 + 1/

√
5 + 0 = 3/

√
5|. (9)

1.5 Rotation of axes

1.5.1 Preamble

Suppose I am standing at some point in a room, which I call the origin O, facing north, and I label
the direction in front of me the y axis and the direction to the right of me the x axis. Suppose further
that there is a chair located two steps in front of me and one to the left. Relative to me, the chair has
coordinates (x, y) = (−1, 2). I now rotate myself so that I am facing west. The chair is now one step in
front of me and two steps to the right and so has coordinates (x′, y′) = (2, 1) relative to the new axes.
The chair has not moved at all but my means of identifying its location has. This example is fairly
easy to follow, but we now wish to formalise this idea so that if we know the coordinates of a point P
relative to x,y,z axes and we then rotate the axes, we can easily write down the location of P relative to
the new axes.

Note that apart from rotating the axes, we can also move the origin of our system. This, too, will
change the coordinates of an arbitrary point P. (In the original example above if instead of standing at
O, I first took one step back and two steps to the right, the chair would have coordinates (x∗, y∗) =
(−1, 2)− (2,−1) = (−3, 3)). Finding the coordinates after a simple translation of the origin is simply a
matter of adding a fixed amount onto each coordinate in the old system. For example suppose a point
P has coordinates (x, y, z) relative to the origin (0, 0, 0). If axes are translated so that the new origin is
moved to the point (a, b, c), the coordinates of P relative to the new origin are (x− a, y − b, z − c).

1.5.2 The transformation matrix and its properties

Consider two sets of right handed cartesian axes Oxyz and Ox′y′z′. We refer to Oxyz as the old or
original axes and Ox′y′z′ as the new axes. It is always possible to rotate Oxyz so that it coincides with
Ox′y′z′. Such a movement is called a rotation of the axes (see fig.1.8). (Note that if one set is right
handed and the other left-handed, it is impossible to get them to coincide by rotation). Let the direction
cosines of Ox′ relative to the axes Oxyz be l11, l12, l13. Similarly, the direction cosines of Oy′ and Oz′

relative to Oxyz are l21, l22, l23 and l31, l32, l33. (To remember this, use the mnemonic lnew,old). We can
conveniently summarise as follows:

O x y z
x′ l11 l12 l13
y′ l21 l22 l23
z′ l31 l32 l33

(10)

Note that if the direction cosine of Ox′ relative to Ox is l11 then so too is it the direction cosine of Ox
relative to Ox′. Reading down the columns in turn, it is thus also possible to read off the direction cosines
of Ox,Oy,Oz relative to Ox′y′z′. The array of direction cosines is called the transformation matrix.
(Note that another interpetation of the rotation matrix is that its columns consist of the components
of the old i,j,k relative to the new axes. Clearly these axes are orthonormal and so they must satisfy the
orthonormality relations.)

Now since the axes Ox′, Oy′, Oz′ are mutually perpendicular, from (7) we have:
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l11l21 + l12l22 + l13l23 = 0

l21l31 + l22l32 + l23l33 = 0

l31l11 + l32l12 + l33l13 = 0 (11)

From (5) we have:

l211 + l212 + l213 = 1

l221 + l222 + l223 = 1

l231 + l232 + l233 = 1 (12)

These six conditions are called the orthonormality conditions: note how they are formed from the
transformation matrix.

Since the elements of the columns form the direction cosines of the axes Ox,Oy,Oz relative to the
axes Ox′y′z′, it follows similarly that:

l11l12 + l21l22 + l31l32 = 0

l12l13 + l22l23 + l32l33 = 0

l13l11 + l23l21 + l33l31 = 0 (13)

and

l211 + l221 + l231 = 1

l212 + l222 + l232 = 1

l213 + l223 + l233 = 1 (14)

These latter two equations are an important alternative form of the orthonormality conditions. The
transformation matrix must satisfy one further condition which we do not investigate here, namely that
the determinant of the array of direction cosines must be = +1 i.e.,

det





l11 l12 l13
l21 l22 l23
l31 l32 l33



 = 1 (15)

We conclude that a matrix satisfying (11), (12) and (15) represents a rotation of right hand axes. (We
have proved necessity. These conditions are also sufficient, because if (11) are satisfied, then the axes
Ox′, Oy′, Oz′ are mutually perpendicular; if (12) are satisfied the rows in the transformation matrix
represent direction cosines of Ox′, Oy′, Oz′. Finally, if (15) is satisfied the system Ox′y′z′ is right handed).
We can also write this as “The elements of the direction cosine matrix represent a rotation of right hand
axes”⇔ (13), (14) and (15) hold.

In fact, a little reflection will indicate that the most general transformation of a cartesian coordinate
system into another cartesian coordinate system may be decomposed into a transformation of the type
just considered i.e., a rotation and a translation, the latter corresponding to a shift in the origin.

Furthermore, we can intepret the array of direction cosines (10) as follows: the columns of the array
of direction cosines (10) are the new coordinates of the vectors (1,0,0),(0,1,0) and (0,0,1) after rotation
of the axes i.e., relative to the new axes. This follows directly from the definition of the direction cosines.
Alternatively it can be derived by applying the transformation law of the next section to the three unit
vectors.

1.5.3 Transformation of coordinates

Consider two sets of coordinates Oxyz and Ox’y’z’. If P has coordinates (x,y,z) relative to Oxyz, what
are its coordinates relative to Ox’y’z’? Obviously they are the orthogonal projections of OP onto each
of Ox’,Oy’,Oz’ and from (8) are given by:

x′ = l11x+ l12y + l13z

y′ = l21x+ l22y + l23z

z′ = l31x+ l32y + l33z (16)
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or in matrix notation: x′ = Lx where x′,x are the column vectors with components (x′, y′, z′) and (x, y, z)
respectively and L is the transformation matrix (10). This gives us a rule for finding the new coordinates
of a point after the coordinate axes have been rotated. We write down the direction cosine array L (i.e.,
(10) and then apply (16).

We could also regard Ox′y′z′ as the original axes and Oxyz as the new set. Recalling that the columns
of (10) are the direction cosines of the x, y, z axes relative to Ox′y′z′, by using (8) we find:

x = l11x
′ + l21y

′ + l31z
′

y = l12x
′ + l22y

′ + l32z
′

z = l13x
′ + l23y

′ + l33z
′ (17)

In fact, (17) can be obtained from (16) by solving the simultaneous linear equations (16) for x, y, z
assuming that the lij and x′

i are known quantities.

1.6 Summation convention

Instead of using the notation (x, y, z) to denote the components of a vector, another common notation is
(x1, x2, x3). With this change of notation, (16) becomes

x′

1 = l11x1 + l12x2 + l13x3 =

3
∑

j=1

l1jxj (18)

x′

2 = l21x1 + l22x2 + l23x3 =

3
∑

j=1

l2jxj (19)

x′

3 = l31x1 + l32x2 + l33x3 =

3
∑

j=1

l3jxj (20)

Even more briefly we can write:

x′

i =

3
∑

j=1

lijxj ; i = 1, 2, 3 (21)

In order to compress this notation even further, we introduce the Einstein summation convention
which states that whenever a index appears twice in the same expression, that expression is to be summed
over all possible values of that index.

Using this convention, we can now write (21) as:

x′

i = lijxj (22)

where it is understood that we sum over the repeated index (j = 1..3) and any index occurring alone
(such as i in (22)) can take any of three values i = 1 or i = 2 or i = 3. So (22) actually represents three
equations.

There is nothing magical about the index notation. It is simply a way of compressing notation,
something which is certainly desirable when one wants to deal with matrices with 27 or more entries!

1.6.1 Summary of the index notation for scalars, vectors, and tensors

The index notation (with the Einstein summation convention) is particularly useful for many theoretical
derivations in fluid mechanics. Let use recall some of the essential features of the technique. Suppose we
are dealing with a vector with i component vi and a rank two tensor (three by three matrix) with typical
component Tij .

1. a free (non repeated) index can be either 1,2 or 3. For example, vi means v1 or v2 or v3.

2. a repeated (dummy) index implies automatic summation over that index. Thus Tii ≡ T11+T22+T33.
A repeated index imay thus be substituted with any other index j provided that j does not otherwise
appear in the equation. Replacing i with j we find Tjj which still means T11 + T22 + T33.

3. a term can be determined as representing a scalar, vector or tensor by counting the number of free
indices. No free index denotes a scalar, one free index denotes a component of a vector, two free
indices denotes a component of a (second order) tensor.

Thus a term like Tii ≡ T11+T22+T33 has no free indices and it represents a scalar quantity (which
is derived from the components of a tensor). A term like Tijnj has one free index (i) and represents
the i component of a vector. Thus
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4. δijaj = ai; δijaibj = aibi = ajbj where δij is the Kronecker delta.

5. In any expression or equation, the same free indices must appear in each term. Thus vi = Tijnj

makes sense (the only free index in each term is i, but vj = Tijnj does not.

6. No index should appear more than twice in any one term if one is using the summation convention.
In cases where a summation index appears more than twice we must revert to the usual summation
signs and not use the summation convention. For example, the product:

a1b1c1 + a2b2c2 + a3b3c3 =

i=3
∑

i=1

aibici,

but this cannot be written using the summation convention as aibici.

1.6.2 Kronecker delta

Another useful device used with the index notation is the Kronecker delta, defined by:

δij = 0; i 6= j

= 1; i = j (23)

By using this symbol the orthonormality conditions (11) and (12) become simply:

likljk = δij (24)

Note that (24) actually represents 9 equations. There is one repeated index k and two non-repeated
or free indices in every term i, j. As i and j occur unrepeated here they can each thus take any values
between 1 and 3 and so there are 32 distinct equations. For example if we take i = 1, j = 2, (24) becomes:

l1kl2k = δ12 = 0

that is
l11l21 + l12l22 + l13l23 = 0

which is the first of (11). Taking i = j = 1 gives the first equation in (12). In this way all of the
orthonormality conditions can be found.

The alternative form of the orthonormality conditions (13) and (14) are given in index notation by:

lkilkj = δij (25)

Notes 1. Repeated (summed) indices are sometimes called dummy indices because they may be replaced
by any symbol provided it is understood that this symbol too is summed.

lij lkj(=

3
∑

j=1

lij lkj) = liαlkα

This bears some resemblance to the dummy variable occurring in a definite integral e.g.

∫ 1

0

f(x)dx =

∫ 1

0

f(y)dy =

∫ 1

0

f(α)dα

2. When using index notation, three or more occurrences of a index in an expression is simply not allowed.
3. In 3D problems we sum from 1 to 3. In 2D from 1 to 2. In relativity theory, from 1 to 4. (Space-time
is four dimensional). It should always be clear from the context what value the summed variable runs
through.
4. Remember that if an index is not repeated it can take on any of 3 values 1,2,3. To identify the number
of equations represented, it is necessary to count the number of free indices. If this is n, then there are
3n distinct equations. Thus (24) represents 32 = 9 equations as n = 2.

A useful result A very useful result when using the index notation is: δijaibj = aibi.

Proof

δijaibj is a scalar quantity consisting of nine terms added together as both indices are repeated. Of
these nine terms only three are non-zero and this can only happen when i = j so that δij = 1. So these
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three terms occur when i = j = 1, 2, 3 and the only non zero terms are thus a1b1, a2b2, a3b3. Hence the
expression sums to a1b1 + a2b2 + a3b3 ≡ aibi using the summation convention. Writing it out in full:

δijaibj = δ11a1b1 + δ21a2b1 + δ31a3b1 + δ12a1b2 + δ13a1b3 + δ22a2b2 + δ23a2b3 + δ32a3b2 + δ33a3b3

= a1b1 + a2b2 + a3b3 = aibi.

Another related useful result is δijai = aj .

Proof

δijai = δ1ja1 + δ2ja2 + δ3ja3.
If j = 1, δijai = a1+0+0 = a1 = aj . If j = 2, δijai = 0+a2+0 = a2 = aj . If j = 3, δijai = 0+0+a3 = aj.
So in each case the result is aj |.

1.7 Invariance w.r.t. rotation of axes

Consider a function of several (e.g. three) variables f(x,y,z) i.e., some function f of position in space. Now
rotate our coordinate axes from Oxyz to Ox′y′z′. If

f(x, y, z) = f(x′, y′, z′)

i.e the form of the function is exactly the same in both systems for all rotations, the function f is said to
be invariant with respect to a rotation of axes.

Example
The function

√
(x′2 + y′2 + z′2) is invariant since (16) gives:

√
(x′2 + y′2 + z′2) =

√
[(l211 + l212 + l213)x

2 + (l221 + l222 + l223)y
2 + (l231 + l232 + l233)z

2) +

2(l11l21 + l12l22 + l13l23)xy + 2(l21l31 + l22l32 + l23l33)yz + 2(l31l11 + l32l12 + l33l13)xz]

Using orthonormality (11) and (12), this reduces to:

√
(x′2 + y′2 + z′2) =

√
(x2 + y2 + z2)

This result has a geometrical interpretation. It expresses the fact that the distance between the origin
and a point P does not depend on which way we rotate our coordinate axes. If I stand in Limerick and
take the y axis as pointing due north or due south, Cork will still always be 60 miles away. So the last
result is geometrically obvious.

The concept of invariance with respect to rotation of axes is important because the recognizable aspects
of a physical system are usually invariant in this way.

For example, the distance between two points, the volume of a specified region, and the resolved
component of a force along a given line are all independent of any rotation of the coordinate system, so
mathematically the expressions which represent them are invariant with respect to a rotation of axes.

Is the function f(x′, y′, z′) = x′ invariant for all rotations of axes? The answer is no because x′ =
l11x+ l12y + l13z 6= x for every possible l11, l12, l13.

1.8 Matrix notation

Matrix notation is a convenient way of writing many of the common formulae in vector analysis.

Matrix multiplication C = AB
Recall that matrix multiplication of an m× n matrix A and an r × p matrix B is only defined if n = p
in which case the result of the result of the multiplication is an m× p matrix C.
To perform the multiplication each row i of the first matrix A is multiplied by each column j of the
second matrix and the result is placed in the ij position of the new matrix.
In index notation this can be represented as:

Cij = AilBlj 1 ≤ i ≤ m, 1 ≤ j ≤ p (26)

where there is a summation
∑l=n

l=1 understood.
The matrix of direction cosines in (10) can be written as

L =





l11 l12 l13
l21 l22 l23
l31 l32 l33



 (27)
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Its transpose is:

LT =





l11 l21 l31
l12 l22 l32
l13 l23 l33



 (28)

Using matrix notation, orthonormality conditions (11) and (12) become

LLT = I (29)

where

I =





1 0 0
0 1 0
0 0 1



 (30)

is the unit matrix.
By premultiplying (29) by L−1, the inverse of L, we obtain the result :

LT = L−1 (31)

Writing

x =





x1

x2

x3



 x′ =





x′

1

x′

2

x′

3



 (32)

the transformation rules (22) can be written as:

x′ = Lx (33)

Example

Consider a rotation whereby the x3(z) axis is held fixed and the x1 and x2 axes are rotated through 90
degrees in an anticlockwise direction. If a point has coordinates (−1, 2, 0) before rotation, what are its
coordinates in the rotated system?

Solution
We need to construct the direction cosine matrix using the mnemonic lnew old. Thus lij is the cosine of
the angle between the new i axis and the old j axis. In the present case, we note that the new and old
x3 axes are the same, that the new x1 axis points in the direction of the old x2 axis while the new x2

axis points in the negative direction of the old x1 axis.
Thus l11 is the cosine of the angle between the new x1 axis and the old x1 axis, so l11 = cos 90 = 0. l12 is
the cosine of the angle between the new x1 axis and the old x2 axis, and so l12 = cos 0 = 1. Similarly we
find that l13 = cos 90 = 0, l21 = cos 180 = −1, l22 = cos 90 = 0, l23 = cos 90 = 0, l31 = cos 90 = 0, l32 =
cos 90 = 0, l33 = cos 0 = 1. Hence the direction cosine matrix has the form:





0 1 0
−1 0 0
0 0 1





Now using (33), the coordinates of the point in the rotated system are given by:

x′ =





x′

1

x′

2

x′

3



 =





0 1 0
−1 0 0
0 0 1









−1
2
0



 =





2
1
0



 (34)

The coordinates of the point in the new system are (2, 1, 0). (See fig.1.9).
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2 Scalar and vector algebra

2.1 Scalars

Any mathematical entity or property of a physical system which can be represented by a single (real)
number is called a scalar. In the case of a physical property, the single real number will be a measure of
the property in some chosen units (e.g. Kg, m, s).

Particular examples of scalars are: mass, volume, temperature. Scalars are usually represented by a
single letter e.g. a,b,c.

Two scalars can be added, subtracted, multiplied like real numbers providing it is physically mean-
ingful (i.e provided the units are the same). We usually use the SI system of units.

2.2 Vectors: basic concepts

Loosely a vector is a mathematical or physical entity having both a magnitude and direction (e.g. ve-
locity). A vector is independent of the origin of a (cartesian) coordinate system. A car travelling at 50
Km.h−1 does so whether the origin of the coordinate axes is located in Dublin or Galway. However if we
rotate our coordinate axes through π/2 radians, for example, the components of the velocity wrt to the
coordinate axes will change (though the velocity of the car does not).

Suppose I face due north and call the direction in front of me the y axis and to the right of me the x
axis. A car sets off at 50 Km.h−1 due north. In my system it is travelling in the positive y direction. I
now rotate through π/2 radians in a clockwise direction (so that I am facing due west) and now call the
direction in front of me the y direction and the direction to the right of me the x axis. The car travelling
at 50 Km.h−1 due north is now travelling in the positive x direction in my new coordinates system. In 2D
vector language, we might say that in the original (x, y) coordinate system, the car had velocity (0,50)
while in the new system (x′, y′) it has velocity (50,0). The velocity of the car has not changed
but our description of the velocity has. Note the contrast with invariants discussed in chapter 1.7.
These were quantities which did not change on rotation of the axes; clearly this cannot be the case for
the components of a vector.

We now wish to formalise the above discussion in such a way that when we rotate a set of (three)
cartesian axes, we will be in a position to write down the components of any vector relative to the new
axes. Note that in practice we usually use the intuitive concept of a vector but in advanced work this
definition can fail. There are quantities which have both magnitude and direction but are not vectors.
There is an important physical basis for our development of a new definition. We describe our physical
world by mathematics, but it and any physical predictions which we make must be independent of our
mathematical analysis.

In our specific case we assume that space is isotropic; that is there is no preferred direction or all
directions are equivalent. Then the physical system being analyzed or the physical law being enunciated
cannot and must not depend on our choice or orientation of the coordinate axes.

We have already seen in the first chapter in (16) how a point in space changes (cartesian) coordinates
if we allow our cartesian axes to rotate. Let us also note at this point that we can set up a one to one
correspondence between points in space and directed line segments if with any point in space (x,y,z) we
associate the directed line segment starting at the origin and ending at (x,y,z). Note, however, that a
vector does not have a location in space while the point (x,y,z) does. A vector merely indicates a
magnitude and direction. For example we could talk about the force (1,2,0) acting at the point (3,4,1).
This notation is a little bit ambiguous but is commonly used. Less ambiguous would be to say the force
1 i+2 j + 0 k acts at the point (3,4,1). This discussion suggests that the components of a vector should
transform under rotation of axes just as the coordinates of a point did. We thus introduce the following
formal definition of a vector.

2.2.1 Formal definition of a vector

A vector is a mathematical or physical entity such that:

1. when associated with a set of cartesian axes Oxyz it can be represented completely by three scalars
(coordinates).
2. the triad of scalars is invariant under a translation of axes (whereby O is moved to O′ but orientation of
the axes is not changed). Thus if (a1, a2, a3) are the coordinates wrt the old Oxyz system and a′1, a

′

2, a
′

3)
are the coordinates wrt the new O′xyz, then a1 = a′1, a2 = a′2, a3 = a′3.
3. If (a1, a2, a3) is the triad relative to Oxyz and (a′1, a

′

2, a
′

3) the triad relative to the rotated system
Ox′y′z′, then as in (16)

a′1 = l11a1 + l12a2 + l13a3
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a′2 = l21a1 + l22a2 + l23a3

a′3 = l31a1 + l32a2 + l33a3 (35)

where the usual notation has been used for the direction cosines (10). Using the summation convention,
we can reduce to:

a′i = lijaj ; (i = 1, 2, 3) (36)

or in matrix notation with a = (a1, a2, a3)
T ; a′ = (a′1, a

′

2, a
′

3)
T

a′ = La

If the components of some entity do not transform according to the transformation law, then they cannot
represent the components of a vector. In words, the transformation law says that the components of a
vector a1, a2, a3 relative to some coordinate system associate a magnitude and direction with that vector.
If the coordinate axes are rotated, the magnitude and direction of the vector remain the same and the
coordinates change accordingly to reflect this. The components of a vector in a particular coordinate
system constitute the representation of the vector in that coordinate system. The vector transformation
law guarantees that the vector is independent of the rotation of the coordinate system i.e., that the
physical entity does not dependent on its mathematical desciption.

Finally note that while the coordinates of a point in space change when we translate the axes, the
components of a vector do not. This follows from the concept of a vector having a magnitude and a
direction but no location in space.

Note carefully that the coordinates of a point in space do not actually constitute constitute a vector.
Why not? (But compare the result in section 2.2.4 : what is the difference?).

2.2.2 Equality of vectors

Two vectors expressed in terms of the same coordinate system are equal if each component is equal i.e.,
if a = (a1, a2, a3),b = (b1, b2, b3) then

a = b ⇔ a1 = b1, a2 = b2, a3 = b3 (37)

2.2.3 The zero vector

This is defined as 0 = (0, 0, 0).

2.2.4 The position vector

If A and B are points in space whose coordinates relative to Oxyz are (a1, a2, a3), (b1, b2, b3) then the
position of B relative to A is a vector with components:

~AB = (b1 − a1, b2 − a2, b3 − a3)

Proof
We must show that conditions 1-3 are satisfied.

1. The scalars (b1 − a1, b2 − a2, b3 − a3) are the coordinates of B relative to the axes Ax′y′z′ drawn
through A and parallel to the original axes Oxyz (fig.2.1). These scalars are clearly related to the axes
Ox,Oy,Oz and define completely the position of B wrt A within the coordinate system Oxyz.

2. Suppose the axes Oxyz are moved parallel to themselves so that they pass through a new origin
whose coordinates are (−x0,−y0,−z0) referred to the axes in their original position. The coordinates of

A become (x0+a1, y0+a2, z0+a3) and those of B become (x0+ b1, y0+ b2, z0+ b3). Thus if ~AB′ denotes
the position vector referred to the new axes,

~AB′ = [(x0 + b1)− (x0 + a1), (y0 + b2)− (y0 + a2), (z0 + b3)− (z0 + a3)] = (b1 − a1, b2 − a2, b3 − a3)

It follows that the components of ~AB are invariant wrt a translation of the axes.

3. Let Ox′, Oy′, Oz′ be rectangular coordinate axes whose direction cosines relative to the axes Oxyz
are given by (10). Using (21), the coordinates (a′1, a

′

2, a
′

3) and (b′1, b
′

2, b
′

3) of A and B referred to the axes
Ox′y′z′ are:

a′i =

3
∑

j=1

lijaj ; b
′

i =

3
∑

j=1

lijbj; (i = 1, 2, 3)
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Figure 2: The position vector of B relative to A is denoted ~AB.

giving

b′i − a′i =

3
∑

j=1

lij(bj − aj); (i = 1, 2, 3) (38)

It follows that the components of ~AB obey the vector transformation law (36). Thus ~AB is a vector |.
N.B. The vector ~OP giving the position of a point P (x, y, z) relative to the originO is called the position
vector of P (relative to the origin) and is a special case of this last result choosing A = (0, 0, 0), B =
(x, y, z). This vector is often denoted by r = (x, y, z) = xi + yj+ k and this corresponds to the directed
line segment joining the origin to P . Thus we can associate this position vector with each point in space.
The same notation (x, y, z) is thus often used to denote the vector ~OP and the coordinates of the point
P .

Technical point: However note that the coordinates of a point P (x, y, z) technically do not comprise
the components of a vector. Although the coordinates (x, y, z) form a triad and this triad transforms
according to the transformation law under rotation (as in chapter 1), the coordinates of a point in space
are not invariant under translation of axes.

A point in space does not have any direction associated with it unless we refer it to some other point
e.g. the origin and in so doing we create a directed line segment with components which satisfy the three
laws defining a vector. Occasionally in order to emphasize the difference between a point in space and a
vector we will sometimes write vectors using the i, j,k notation.

2.2.5 Physical examples of vectors

Velocities, accelerations, forces, angular velocities, electric field strength.

2.2.6 Geometrical representation of vectors

Let a = (a1, a2, a3) be any non zero vector and let A be the point whose coordinates are a1, a2, a3 .

Then ~OA = (a1, a2, a3) showing that A and ~OA have the same components. Thus a directed line
segment may be taken as a geometrical representation of a (fig.2.2). Note that we do not generally
consider a vector as having a position in space: it just has a magnitude and a direction. The geometrical
representation of a vector is clearly not unique: any other line segment which is parallel to ~OA and has
the same length is an equally good geometrical representation of a.

2.2.7 Direction of a vector

This is the direction in which ~OA points. Two vectors are parallel if they have same direction and
anti-parallel if they have opposite directions.
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2.2.8 Magnitude of a vector

The magnitude (norm,modulus) of a is a scalar quantity defined to be

|a| = a =
√
(a21 + a22 + a23)

In the geometric representation of a this just represents the length of the directed line segment ~OA.
Since this length is invariant under rotation of axes (see section 1.7) it follows that the magnitude of a
vector is also an invariant. (Physically speed is not changed by rotating axes though the components of
velocity are).

2.2.9 Unit vectors

A vector of unit magnitude is called a unit vector. A unit vector is usually denoted by circumflex; thus
â = (cosθ, sinθ, 0) is a unit vector regardless of the value of θ. If a is a vector of arbitrary magnitude,
then the unit vector whose direction is that of a is â. (After the next section it should be clear that
â = a/|a|).

2.3 Multiplication of a vector by a scalar

If a is a vector and λ is a scalar then

λa = aλ = (λa1, λa2, λa3) (39)

and λa is a vector. (Prove this formally). In addition note that:

|λa| = √
(λ2a21 + λ2a22 + λa2a23) = |λ|√(a21 + a22 + a23) = |λ||a|

So when a vector is multiplied by a scalar, its magnitude is multiplied by |λ|.
In general, if λ > 0 then λa has the same direction as a. If λ < 0 then λa has the opposite direction

to a as in fig.2.3.

2.3.1 The vector -a

Define
−a = −1a (40)

so −a has the opposite direction to a. Note also that, in terms of directed line segments ~OA = − ~AO as
in fig.2.4.

2.4 Addition and subtraction of vectors

If a = (a1, a2, a3),b = (b1, b2, b3) then define the sum of the two vectors to be:

a+ b = (a1 + b1, a2 + b2, a3 + b3) (41)

a+ b is a vector (prove formally). Furthermore addition of vectors is commutative and associative i.e.,

a+ b = b+ a (42)

and
(a+ b) + c = a+ (b+ c) (43)

Both of these results can be proved by writing the vectors in terms of their components and using the
fact that the components are all scalars (real numbers) for which commutativity and associativity are
known to hold.

N.B. It is important to note that these laws cannot be taken for granted in analogy with similar laws
for real numbers. A new mathematical system is being developed here, and there is no reason to suppose,
until it has been proved, that such rules of manipulation are obeyed. Note for example that the vector
product is not a commutative operation i.e., a× b 6= b× a in general.

2.4.1 The triangle law of addition

To add two vectors geometrically, we add the equivalent directed line segments. Place the beginning of
the second directed line segment on the tip of the first. If two vectors are represented geometrically by
~AB and ~BC then their sum is represented by ~AC (called the resultant of ~AB and ~BC) as in fig.2.5.
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2.4.2 Subtraction of vectors

Define the difference of two vectors (see fig.2.7) a,b by:

a− b = a+ (−b) (44)

or in component form:

a+ (−b) = (a1, a2, a3)− (b1, b2, b3) = (a1 − b1, a2 − b2, a3 − b3). (45)

2.5 The unit vectors i,j,k

Let i,j,k denote unit vectors in the direction of the x, y, z axes. Then

i = (1, 0, 0); j = (0, 1, 0); k = (0, 0, 1)

Note that these three unit vectors are traditionally written without a circumflex. Now any arbitrary
vector a=(a1, a2, a3) can be written as a linear combination of these unit vectors:

a = a1i+ a2j+ a3k

The three vectors i,j,k are mutually orthogonal and as already pointed out are unit vectors. Such a
set is called an orthonormal set. Any vector can be written as a linear combination of i,j,k and so they
are said to form an orthonormal(=orthogonal and normalised i.e., of length 1) basis for 3d space.

2.6 Scalar products

For two vectors a,b define the scalar (dot,inner) product to be:

a.b = a1b1 + a2b2 + a3b3 (scalar quantity) (46)

In index notation, this can be represented as a.b = aibi. This operation has the following properties:

b.a = b1a1 + b2a2 + b3a3 = a.b (47)

The scalar product of a with itself is

a.a = a21 + a22 + a23 = |a|2

and this is often written as a2. Furthermore the dot product is distributive over vector addition:

a.(b+ c) = a.b+ a.c (48)

The last property can easily be proved (exercise) by writing the vectors out in component form and using
the equivalent properties for real (scalar) numbers.

Such properties can be proved very concisely using index notation e.g. (b+c)i = bi+ci so a.(b+c) =
ai(bi+ ci). In this last expression, each of ai, bi, ci is a scalar or real number and we can use the fact that
in the algebra of real numbers multiplication is distributive over addition. Thus ai(bi+ci) = aibi+aici =
a.b+ a.c and (48) is proved.

2.6.1 Scalar invariants

Any scalar which takes on the same value in any rotated and/or translated coordinate system is called
a scalar invariant. We have already seen that the components of a vector a are not scalar invariant
(why not?) but the magnitude of a i.e., |a| is a scalar invariant. The proof of this runs along the same
lines as the proof in section 1.7. Similarly a.a (= |a|2) is a scalar invariant.

2.6.2 Scalar products are scalar invariant

For any two vectors a.b is a scalar invariant i.e., its value is independent of rotation/translation of the
coordinate system.

Proof
We use the index notation here. Thus the vector a has typical component (relative to Oxyz) ai where

i is a free index (i=1,2 or 3) and component a′i relative to rotated axes Ox′y′z′. Similarly let b have
typical component bi and b′i. From (36)

a′i = lijaj ; b
′

i = lijbj ; (i = 1, 2, 3)
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Thus
a′ib

′

i(= a′.b′) = lij likajbk

But from orthonormality (25) lij lik = δjk Hence

a′ib
′

i = δjkajbk = akbk

because δjk = 0 unless j = k, i.e., a′.b′ = a.b and scalar product is invariant under rotation of axes.
Since the components of a,b are invariant under translation of axes, so too is their scalar product and so
a.b is scalar invariant.|

N.B. If you have difficulty with the index notation here, prove the result in longhand, writing out all the
components explicitly.

2.6.3 Geometrical representation of the dot product

Let a = (a1, a2, a3),b = (b1, b2, b3) and let the direction cosines of each of these vectors be: (α1, α2, α3)
and (β1, β2, β3). Hence it follows that

αi = ai/|a|, βi = bi/|b| (i = 1, 2, 3) (49)

Thus using the summation convention we have:

|a||b|αiβi = aibi (50)

If θ is the angle between a and b then from (6) it follows that:

cos θ = αiβi(= α1β1 + α2β2 + α3β3) (51)

and we arrive at the result:
a.b = |a||b| cos θ (52)

where θ is the angle between the directed line segments OA, OB, placed so that their begin points coincide
(see fig.2.9). As cos (2π − θ) = cos θ, it does not matter which sense we measure θ in. Some books actually
use (52) as a definition of scalar product. We will both equations (52) and (46) effectively as definitions.

2.6.4 Two non-zero vectors are at right angles (orthogonal) to each other if and only if
a.b = 0.

Proof (1) (Prove ⇒). If a,b are at right angles then θ = π/2 or 3π/2. By (52) we then have a.b = 0.
(2) (Prove ⇐). If a.b = 0 and |a| 6= 0, |b| 6= 0 and so cos θ = 0; hence θ = π/2 or 3π/2 and so a,b are
at right angles |.

2.6.5 Scalar products of pairs of i,j,k

The unit vectors i,j,k introduced in the previous section, are such that the scalar product of any one
with itself is unity and the scalar product of any one with any other is zero. For these vectors are each
of unit magnitude and are mutually perpendicular. Thus

i.i = j.j = k.k = 1

i.j = j.k = k.i = 0 (53)

using these relations and the distributive law, the scalar product of two vectors written in component
form:

a = a1i+ a2j+ a3k b = b1i+ b2j+ b3k

is easily shown to give the result (46).

2.6.6 Resolution of vectors

The resolute of a vector a in the direction of (or along) a unit vector (i.e., in a specific direction) n̂ is
defined as

an = a.n̂ (54)

If θ is the angle between a and n̂, resolving a in the direction of n̂ gives:
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an = a.n̂ = |a||n̂| cos θ = |a| cos θ

Fig.2.10 shows the geometrical interpretation. The resolute of a in the direction of n̂ is the sensed
projection of a on n̂ (produced if necessary).

The resolute of a along any non-zero vector b is defined as a.b̂ where b̂ = b/|b| is the unit vector in
the direction of b.

N.B. The resolute is not a.b unless b happens to be a unit vector. It stands to reason that the magnitude
of b has nothing to do with the size of the resolute in the direction of b.

If a = a1i+ a2j+ a3k then the resolutes of a in the directions i,j,k respectively are

a.i = a1; a.j = a2; a.k = a3

Thus the resolutes (orthogonal projections onto the axes) of a along the x, y, z axes are identical to
the corresponding components of a. It should be noted that this result is not true if a is referred to a
non-orthogonal coordinate system.

Using the above results we can write down at once the components, relative to given orthogonal axes,
of a given vector of given magnitude and direction. For example, suppose that a is of magnitude 2 and is
in the direction making an angle of π/3 with Ox, 2π/3 with Oy and 3π/4 with Oz. Then the components
of a are

a1 = 2 cosπ/3 = 1, a2 = 2 cos 2π/3 = −1, a3 = 2 cos 3π/4 = −√
2

a is said to have been resolved into its components.

2.7 Vector products

The vector product of two vectors a,b with components (a1, a2, a3), (b1, b2, b3) respectively is defined as
the vector:

a× b = (a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1) (55)

Alternatively (and an easier way of remembering the result) for two vectors written in component form:

a = a1i+ a2j+ a3k b = b1i+ b2j+ b3k

Defn So in fact, the vector product can be defined as:

a× b = det





i j k
a1 a2 a3
b1 b2 b3



 (56)

yielding the same result as (55). It would thus appear that the vector product is itself a vector (as it has
three components) and this can be proved rigorously by showing that it satisfies the three conditions of
the formal definition.

2.7.1 Other properties

The following properties involving the vector product may be proved by writing the vectors concerned in
component form and using the definition of vector product.

b× a = (b2a3 − b3a2, b3a1 − b1a3, b1a2 − b2a1)

Thus from (55), we see that
b× a = −a× b (57)

i.e., the operation is non-commutative. It is essential therefore to preserve the order of the vectors in a
vector product. Note that this emphasizes what we stated in section 2.4, that rules like commutativity
and associativity cannot be taken for granted when dealing with vectors.

For any three vectors a,b,c it can easily be shown (in component form by writing a = (a1, a2, a3), b =
(b1, b2, b3) etc. that

a× (b× c) = (a× b)× c (58)

i.e., the vector product obeys the distributive law.
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2.7.2 Vector products of pairs of i,j,k

Since i=(1,0,0), j=(0,1,0) and k=(0,0,1) the following identities can easily be proved:

i× i = j× j = k× k = 0

i× j = k; j× k = i; k× i = j (59)

These should be compared with (53) which are the corresponding identities for the scalar products. Note
that because of (57), interchanging the order of multiplication changes the sign; for example j× i = −k.
In fact the easiest way of remembering the results is by remembering the cyclic order i, j,k, i, j,k, i, j,k...
and only allowing multiplication of adjacent vectors. If we multiply two adjacent vectors in the forward
direction, we get +the next vector. If we take the vector product of two adjacent vectors in the reverse
direction we get -the preceding vector. Recalling also that a × b = −b× a, we can obtain all results in
this way.

These results can be used to multiply two arbitrary vectors (1,3,1) and (2,-1,2) say. However it is
much easier to use (56).

a× b = det





i j k
1 3 1
2 −1 2



 = 7i− 7k = (7,−7, 0).

2.7.3 Geometrical interpretation of vector product

The vector product is often defined in the following way:

a× b = |a||b| sin θ ĉ (60)

where 0 ≤ θ ≤ π is the angle between a and b when drawn with their initial points coincident, ĉ is the
unit vector perpendicular to the plane defined by a and b in the direction such that a,b,c form a right
handed set. (See fig.2.12 and 2.13). This definition can be shown to be completely equivalent to that
given in (56) but we do not do so here.

2.7.4 Two non-zero vectors a,b are parallel or anti-parallel if and only if a× b = 0

If a and b are parallel, then θ =0, and if a and b are anti-parallel, θ = π. In either case sin θ = 0 and so
a × b = 0. Also if a × b = 0 and if |a| 6= 0 and |b| 6= 0 then sin θ = 0; hence θ=0 or π showing that a
and b are either parallel or anti-parallel.|

Example
Show that the area of a parallelogram with adjacent sides a and b is |a× b|.

Solution Denote by θ the smaller angle between a and b (see figure 2.14). Drop a perpendicular
from the end of b onto a. This perpendicular will be of length |b| sin θ. The area of the parallelogram is
base × height =|a||b| sin θ which is by definition |a× b|.

The usefulness of this result is that if we can find the coordinates of a,b in a suitable cartesian coor-
dinate system, the result is automatic.

Example
Find the most general form for the vector v satisfying the equation v × (1, 1, 1) = (2,−4, 2).

Solution Let v = (a,b,c) where a,b,c are unknown. Substitute into the equation to obtain:

(a, b, c)× (1, 1, 1) = (2,−4, 2) ⇒ (b− c, c− a, a− b) = (2,−4, 2)

This yields three equations for three unknowns:

b− c = 2; c− a = −4; (a− b = 2)

If the equations were independent we would expect this to yield exactly one solution. In fact they are
dependent because adding the first two gives b− a = −2 which is the third equation. Thus we eliminate
the third equation as adding no new information. The first two equations now yield b = c+ 2; c = a− 4
whence we obtain b = a− 2; c = a− 4 and a is arbitrary i.e any value of a and the two preceding values
of b,c will satisfy the first two equations (and also the third). Thus the solution is v = (a, a− 2, a− 4),
a arbitrary.|
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Remarks
If v × a = b the geometrical definition of the vector product shows that v and a must both be

perpendicular to b. Hence if a and b are given, the equation can have no solution for v unless a is
perpendicular b. In fact in the present example we note that (1, 1, 1).(2,−4, 2) = 0.

Exercise Show vectorially that the bisectors of the angles of a triangle are concurrent.

2.8 The triple scalar product

For three vectors a,b,c the triple scalar product is a scalar quantity defined by:

a.(b× c) = a.det





i j k
a1 a2 a3
b1 b2 b3



 = a.(b2c3 − b3c2,−b1c3 + b3c1, b1c2 − b2c1)

and this equals
a1(b2c3 − b3c2)− a2(b1c3 − b3c1) + a3(b1c2 − b2c1).

Thus

a.(b× c) = det





a1 a2 a3
b1 b2 b3
c1 c2 c3



 (61)

It is easily proved that a.(b× c) = (a×b).c by writing the vectors out in component form. Thus the dot
and cross may be interchanged in a triple scalar product provided the order of the vectors is maintained.
Note the positioning of the brackets in the triple scalar product. In fact any other positioning would not
make sense. If we placed the brackets thus:(a.b) × c, then the result of a.b would be a scalar and we
could not then get the vector product of this with the vector c.

2.8.1 Geometrical intepretation of the triple scalar product

Consider the parallelepiped with adjacent edges representing vectors a,b,c as shown in figure 2.16 with
b,c horizontal. The volume V of the parallelepiped is ‘area of base times perpendicular height’. That is:

V = | |b| |c| sin θ |a| cosφ |

where θ is the angle between b and c and φ is the angle between a and the upward vertical. But

b× c = |b||c| sin θk

where k is a unit vector vertically upwards. Also

a.k = |a| cosφ ⇒ a.(b × c) = |a||b||c| sin θ cosφ

It follows that
V = |a.(b× c)| (62)

2.8.2 Condition for coplanar vectors. A basis for 3D space

Theorem 2.8.1 Three non-zero vectors a,b,c are coplanar if and only if a.(b× c) = 0

Proof As the three vectors have non-zero magnitudes, the volume V of the parallelepiped with ad-
jacent edges (i.e., the begin point of each vector is placed at a point O) is zero if and only if the vectors
are coplanar. Thus (62) shows that a,b,c are coplanar if and only if a.(b× c) = 0|

Note
The triple scalar product a.(b×c) = 0 vanishes if two of the three vectors are parallel or anti-parallel,

but the converse of this statement is not true. Geometrically, if two of the vectors are parallel or anti-
parallel, then the three vectors must be coplanar (as any two vectors define a plane).

Theorem 2.8.2
If the non-zero vectors a,b,c are not coplanar show that any other vector d may be expressed uniquely

in the form:
d = λa+ µb+ νc
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where λ, µ and ν are scalars. d is said to have been expressed as a linear combination of a,b,c.

Proof
Note first that for a square matrix det AT = det A. Let d=(d1, d2, d3), a=(a1, a2, a3), b=(b1, b2, b3),
c=(c1, c2, c3). Then

d = λa+ µb+ νc

if and only if
d1 = λa1+ µb1+ νc1
d2 = λa2+ µb2+ νc2
d3 = λa3+ µb3+ νc3

These three simultaneous linear equations are of the form Ax = f where A is a known 3x3 matrix and
x,f are column vectors (the former being unknown, the latter known) with

A =





a1 b1 c1
a2 b2 c2
c1 c2 c3





and x = (λ, µ, ν)T , f = (d1, d2, d3)
T . This has a unique solution if and only if detA 6= 0. But from matrix

theory detA = detAT so a unique solution exists i.e., if and only if detAT 6= 0 i.e., if and only if

det





a1 a2 a3
b1 b2 b3
c1 c2 c3



 6= 0

i.e., if and only if a.(b× c) 6= 0 from (61). This condition is satisfied because a,b,c are not coplanar and
are non-zero, and so the required result follows |.

N.B a, b, and c are said to form a basis for three dimensional space i.e., any vector may be written
as a linear combination of a, b, c. This example could have been posed in the following manner: prove
that any three non-coplanar vectors form a basis for three dimensional space. The intuitive idea behind
this concept is that if three vectors are coplanar, then linear combinations of them will be restricted to
the plane in which they lie and it will not be possible to represent vectors which are not in that plane.

2.9 The triple vector product

Vectors such as (a× b)× c are called triple vector products. The following identities are useful:

(a × b)× c = b(a.c) − a(b.c) (63)

a× (b× c) = b(a.c) − c(a.b) (64)

Note thus the importance of the positioning of the brackets in triple vector products. (63) and (64) are
not the same. Note also that (64) is often referred to as the BAC-CAB rule. In addition either of the iden-
tities can be obtained from the other one by using the fact that a×b = −b×a and relabelling the vectors.

Proof

As exercise by writing all vectors in component form. You can take a short cut w.l.o.g. by choosing
the x axis to run in the direction of a and the xy plane to be in the same plane as a and b. Thus
a=(a1, 0, 0), b=(b1, b2, 0), c=(c1, c2, c3).

2.10 Products of four vectors

It is sometimes necessary to manipulate products of four vectors. This often involves using (63) and (64)
and the knowledge that the dot and cross in the triple scalar product are interchangeable. For example,

(a× b).(c× d) = a.[b× (c × d)] (65)

Expanding the triple vector product gives:

b× (c× d) = c(b.d) − d(b.c)
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Substituting into (65) we find

(a × b).(c× d) = (b.d)(a.c) − (b.c)(a.d) (66)

In general if one is dealing with a complicated expression involving scalar and dot products, one should
check to make sure the expression makes sense. For example (a.b) × c does not make sense, as a.b is a
scalar quantity and we cannot get the vector product of a scalar quantity with a vector.

2.11 Bound vectors

As already pointed out, a vector has a magnitude and direction but no location in space. Nevertheless,
in mechanics we sometimes require a vector to act at a particular point in space. Thus the point of
application of a force, or its line of action, may be important. The force (vector), together with its
point of application or its line of action, is then sometimes said to be a bound vector.

Example

The moment of a force p about a point Q is defined as M=|p|d where d is the perpendicular distance
between the point Q and the line of action L of p as in fig. 2.17. Let r be the position vector of any
point on L relative to the point Q. Then d=|r| cos θ and so

M = |r||p| cos θ = |r||p| sin γ = |r× p|

Note
1. The vector m = r × p is called the moment vector of p about Q. Its direction is that of the axis of
rotation about Q which p has the tendency to produce.
2. The moment is independent of r i.e., every r gives the same result provided r is any position vector
joining Q to the line of action L.

2.12 The concept of a proof

A fundamental idea in mathematics is the concept of a mathematical proof. This has arisen several times
in the preceding two chapters without comment. We note here the difference between a proof and a
verification. To prove for example that a.b = b.a, as was done in (46, 47) we wrote a,b in component
form in a completely general way and showed that the result holds for all possible vectors.

If we merely wished to verify the result for two particular vectors, we could choose two vectors
(1, 2, 4), (2, 3, 1), for example, and compute (1, 2, 4).(2, 3, 1) = 2 + 6 + 4 = 12 while (2, 3, 1).(1, 2, 4) =
2 + 6 + 4 = 12 and the theorem is verified (illustrated) for these two vectors but only for these two
vectors.

2.13 Vector spaces

The objects introduced in this chapter are sometimes termed “geometric vectors” to distinguish them
from the elements of an abstract vector space whose elements are also termed “vectors”.

We can deal with vectors in a more abstract way by introducing the notion of an (abstract) vector space
V which is a collection of objects called “vectors”, together with operations of addition and multiplication
by real numbers which satisfy the following axioms:

• Closure under addition i.e., if x,y ∈ V then x+ y ∈ V .

• Addition is commutative: x+ y = y + x.

• There is a zero vector 0 such that x+ 0 = x.

• For each x ∈ V there exists −x such that x+ (−x) = 0.

• Closure under multiplication by a scalar α i.e., if x ∈ V then αx ∈ V .

• α(x+ y) = αx+ αy.

• (α+ β)x = αx + βx.

• (αβ)x = α(βx).

• There exists an identity scalar 1 such that 1x = x.
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The student should not be discouraged by the formality of this definition; it looks worse than it is.
The issue here is that in order to deserve the name, a vector space must have a number of elementary and
eminently reasonable properties. For example the real numbers with the ordinary definitions of addition
and multiplication form a vector space. Similarly the set of geometric vectors which we have introduced
in this chapter can be shown to form a vector space. The study of vector spaces thus encompasses far
more than the study of what we normally call vectors. Any set of objects which satisfy the above axioms
can be termed a vector space. For example it is possible to consider the set of all continuous functions
on the Real interval [a, b] (usually written C[a, b]) to be an (infinite dimensional) vector space if we agree
that the component of each “vector” f at the point x is its functional value at x i.e., f(x). Obviously
each vector then has an infinite number of components. It is even possible to define an inner (scalar)
product for this vector space. One possibility is

(f, g) ≡
∫ b

a

fg dx

and it is possible to show that this fulfils all the requirements of an inner product.
In these notes we will generally restrict attention to the geometric vectors introduced

in this chapter and will just refer to these as “vectors”.
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3 Vector functions of a real variable

3.1 Vector functions and their geometrical representation

Defn: Suppose the components of a vector

f(t) = (f1(t), f2(t), f3(t)) (67)

are single-valued functions of a real variable. Then f is called a vector function of t. f(t) is a continuous
function of t if each of its components f1(t), f2(t), f3(t) are continuous (scalar) functions. (This links in
with previous courses where you dealt with scalar functions e.g. y = f(t) and examined the continuity
and differentiability of such functions. Recall that y = f(t) is a continuous function on some domain
if f(a) exists and limt→a f(t) = f(a) for every point a in that domain. Roughly speaking a function is
continuous if its value does not change suddenly at any point). To test for continuity of a vector valued
function, you need to test whether each of its (scalar) components is continuous.

Examples:

f(t) = (2,
√
t, sin t) 0 ≤ t < ∞

f(t) = (t3, t, 3) −∞ < t ≤ 2

f(t) = (2t2, 2, 6t−1) 2 < t < ∞

Note that in the last example, if the domain included the point t = 0, the function would not be continuous
as f3(0) = 6/0 is not defined i.e., f3(0) does not exist.

3.2 Geometrical representation of vector functions

Let a continuous vector function be represented by a position vector ~OP where O is the origin and P is the
point f(t) = (f1(t), f2(t), f3(t)). As t varies over its range of values, P describes a curve in 3 dimensions.
In general both the magnitude and direction of f(t) vary with t. (A vector function is constant only if
both its magnitude and direction are constant). The equation

~OP = r = f(t) (68)

where r = (x, y, z) is called the parametric equation of the curve described by P (t is the parameter).
As t takes on different values, the point P moves through xyz space and in doing so traces out a curve.
t is called the parameter and to completely specify the curve, the range over which t varies must also be
given as in the examples above. (See fig.1).

Example

Find the locus of P as θ varies (0 ≤ θ ≤ 2π), (with a being a known constant) if r(θ) = ~OP =
(a cos θ, 0, a sin θ).

Solution

Taking components: x = a cos θ, y = 0, z = a sin θ which implies x2 + z2 = a2(cos2 θ + sin2 θ) = a2 so P
traces out a circle of radius a in the xz plane (as y=0).

The parametric equation is merely another way of describing the circle rather than as x2 + y2 =
a2, y = 0. It is useful to remember that it requires one parameter to describe a curve (one dimensional)
and two parameters to describe a surface (two dimensional) in space.

Example

Let a and b be the position vectors relative to the origin of the points A,B. Show that the equation of
the straight line through A,B can be expressed in the form:

r = a+ (b− a)t (69)

where t is a parameter in the range −∞ < t < ∞.

Solution:
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The position vector of B relative to A is
~AB = b− a

The point P with position vector r lies on the line through A and B (fig.3) if and only if

~AP = (b− a)t,

where t is some real number. Noting that

~OP = ~OA+ ~AP

we have
r = a+ (b− a)t

This is the parametric equation of the straight line through A and B because the position vector of all
points on the line can be represented in this form. Any straight line in 3-D space can be written in this
form. In components, the above vector equation takes the form:

r(t) = (x(t), y(t), z(t)) = (a1 − (b1 − a1)t, a2 − (b2 − a2)t, a3 − (b3 − a3)t)

i.e., it is equivalent to the three scalar equations:

x = a1 − (b1 − a1)t, y = a2 − (b2 − a2)t, z = a3 − (b3 − a3)t.

Note that x(t), y(t), z(t) are linear functions of the parameter t i.e., t when appears only in the form t1

and all the expressions are of the basic form x = αt+ β|.

Intuitively note that the vector b-a is parallel to ~AB so in eq. (69) the first term on the RHS picks
out the point a and the second term moves the point in a direction parallel to the line AB. The value of
t determines which particular point on the line is picked out. Which point is picked out if t=0?

Example Find the parametric equation of the line segment from (1, 2, 3) to (2, 4, 5).

Solution Note that ~AB = (2, 4, 5)− (1, 2, 3) = (1, 2, 2) we can write

r(t) = (1, 2, 3) + t(1, 2, 2) = (1 + t, 2 + 2t, 3 + 2t) 0 ≤ t ≤ 1|.

3.3 Differentiation of vectors

Defn: Suppose f(t) = (f1(t), f2(t), f3(t)) and fi(t) are differentiable wrt t in some given interval. Then
we define

df

dt
= (

df1
dt

,
df2
dt

,
df3
dt

) (70)

to be the first derivative of f(t). df
dt is a vector if f(t) is. (This can be proved using the formal definition

of a vector). There is a natural extension for higher order derivatives i.e., dn

f

dtn = (d
nf1
dtn , dnf2

dtn , dnf3
dtn ).

Example

Find the values λ for which a = (cosλx, sinλx, 0) satisfies the differential equation:

d2a

dx2
= −9a

Solution:

da

dx
= (−λsinλx, λ cosλx, 0)

d2a

dx2
= (−λ2 cosλx,−λ2sinλx, 0)

Thus we require:
(−λ2 cosλx,−λ2sinλx, 0) = −9(cosλx, sinλx, 0)

and so clearly the solution is λ = ±3.
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3.4 Differentiation rules

(Compare the results of this section to the product rule for two scalar functions u(x), v(x) i.e., d/dx(uv) =
vdu/dx+ udv/dx). If a(t),b(t), λ(t) (the latter a scalar function of t) are differentiable wrt t:

d(a + b)

dt
=

da

dt
+

db

dt
(71)

d(λa)

dt
= λ

da

dt
+

dλ

dt
a (72)

d(a.b)

dt
=

da

dt
.b+ a.

db

dt
(73)

d(a × b)

dt
=

da

dt
× b+ a× db

dt
(74)

N.B. Order is important in the last equation but not in the preceeding one. (The operation of taking the
dot product of two vectors is commutative; the operation of taking the vector product is not).

Proof

All four properties can be proved by writing vectors out in components and using the ordinary prod-
uct rules for differentiation of scalars as the components of the vectors are themselves scalars e.g. let
a(t) = (a1(t), a2(t), a3(t)) and b(t) = (b1(t), b2(t), b3(t)) then

d(a.b)

dt
= d/dt(a1b1 + a2b2 + a3b3)

= b1da1/dt+ b2da2/dt+ b3da3/dt+ a1db1/dt+ a2db2/dt+ a3db3/dt

= da/dt.b+ a.db/dt

Note that the index notation is a very convenient device for proving the above results. Thus

d(a.b)

dt
=

d(aibi)

dt
= ai

dbi
dt

+ bi
dai
dt

= a.
d(b)

dt
+ b.

d(a)

dt
|.

In the above proof, it is important to realise that ai(t), bi(t) are the scalar components of the vector and
so obey the rules for the differentiation of scalar functions.

Example

Show that the first derivative of a unit vector â = â(t) is always perpendicular to â provided the
derivative is not zero.

â.â = 1 ⇒ d/dt(â.â) = 0 ⇒ dâ/dt.â+ â.dâ/dt = 0 ⇒ â.dâ/dt = 0 ⇒ â ⊥ dâ/dt|.

Exercise Apply the above to the particular example where â = (cos t, sin t, 0).

3.5 The tangent to a curve

Suppose a continuous curve C (i.e., a curve without any break or jump, which can be drawn without
removing the pen from the paper) is the locus of the point P whose position vector relative to O is

~OP = r = r(t) = (x(t), y(t), z(t)) (75)

(Note that we could have written r=f(t) but the common practice is to use r to symbolize the function
as well as the dependent variable). Let P0 be a particular point on C at which dr/dt exists and is not zero.

Then at this point dr/dt lies along the tangent to the curve and is directed in the sense in which the curve
is described by P as t increases. To show this let P0 be a particular point on the curve corresponding
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to the value t = t0. (Remember that as the parameter t varies, different points are picked out along the
curve. You may prefer the notation t = t0 +∆t0 and let ∆t0 → 0.) At P0 we have:

dr

dt
|t0 = (

dx

dt
,
dy

dt
,
dz

dt
)|t0 = lim

t→t0
(
x(t) − x(t0)

t− t0
,
y(t)− y(t0)

t− t0
,
z(t)− z(t0)

t− t0
)

= lim
t→t0

r(t)− r(t0)

t− t0

= lim
t→t0

~P0P

t− t0
.

It is clear that as t → t0, P approaches P0 and so ~P0P/(t − t0) ultimately lies along the tangent at
P0 (see fig.4). Thus dr/dt is directed along the tangent to the curve.

3.6 The Unit Tangent

If the tangent at P0 is dr/dt at t = t0, then the unit tangent is defined to be the vector:

t̂ =
dr/dt

|dr/dt| (76)

3.7 Smoothness

Definition: The curve described by r = r(t) = (x(t), y(t), z(t)) is said to be smooth if the tangent vector
t i.e., dr

dt exists at all points and is continuous. Smoothness means the curve does not undergo any sudden
changes in direction. (Contrast the meaning of a continuous curve). (See figure 5).

A piecewise smooth curve r = r(t) is one for which r(t) is a continuous function of t but the tangent
vector dr

dt has a finite number of jumps or discontinuities. A piecewise smooth curve is thus continuous
and consists of a finite number of smooth curves linked end to end at corners. (See fig.5).

Example

Show that the tangent to the curve

r(t) = (t2, 2t, 0) − 1 ≤ t ≤ 1

= (1, 4− 2t, 0) 1 < t ≤ 2

is discontinuous at t = 1. Verify that the curve is piecewise smooth and indicate its sense (direction of t
increasing) in a diagram.

Solution:

dr/dt = (2t, 2, 0) − 1 ≤ t ≤ 1

= (0,−2, 0) 1 < t ≤ 2

r(t) is a continuous vector function for −1 ≤ t < 1 as its three component functions t2, 2t, 0 are all
continuous scalar valued functions on this interval. Similarly r(t) is continuous on 1 < t ≤ 2. In addition
r(t) is continuous at t = 1 because r(1) = (1, 2, 0) according to both the first and second part of the
definition.
dr/dt is continuous on t ∈ [−1, 1) and on t ∈ (1, 2] as the component functions 2t, 2, 0 and 0,−2, 0 are

all continuous functions. However there is a jump in the value of dr(t)
dt at t = 1 as it equals (2, 2, 0)

according to the first part of the definition and (0,−2, 0) according to the second part. Thus the curve
is not smooth at t = 1. Otherwise it is everywhere smooth and so it is piecewise smooth. (See fig.6).

3.8 Arclength

Let r = r(t) = (x(t), y(t), z(t)) be a parametric equation of a piecewise smooth curve. Define

ds

dt
= |dr

dt
| =

(

(
dx

dt
)2 + (

dy

dt
)2 + (

dz

dt
)2
)1/2

(77)
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and so

s(t) =

∫ t

t0

(

(
dx

dτ
)2 + (

dy

dτ
)2 + (

dz

dτ
)2
)1/2

dτ (78)

( i.e., the integral of the length of the tangent vector along the curve) (where t0 corresponds to a designated
initial point on the curve) is defined as the arclength of C from the fixed point t0 to the variable point

t. Suppose the curve extends from A to B with r(t0) = ~OA and r(t1) = ~OB. Then s(t0) = 0, s(t1) =
length of curve from A to B.

The element of arclength ds satisfies ds2 = dx2 + dy2 + dz2. This is a natural extension of the 2D
situation. (See Figure 7).

We can change parameters in a parametric formulation quite easily. If r = r(t) and furthermore
t = t(u) with dt/du ≥ 0 at all points, then we can also describe r parametrically in terms of u (with the
same sense as t). If this condition is not satisfied and we proceed with a parameterization wrt the new
parameter t, parts of the curve may be missing!

For curves in space it is natural to use the arclength as parameter. From the definition of arclength
ds/dt ≥ 0 so t = t(s) is allowable and

r = r(s) = (x(s), y(s), z(s)); 0 ≤ s ≤ l (79)

is an alternative parametric description of the curve called the intrinsic equation of the curve. If the
arclength is the parameter then at any point on r(s) the unit tangent is dr

ds which follows from (77) with
s = t.

Example using arclength
Find the arclength along the line y = x, z = 0 from (0, 0, 0) to (3, 3, 0).

To find the arclength, we need to write the curve in parametric form. As it is a straight line, it must
be of the general form given by (69). Thus we find that r(t) = (x(t), y(t), z(t)) = (t, t, 0) where t = 0
corresponds to (0, 0, 0) and t = 3 corresponds to (3, 3, 0). So we easily see that dx/dt = 1, dy/dt =
1, dz/dt = 0. Thus arclength is defined via

ds

dt
=

√

((
dx

dt
)2 + (

dy

dt
)2 + (

dz

dt
)2) =

√

(1 + 1 + 0) =
√
2 (80)

so
ds

dt
=

√
2 ⇒ ds =

√
2dt ⇒ s(t) =

∫ t

0

√
2dτ = t

√
2 (81)

Here we have chosen to measure length from the point corresponding to t = 0 i.e., the point (0, 0, 0).
In general the lower limit of the integral corresponds to the point from which we decide to measure
arclength. The distance from the t = 0 to t = 3 is thus s(t = 3) = 3

√
2. This is geometrically obvious.

The intrinsic equation of the curve is thus r(s) = (s/
√
2, s/

√
2, 0)|.

Example
Find an expression for the arclength along a circle x2 + y2 = a2, z = 0.

In parametric form the circle takes the form r(t) = (x(t), y(t), z(t)) = a cos t, a sin t, 0) with 0 ≤ t ≤ 2π.
Thus arclength is defined via

ds

dt
=

√

((
dx

dt
)2 + (

dy

dt
)2 + (

dz

dt
)2) =

√

(a2 sin2 t+ a2 cos2 t+ 0) = a (82)

so ds/dt = a and the arclength is thus

ds

dt
= a ⇒ ds = adt ⇒ s(t) =

∫ t

0

adτ = at (83)

where we have chosen to measure the arclength from (a, 0, 0) corresponding to t = 0. Thus the distance
from (a, 0, 0) to (0, a, 0) is aπ/2 as (0, a, 0) corresponds to t = π/2.

The intrinsic equation of this circle is obtained by writing the parametric equation in terms of the
arclength s. As s = at we have t = s/a and the circle in intrinsic form is r(s) = (a cos (s/a), a sin (s/a), 0)|.

Exercise Find the arclength along the curve y = x2, z = 0 from (0, 0, 0) to (1, 1, 0). Write the curve in
intrinsic form.
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3.9 Curves, Surfaces

In 3D space, we can describe a curve as being the set of all points satisfying two equations of the following
form simultaneously: F (x, y, z) = 0; G(x, y, z) = 0 or parametrically by r = r(t) = (x(t), y(t), z(t)) i.e
just one parameter is necessary in the parametric description.

A surface in space can be described implicitly by an equation of the form F (x, y, z) = 0 (e.g. x2+y2+z2 =
1 can be written as x2 + y2 + z2 − 1 = 0 and is thus of the required form. What surface does this repre-
sent?). A surface can also be described explicitly by an equation of the form z = f(x, y). A surface can
be represented parametrically by an equation of the form r = r(u, v) = (x(u, v), y(u, v), z(u, v)) i.e., two
parameters are required to define a surface. How many parameters would be required to define a solid
object?

Example

x

y

z

Figure 3: A helix (curve) and a cylindrical surface.

r(t) = (cos t, sin t, t) is a helix (curve) −∞ ≤ t ≤ ∞.

r(u, v) = (cos u, sinu, v) is a cylindrical surface −∞ ≤ v ≤ ∞; 0 ≤ u ≤ 2π.
Note that the first example had only one parameter while the second had two u, v. (See figure).

3.10 Curvature

An important physical quantity when dealing with curves is their curvature. Let a curve have intrinsic
equation r = r(s). The curvature of the curve at any point (i.e., at any value of s) is defined to be:

κ(s) = |d
2r

ds2
|(= |dt̂

ds
|) (84)

so the curvature corresponds to the rate of change of direction of the unit tangent vector to the curve.
If the curve is a straight line, for example, the unit tangent vector will always be in the same direction
and the curvature will be zero.

The quantity ρ = 1/κ is called the radius of curvature and corresponds to the radius of the circle
which would “fit” into the curve at any point. This may in general vary from point to point. A circle is
an example of a curve whose curvature is the same at every point and in fact its curvature = 1/radius.
Note that a straight line can be considered to be a circle with infinite radius so its curvature is zero.

Exercise

Show that for a curve in the xy plane given by y=y(x), the curvature is

κ =
|d2y/dx2|

(1 + (dy/dx)2)3/2

(To do this you need to find the intrinsic equation of the curve and apply the formula above).
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Example
Find the intrinsic equation of the circle x2 + y2 = a2 where a is a known constant. Hence show that the
curvature of the circle is 1/a.

To find the curvature we must write the circle in intrinsic parametric form. This was done in a

previous exercise and we found that r(s) = (a cos (s/a), a sin (s/a), 0). Hence the curvature is |d2
r

ds2 |. By
differentiating we find that

dr(s)

ds
= (

dx

ds
,
dy

ds
,
dz

ds
) = (− sin (s/a), cos (s/a), 0)

and so
d2r(s)

ds2
= (

d2x

ds2
,
d2y

ds2
,
d2z

ds2
) = (−1

a
cos (s/a),−1

a
sin (s/a), 0)

and so |d2
r

ds2 | =
√

(1/a2) = 1/a|.

In fluid mechanics, the effect of surface tension on the pressure on a liquid free surface can be shown to
be represented by a term of the form: γκ where γ is the measured surface tension. So the more strongly
curved the surface, the greater the curvature and hence the greater the effect of the surface tension. In
the case of an semi-infinite sea of liquid bounded on one side by a vertical plane wall (see fig.8), the shape
of the liquid free surface is determined by a balance between the gravitational and surface tension forces.
If y(x) is the height of the liquid free surface above the equilibrium position, then the governing equation
for this two dimensional situation is:

−gρy + γ
|d2y/dx2|

(1 + (dy/dx)2)3/2
= 0

where ρ is the density of the liquid, g is the acceleration due to gravity and γ is the surface tension of the
liquid. These can all be regarded as known quantities as they can in principle be measured. To determine
the shape of the liquid free surface it is necessary to solve this second order ordinary differential equation
subject to the two boundary conditions:

dy/dx(x = ∞) = 0; dy/dx(x = 0) = − cot θ

The second condition arises from material properties i.e., it depends on the liquid used, the substance of
which the plane wall is composed and the gas above the liquid. It is a well known physical property that
the angle θ depends precisely on these three quantities and is called the contact angle (for the particular
substances involved). For water in air and a clean glass wall, θ =0 and can in general be measured for any
particular compination of substances. What does the first boundary condition correspond to physically?

Exercise Consider the case where θ << 1 and assume also that dy/dx << 1. Show that the prob-
lem can be considerably simplified and solved yielding a simple expression for the shape of the liquid free
surface. (Recall that if a is a small number then a2 is even smaller).

3.11 The laws of physics in vector notation

Prior to this you will have met several physical laws in scalar form i.e., applied in one particular direction
in space. For example for an object accelerating under the action of a force and moving in a straight line,
the simple scalar Newton’s law holds:

f = ma

where f is the (scalar) force acting, m is the mass (a scalar quantity), and a is the acceleration. For more
complicated situations, forces, accelerations etc. are not all in a single direction, a vector form of the law
holds viz.

f = ma

where f , a are the vector force and acceleration respectively. Note that the RHS of this equation is of
the form: a scalar times a vector which we know to be a vector quantity. The following examples are
included to reinforce this concept and to show how this ties in with the ideas introduced in this chapter.

3.11.1 Velocity and acceleration as vector quantities

Let r(t) be the position vector of a point P in space, where t is the time. (Just think of t as being a
parameter and r(t) as being a vector valued function as introduced in this chapter which in this case
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physically corresponds to the time). Then r(t) represents the path C of P in space. From previous work
we know that the vector:

v =
dr

dt
(85)

is tangent to C and therefore points in the instantaneous direction of P. We recall also that

|v| = (
dr

dt
.
dr

dt
)1/2 = ds/dt

where s is arclength, which measures the distance of P from a fixed point (s=0) on C along the curve.
Hence |ds/dt| is the speed of P. The vector v is therefore called the velocity vector of the motion.

The derivative of the velocity vector is called the acceleration vector and will be denoted a. Thus

a(t) =
dv

dt
=

d2r

dt2
(86)

Example (Demonstration of centripetal acceleration).

The vector function r(t) = R cosωt i+ Rsinωt j (where ω is a known constant angular velocity and t is
the time) represents a circle of radius R with centre at the origin in the xy-plane and describes the motion
of a particle P in the anti-clockwise sense. The velocity vector v(t) = dr

dt = −Rωsinωt i+ Rω cosωt j is

tangent to C because r.drdt = (R cosωt,R sinωt).(−Rω sinωt,Rω cosωt) = −R2ω sinωt+R2ω cosωt = 0.
The magnitude of the velocity vector, i.e., the speed, is constant ( = Rω). The angular speed (speed
divided by the distance R from the centre) is equal to ω. The acceleration vector is

a =
dv

dt
= −Rω2 cosωt i−Rω2sinωt j = −ω2r (87)

We see that there is an acceleration of constant magnitude |a| towards the origin, the so-called centripetal
acceleration, which results from the fact that the velocity vector is changing direction at a constant rate.
The centripetal force is thus ma where m is the mass of P. (Note that the opposite vector −ma is called
the centrifugal force).

It is clear that a is the rate of change of v. In the example, |v| = constant, but |a| 6= 0 which il-
lustrates that the magnitude of a is not in general the rate of change of |v|. The reason is that in general
a is not tangent to the path C. In fact, by applying the chain rule of differentiation to (85) and denoting
derivatives wrt s by primes, we have:

v =
dr

dt
=

dr

ds

ds

dt
= r′

ds

dt

and by differentiating this again,

a =
dv

dt
=

d

dt
(r′

ds

dt
) = r′′(

ds

dt
)2 + r′

d2s

dt2
(88)

Since r′ is the unit tangent vector u to C and its derivative u′ = r′′ is perpendicular to u(why?), the
formula (88) is a decomposition of the acceleration vector into its normal component r′′(dsdt )

2 and its

tangential component r
′d2s
dt2 . From this we see that if, and only if, the normal component is zero, |a|

equals the rate of change of |v| = ds
dt (except for the sign), because |a| = |r′||d2s

dt2 | = |d2s
dt2 | as r′ = dr

ds is the
unit tangent vector.

Example: The concept of coriolis acceleration. R

A particle P moves in a straight line from the centre of a disk towards the edge, the position vector
being,

r(t) = tb (89)

where b is a unit vector, rotating together with the disk with constant angular speed ω in the anti-
clockwise sense (see fig.9). Find the acceleration a of P.

Solution
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Because of the rotation, relative to a stationary observer b is of the form:

b(t) = cosωt i+ sinωt j (90)

and this is indeed a unit vector (?). Differentiating (89) wrt t we obtain the velocity:

v =
dr

dt
=

d(tb)

dt
= b+ t

db

dt
(91)

where we have used the differentiation rule (79) for differentiating a scalar times a vector. Obviously b is
the velocity of P relative to the disk, and tdbdt is the additional velocity due to the rotation. Differentiating
once more, we obtain the acceleration

a =
dv

dt
= 2

db

dt
+ t

d2b

dt2
(92)

In the last term of (92) we have d2
b

dt2 = −ω2b as follows from differentiating (90). Hence this acceleration

td
2
b

dt2 is directed towards the centre of the disk and from the first example above we see that this is the
centripetal acceleration due to the rotation. In fact, the distance of P from the centre is equal to t which
therefore plays the role of R in the first example.

The most interesting and probably unexpected term in (92) is 2 db
dt , the so-calledCoriolis acceleration,

which results from the interaction of the rotation of the disk and the motion of P on the disk. It has the
direction of db

dt , that is it is tangential to the edge of the disk and, referred to the fixed xy-coordinate
system, it points in the direction of the rotation. If P is a person of mass m walking on the disk according
to (89), he will feel a force −2mdb

dt in the opposite direction, that is, against the sense of rotation.

Example

Suppose a rigid body is rotating at a constant rate Ω about an axis fixed in the body. Show that the
velocity at any point with position vector r is given by: Ω× r = Ωk× r where k is a unit vector in the
direction of the rotation axis, Ω is the (scalar) angular velocity and r is the position vector relative to
any point O on the axis (see fig.10).

Any point in the body will describe a circle of radius R = |r| sin γ, where R is constant. From the previous
examples, the position vector of any point in the body as a function of the time can thus be written as
r(t) = (x(t), y(t), z(t)) which we can write as:

r(t) = R cos(Ωt)i +R sin(Ωt)j+ z(t)k (93)

and the corresponding velocity vector is given by:

v(t) =
dr

dt
= −RΩ sin(Ωt)i +RΩcos(Ωt)j +

dz

dt
k = −RΩ sin(Ωt)i +RΩcos(Ωt)j+ 0k (94)

as dz
dt = 0 since each point travels in a circle parallel to the xy plane. By direct computation we find that

Ωk× r = det





i j k
0 0 Ω

R cos(Ωt) R sin(Ωt) z(t)



 = −RΩ sin(Ωt)i +RΩcos(Ωt)j (95)

as required|.
It is conventional to invent the vector quantity Ω = Ωk and refer to it as the vector angular velocity

where its direction is given by the direction of the axis of rotation. The motivation for inventing this
vector is that it allows the velocity field in the above case to be written in the concise form Ω× r.

Example

When an electron moves in a magnetic field it experiences a force ev ×B, where e is the electronic charge,
v is the velocity, and B is the magnetic induction vector. Hence if f is the acceleration and m is the mass
of the electron, its equation of motion is :

mf = ev ×B (96)
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If B is uniform and independent of time t, show that the path described by the electron is a circular
helix. (Assume that the initial velocity of the electron is known i.e., v is given at t = 0).

Solution

Let the z-axis be chosen in the direction of B, so that B = B k, and let r be the position vector of the
electron at time t. Then (96) becomes

r̈ = pṙ× k (97)

where p = eB/m and dots denote differentiation with respect to t. Now

r(t) = x(t)i + y(t)j+ z(t)k,

and hence (using the definition of the vector product)

ẍi+ ÿj+ z̈k = p(ẋi+ ẏj+ żk)× k = pẏi− pẋj+ 0k.

Separating into (scalar) components,

ẍ = pẏ, ÿ = −pẋ, z̈ = 0. (98)

Let the origin be chosen at the position of the particle when t = 0 and choose the direction of the x-axis
so that the initial velocity of the particle is ui+wk (that is, so that the initial velocity component in the
y-direction is zero). The equations (98) have to be solved subject to the (known) initial conditions:

ẋ(0) = u, ẏ(0) = 0, ż(0) = w (99)

and as the particle is located at the origin at t = 0

x(0) = y(0) = z(0) = 0 (100)

The solution of the last of equations (98) is obtained as once:

z = wt. (101)

Integrating the first two of equations (98) and using the initial conditions gives

ẋ = py + u, ẏ = −px.

Substituting these results, the first two of equations (98) may now be rewritten as

ẍ+ p2x = 0 and ÿ + p2y = −pu.

The general solutions for x, y are therefore:

x = A cos pt+B sin pt,
y = C cos pt+D sin pt− u/p

where A,B,C,D are arbitrary constants. Using the initial conditions (99), (100) it follows easily that
A = D = 0, B = C = u/p. Thus the parametric equation of the path of the electron is of the form
r = r(t) = (x(t), y(t), z(t)) where

x =
u

p
sin pt, y =

u

p
(cos pt− 1), z = wt.

These are the parametric equations of a circular helix about the axes: x = 0, y = u
p , z = 0|.

Important comment on notation
Vectors are denoted in books by letters printed in heavy type (but in written work often by an

underscore). So in books and in these notes we use the notation:

a = (a1, a2, a3) (102)

The scalars a1, a2, a3 are called the x, y, z components of the vector a. In written work, it is not possible
to use a bold font and an underscore is often used i.e.,

a = (a1, a2, a3). (103)
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In addition, matrices are usually written in books in capital letters and sometimes in bold print e.g. A.
In written work we will write matrices (and tensors) using two underscores e.g. A. When dealing with
vector valued functions, in written work we will use the notation f(t) to mean f(t). We emphasize the
importance of having a sensible notation. For example f(t) and f(t) (or f(t)) are two quite different
entities. f(t) is a single scalar function of a single scalar variable t. f(t) is a vector valued function of a
single scalar variable and in fact represents three scalar functions (f1(t), f2(t), f3(t)).

In the next chapter we will generalise to scalar valued functions of two or more variables (scalar fields)
e.g. Ω(x, y, z) which can be written as Ω(r) or in written work Ω(r) where r=(x, y, z) is the position vector.
We will also introduce vector valued functions of two or more variables e.g. u(x, y, z) or u(r) which in
written work can be written as u(x, y, z) or u(r).
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S4. Scalar and Vector Fields

S4.1 Regions

Aside

Most of the following definitions apply to any metric space M i.e., any vector

space equipped with a metric d or "distance" operator defined so that we can

measure the "distance" between (or the closeness of) elements of the space

using a function d:MXML[0,8). d is a metric if for any two elements P ,P in M
1 2

(i) d(P ,P )>0
1 2

(ii) d(P ,P )=0 iff P =P
1 2 1 2

(iii) d(P ,P )=d(P ,P )
1 2 2 1

(iv) d(P ,P )<d(P ,P )+d(P ,P ) (triangle inequality)
1 2 1 3 3 2

However we will be content to restrict attention to the particular metric
3

space R whose elements are points in space, with the usual distance function

as metric defined by:

1/2& 2 2 2 *
d(P P )= (x -x ) +(y -y ) +(z -z )

1 2 7 1 2 1 2 1 2 8

Let V be a set of points in three dimensional space so V is a subset of the
3

metric space R . When we say a point is "close" to another point, we mean with

respect to the particular metric being used. If it is the above metric,

"close" takes on its usual meaning.

Definitions:

1. A point P e V is an interior point of V if there exists a

neighbourhood(sphere however small) with centre P s.t. every point of the

sphere is contained in V.
3

2. A point P e R (i.e., not necessarily in V) is a boundary point of V if

every sphere centred on P contains points in V and points which are not in V.

(The boundary of V is the set of all boundary points of V and is often denoted

dV).
3. V forms a region R if each point of V is either an interior or boundary

point and if every pair of points in V can be joined (connected) by a
2 3

continuous curve consisting entirely of points in V. A region in R or R thus

corresponds to intervals which arise in analysis of functions of a single
1

variable i.e. in R . However, the term region is often used quite loosely to
3

refer to any sets of points in R .

4. V is open if it contains no boundary points. (Equivalently, V is open if V

contains a neighbourhood of each of its points i.e., every point in V can have

a sphere placed around it all of whose points are in V).

5. V is closed if it contains all its boundary points (or if all points not in

V form one or more open regions).

6. The union of a set and all its boundary points is referred to as the
-----

closure of the set and is written cl(V) or V.

7. A bounded set is one which can be entirely enclosed in a sphere (or a

circle in the two dimensional case).
3

8. A point xeR is a limit point of V if every neighbourhood of x (sphere

1

ULStaff
Sticky Note
Sometimes a neighbourhood of a point x in a metric space is defined as any subset of the space which includes an open ball about x.



centred at x) contains a point of V which is different from x. The intuitive

idea is that a limit point of V is a point, not necessarily in V, which is

arbitrarily "close" to some point in V.

9. A set AcM is said to be dense in a set M if cl(A)=M. Intuitively, this

means that any point in M can be arbitrarily well approximated by a point in A

i.e. every point in M is arbitrarily close to some point in A.

In 1D we replace the word "sphere" with "interval". In 2D we replace the word

"sphere" above with "circle" e.g. a point is interior if there exists a circle

with centre P s.t. every point of the circle is contained in V. In four or

more dimensions, we replace "sphere" with "hypersphere" though the term ball

is often used.

Defn. A neighbourhood of a point is an open "ball" (interval in 1D, disc in

2D, sphere in 3D) centred on the point.

Examples

3
Note that R is both open and closed! (It has no boundary points). Sets are

not doors; they can be both open and closed or neither. The real interval

(0,1] is neither open nor closed.

2 2 2 2
V={(x,y)/x +y <1} (which we will write simply as V=x +y =1) is an open region.

2 2
The set of all its boundary points, dV, is x +y =1 so none of the boundary

----- 2 2
points is in the set itself. Note also that V =x +y <1.

2 2
V=x +y <1 is a closed region; (1,0) is an example of a boundary point, (0,0)

2 2
is an interior point.[The set of all boundary points, dV, is x +y =1 so this

-----
set contains all its boundary points and V=V]

2 2 2 2 2 2
In 3D V=x +y +z <1 is open and forms an open region or domain. V=x +y +z <1 is

closed, (1,0,0) is a boundary point, (0,0,0) is an interior point. (The
2 2 2

boundary is dV=x +y +z =1 which is a spherical shell).

In R any open interval (a,b) is a open set. Note that [0,1) is not an open set

because one cannot place a small interval about 0 all of whose points are in

[0,1).

**Consider the metric space R i.e., the real numbers with the usual metric.

Let V=set of all rational numbers between 0 and 1. Every peV is not an

interior point. Every real number in [0,1] is a limit point of V. The boundary

of V (dV) is the whole real interval [0,1]. (So in this example, the boundary

of V is not just the two points 0 and 1: it is the whole real interval [0,1]

i.e., every real number in [0,1] is both a limit point and a boundary point of

V. V has no interior points). Also cl(V)=the real interval [0,1]. So V

(the rational between 0 and 1) is dense in the real interval [0,1].

Both Q and R\Q are dense in R. This means that any real number can be

approximated with an arbitrarily small error by some number in Q or R\Q.

2 2
[Note: 1<x +y <2 is neither an open region nor a closed region so a region may

be neither open nor closed. In addition regions can be both open and closed
3

e.g. R as discussed above. Regions are not doors!]
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4.2 Functions of several variables

We are familiar with functions of one variable e.g. y = f(x), and its

continuity, differentiability etc. Loosely speaking y=f(x) is continuous if it

can be drawn without removing the pen from the page. Mathematically f(x) is

continuous at x=a if f(a) exists and lim f(x)=f(a).
xLa

Consider a function of 2 or 3 variables f(x,y) or f(x,y,z) defined over some

region of space R. (Recall that a function of 2 variables can be pictured as a

surface e.g. a landscape as in fig.1).

Definition: f(x,y,z) is continuous in a region if for every point (a,b,c) in

that region, f(a,b,c) exists and lim f(x,y,z) as (x,y,z)L(a,b,c) is f(a,b,c).

Intuitively, no sudden jumps in the value of f occur as xyz vary in an

analogous way to functions of a single variable. Most physical quantities can

be represented by continuous functions. Consider for example the air

temperature at every point in a room. As we shall see in S4.3 this can be

regarded as a scalar function of position written T(x,y,z) representing the

fact that the temperature at each point at any time depends on the location of

the point under consideration. If you were to experimentally measure the

temperature at every point in the room, we would expect it to vary

continuously i.e. we do not expect sudden jumps in the temperature as we move

from one point to an adjacent one.

4.2.1 Partial derivatives

Defn: The first order partial derivative df/dx of f(x,y,z) at the point

(x,y,z) wrt x is defined as

f(x+h,y,z)-f(x,y,z)
df
----------= Lim ------------------------------------------------------------------------------------------ (1)
dx h

hL0
with similar definitions for df/dy and df/dz. The partial derivatives are

often written as f ,f ,f . Note that in the definition of df/dx, the other two
x y z

variables y,z are held constant so to evaluate df/dx in practice, we treat y,z

as constants and differentiate in the usual way wrt x.

Example

3 2
Find the partial derivatives of f(x,y,z) = x +x y+xyz.

Solution:

2 2
f = 3x +2xy+yz; f = x +xz; f = xy.
x y z

To evaluate partial derivatives at a particular point e.g. f at (1,2,7)
x

evaluate the partial derivative symbolically first and then substitute the

values (x=1,y=2,7 =3).
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2
Thus f (1,2,3) = 3x +2xy+yz1 =3+4+6=131.

x (x,y,z)=(1,2,3)

Higher order derivatives are defined in the obvious way:

2d f d df
--------------- = f = --------------- ( ----------)
2 xx dx dx

dx
4

e.g. f = (x+2y+3z) 6 f = 648(x+2y+3z).
xxx

Similarly we have:

2
f = d/dx(df/dy)=d f/dxdy
xy

with a similar interpretation for f f etc.
xz, yz

Theorem 4.2

If all the mixed second order derivatives exist and are continuous at a

point, then at that point:

f =f ; f =f ; f =f (1)
xy yx yz zy xz zx

(No proof offered here) |.

4.2.2 Continuously differentiable functions

Defn: The function f (x,y,z) is said to be continuously differentiable if

its first order partial derivatives f ,f ,f exist and are themselves
x y z

continuous functions at every point.

Example

Demonstrate the above results for f(x,y,z) = sin(ax+by+cz).

Solution:

f = acos(ax+by+cz); f =bcos(ax+by+cz); f =ccos(ax+by+cz).
x y z

Each of these functions is continuous (why?). Thus f(x,y,z) is continuously

differentiable. In addition:

2
f = -a sin(ax+by+cz); f =-absin(ax+by+cz)
xx xy

with similar expressions for the other second derivatives. These second

derivatives are all continuous functions. Thus we expect for example (by

theorem 4.2) that f =f . Checking directly:
xy yx

f =ab cos(ax+by+cz); f =ab cos(ax+by+cz)1.
xy yx
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4.2.3 The chain rule

Suppose F = F (x,y,z) is a continuously differentiable function of x,y,z.

Suppose further that x=x(r,s,t),y=y(r,s,t),z=z(r,s,t) are continuously

differentiable functions of r,s,t. Then F is a continuously differentiable

function of r,s,t and its derivatives wrt r,s,t are given by:

dF dF dx dF dy dF dz
---------- = ---------- ---------- + ---------- ---------- + ---------- ----------
dr dx dr dy dr dz dr

dF dF dx dF dy dF dz (3)
---------- = ---------- ---------- + ---------- ---------- + ---------- ----------
ds dx ds dy ds dz ds
dF dF dx dF dy dF dz
---------- = ---------- ---------- + ---------- ---------- + ---------- ----------
dt dx dt dy dt dz dt

The following important subcase often occurs in practice. Suppose that

F=F(x,y,z) and x=x(t), y=y(t), z=z(t) with the same restrictions as above.

Then F is a continuously differentiable function of t and its derivatives wrt

t are given by:
dF dF dx dF dy dF dz
---------- = ---------- ---------- + ---------- ---------- + ---------- ----------
dt dx dt dy dt dz dt

We offer no proof of the chain rule here|.

There is a difficulty with notation above as we have written F(x,y,z) and also

in effect F(r,s,t). It is strictly better to write F(x,y,z) and G(r,s,t) say,

where G(r,s,t) = F(x,y,z).

In this case we would write the chain rule replacing LHS of (3) by

dG/dr,dG/ds,dG/dt which removes the ambiguity as G=G(r,s,t)

dG dF dx dF dy dF dz
---------- = ---------- ---------- + ---------- ---------- + ---------- ----------
dr dx dr dy dr dz dr
dG dF dx dF dy dF dz
---------- = ---------- ---------- + ---------- ---------- + ---------- ----------
ds dx ds dy ds dz ds
dG dF dx dF dy dF dz
---------- = ---------- ---------- + ---------- ---------- + ---------- ----------
dt dx dt dy dt dz dt

Example

(1) Demonstrate the chain rule for the case:F(x,y) = x+siny and x=r cos s;

y=r sin s.

Solution:

When we write F as a function of (r,s) we should write it as a new function

G(r,s) with G(r,s)=r cos s+ sin(r sin s) and G(r,s ) = F (x,y). If we use this

notation, no ambiguity arises when we write partial derivatives. The chain

rule is:

dG dF dx dF dy
---------- = ---------- ---------- + ---------- ----------
dr dx dr dx dr

Now dG/dr = cos s +sin s cos(r sin s) computing the derivatives directly

while applying the chain rule we have:

dG/dr= cos s + cosy sin s = cos s + cos(r sin s) sin s
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which verifies the chain rule.

2 3 2 3
(2) Demonstrate the chain rule for the case F=x+y +z ; x=t, y=t , z=t .

Solution:
2 3

We can write F directly as a function of t i.e. F(x,y,z)=t+t +t =G(t), say.
2 2 3 3 4 6

Now we can find dG/dt directly as G(t)=t+(t ) +(t ) =t+t +t . And so:

dG 3 8---------- = 1+4t +9t
dt

Using the chain rule:

dG dF dx dF dy dF dz 2 2 3 8----------= ---------- ----------+ ---------- ----------+ ---------- ---------- = 1.1+2y.2t+3z .3t (=1+4t +9t in terms of t)
dt dx dt dy dt dz dt

4.3.4 The total differential

If f(x,y,z) has continuous partial derivatives in some open region R, the

total differential of f is defined as:

df df df
df= ---------- dx + ---------- dy + ---------- dz

dx dy dz

The link with the chain rule should be obvious. If x=x(t), y=y(t), z=z(t),

then f must implicitly be a function of t and the total derivative of f wrt t

i.e. df(t)/dt (using the chain rule) is

df df dx df dy df dz
---------- = ---------- ---------- + ---------- ---------- + ---------- ----------
dt dx dt dy dt dz dt

2 2 2
For example, if f(x,y,z)=x yz then df=2xyz dx+x z dy+x y dz |.

4.3 Definitions of Scalar and Vector Fields

Defn: Suppose a scalar W(x,y,z) is defined on a point set U in 3D space

i.e. to each point P(x,y,z) in U there corresponds a single scalar value of W.

W is called a scalar function of position or a scalar field. W is a function

of position P but is independent of co-ordinate axes. Likewise if a vector

v(x,y,z) is defined on a set, U, then v is called a vector function of

position or a vector field. (U will usually be a region). Alternative notation

for W(x,y,z) v(x,y,z) is W(r), v(r) where r is the position vector for the

point P(x,y,z). Note that v has 3 scalar components like any vector and

typically we write v(x,y,z)=(v (x,y,z),v (x,y,z),v (x,y,z)) where v ,v ,v are
1 2 3 1 2 3

scalar functions.

We emphasize the notation for the position vector field which we will

give the special label r. We will often write r=(x,y,z) and by this we

strictly mean the vector with components xi+yj+zk i.e. the vector joining

(0,0,0) to the general point with coordinates (x,y,z). On occasion however we

will also use r to refer to the point with coordinates (x,y,z) (see also

below).

Examples:

In a flowing liquid, the velocity vector field might be given by u(x,y,z)=

zi+(x+y)j+(x+zy)k and the pressure by p(x,y,z)=x+z for a particular flow. u is
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a vector field, p is a scalar field. What is u at the point with position

vector r=(0,0,1)? Describe the direction of the flow in words at this point.

What is the pressure at the point (1,1,1) ?

Solution: At (0,0,1), u=i+0j+0k i.e. at this point the liquid is flowing

wholly in the i direction with velocity of magnitude 1 unit as |u|=1. At

(1,1,1), the pressure p=1+1=2.

Partial derivatives of a vector field

In the last chapter we dealt with vectors which were functions of a

single scalar variable e.g. v(t) and we obtained derivatives by

differentiating component-wise i.e. dv/dt=(dv (t)/dt ,dv (t)/dt,dv (t)/dt).
1 2 3

When we deal with vector fields we deal with vectors which are a function of

several variables e.g. v=v(x,y,z)=(v (x,y,z),v (x,y,z), v (x,y,z)) and hence v
1 2 3

has partial derivatives associated with it which are defined component wise.

Thus dv/dx=(dv /dx,dv /dx, dv /dx) etc.
1 2 3

4.3.1 Vectors and points

It is important to familiarise oneself with the idea of a field in this

context: it is a means of describing some physical quantity at every point in

some region in space or space/time. It is also very important at this point to

be clear in your mind what the difference is between a vector and a point. We

use the same notation for each with different interpretations. For example the

point (1,2,1) represents the single position with coordinates x=1,y=2,z=3

relative to cartesian axes. If we talk about the vector (1,2,1) we really mean

any directed line segment which is parallel to and of the same length as the

directed line segment joining the point (0,0,0) to the point (1,2,1) i.e. the

vector 1i+2j+k. The vector does not have a location in space: it merely has a

magnitude and direction and this can lead to confusion.

When we talk about vector fields we use both concepts simultaneously.

Suppose a velocity vector field is given by u(x,y,z)=(z,x+y,x+zy) then we mean

that at any point (x,y,z) the velocity vector is zi+(x+y)j+(x+zy)k. So a

particle located at the point with coordinates (x,y,z) is moving with velocity

zi+(x+y)j+(x+zy)k i.e. with a particular magnitude and velocity defined by the

vector field. Pictorially we can think of every point in space having its own

directed line segment (vector) associated with it. In practice one cannot draw

a picture showing the velocity at every single point because the different

vectors would overlap. The position vector is an example of a vector field

i.e. in this case we associate the vector xi+yj+zk with the point (x,y,z) but

note that there is an infinite number of other possible vector fields

associated with (x,y,z).

Exercise In a diagram represent the velocity at the points (0,0,0) and

(1,2,0) if u=(z,x+y,x+2y). Now represent the position vector of the point

(1,2,0).

A note on surfaces

The scalar function of position W(x,y,z) is an example of a function of
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three variables. You will certainly be used to the concept of a scalar

function of a single variable of the form y=f(x). Geometrically this is

represented by a curve in (x,y) space. Similarly a scalar function of two

variables z=f(x,y) can be thought of as a surface in (x,y,z) space (see

fig.1). A good example of such a function is the view of a landscape which one

gets from an airplane with its hills and valleys corresponding to (local)

maxima and minima of the function f(x,y). It is not so easy to have a

geometrical picture of a function of three variables, but generally speaking

it is sufficient to keep in mind the above picture for functions of two

variables, bearing in mind that it is only analogous to the real situation.

Surfaces in space can be represented mathematically in a number of ways:
2 2

(i) explicitly in the form z=f(x,y) e.g. z=x +y .
3 2

(ii) implicitly in the form g(x,y,z)=0 e.g. xyz +x y-1=0. A surface in

explicit form can easily be reduced to implicit form but the converse is not

necessarily true. (The implicit form may not explicitly define z everywhere as

a function of x and y, cf. the implicit function theorem).

(iii) in parametric form r(u,v)= (x(u,v),y(u,v),z(u,v)) where u,v are

independent parameters. (Compare the parametric definition of a curve).

4.4 Gradient of a Scalar

Defn: If W(x,y,z) is a scalar function or field and is defined and

continuously differentiable in some open region R then the gradient of W is

defined (in cartesian coordinates) as:

gradient W= grad W = i dW/dx +j dW/dx+k dW/dx=(dW/dx,dW/dy,dW/dz) (9)

grad W is a vector. (Check the axioms). Using index notation the

i component of grad W can be represented as dW/dx .
i

Example

2 2
Find grad W when W = (i) x + xy + y (ii) r where denotes distance from

the origin i.e. r = |r|.

Solution:

(i) grad W= (dW/dx,dW/dy,dW/dz)=(2x+y,x+2y,0)

2 2 2 1/2 2 2 2 -1/2 2 2 2 1/2
(ii) r=(x +y +z ) so dr/dx= 1/2 (x +y +z ) 2x= x/(x +y +z ) .

Similarly dW/dy=y/r and dW/dz=z/r and so gradW=(x/r,y/r,z/r)1.

4.4.1 Properties of the Gradient (of a scalar)

4.4.2 Directional derivative dW/dn

We are used to getting (partial) derivatives wrt to the co-ordinate axes

x,y,z. To build up a clear picture consider what happens when we have a scalar

function of a single variable e.g. y=f(x). Geometrically this is represented

by a curve and the derivative dy/dx is the only derivative possible in this

case and denotes the rate of change of y in the direction of x increasing.
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Consider now a scalar function of two variables e.g. z=G(x,y). In this case we

have two partial derivatives dG/dx and dG/dy. Geometrically these correspond

to the rate of change of G(x,y) in the directions x and y respectively. So let

us consider fig.1 for a function of two variables and fix attention on some

point on the surface represented by z=G(x,y). At this point the partial

derivative reflects the rate of change in the directions x and y of the

coordinate axes. If a cyclist were located at the point in question, then if

he/she faced in the positive x direction, the slope of the land immediately

ahead of him would be given by dG/dx while if he faced in the positive y

direction the slope would be given by dG/dy. When we move to functions of

three independent variables, it is not so easy to build up a geometric

picture, but the picture for functions of two variables is sufficient to

understand what follows. We would like to generalise our partial derivatives

so that we can obtain expressions for the rate of change of the scalar

function under consideration in any direction. In the picture we had above for

functions of two variables, we wish to allow the cyclist to face any direction

(not just parallel to the coordinate axes) and still to be able to estimate

the slope in that particular direction. Let W(x,y,z) be a scalar field (and

thus a function of three variables). We define the directional derivative of W

in the direction of any vector n in the following way. Let P be a fixed point

’ -----L
and P (=P+DP) another point which varies in such a way that the vector PP’ is

^
always parallel to a fixed unit vector n. Assume that the scalar field W takes

the values W(P), W(P’) at P,P’ respectively.

^ ^^
Definition: The derivative of W at P in the direction of n is defined as:

dW W(P+DP)-W(P)
----------= lim ------------------------------------------------------------
dn ’

DPL0 PP

wherever the limit exists. It is clear that, in general, W will vary at

different rates as we move away from P in different directions; the
^

directional derivative measures the rate of variation in the direction of n.

The most important formula involving the directional derivative is:

dW ^
---------- =grad W .n
dn

^
i.e. it is the component of grad W in the direction of n (see chapters 1,2).

To prove this choose axes Oxyz such that the directions of i and n coincide.

Then
^
n.grad W=i.gradW=(1,0,0).(dW/dx,dW/dy,dW/dz)=dW/dx

which is the rate of change of W in the x-direction, that is to say in the
^

direction of n. This result can be interpreted as meaning that the vector DW
contains all the information about the spatial rates of change of W and

^ ^
grad W.n then finds the component of grad W in the direction n.

Note that the directional derivative is written as dW/dn but this is not

a good notation and we should not try to differentiate W wrt n! To evaluate
^

the directional derivative we use the expression: grad W.n.
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^
Note if we choose the particular direction j= n where j is the unit vector in

the j direction, then grad W.j =(dW/dx,dW/dy,dW/dz).(0,1,0)=dW/dy emphasising

that partial derivatives are special cases of the directional derivative.

4.4.3 Geometrical Interpretation of grad W

^
grad W.n = 1grad W1 cosq where q is the angle between the vectors grad W
^ ^

and n. Clearly the directional derivative dW/dn =grad W.n has its largest
^

value when q=0 (i.e. when cosq=1) i.e. when grad W is parallel to n. Thus

(provided the vector grad W is not the zero vector) grad W points in the

direction in which W increases most rapidly and grad W is the rate of change

of W in this direction (of greatest increase).

Example

2 2 2
Find the directional derivative of f(x,y,z)=2x +3y +z at P(2,1,3) in the

direction of (1,-2,0) i.e. in the direction 1i-2j.

Solution:

grad f = (df/dx,df/dy,df/dz)=(4x,6y,2z).
At the point P(1,2,3) we have grad f at (1,2,3) i.e. grad f(1,2,3)=(8,6,6).

The unit vector in the direction (1,-2,0) is 1/r5 (1,-2,0 ) i.e. in vector
^

notation n=(1,2,0) and n=(1/r5,-2/r5,0). Hence the directional derivative is
^

given by df/dn= grad f .n =(1/r5,-2/r5,0).(8,6,6)=-4/r51.

Comment:

The above problem could have been formulated as:

2 2 2
Find the directional derivative of f(x,y,z)=2x +3y +z at P(2,1,3) in the

direction from (1,1,1) to (2,-1,1) as this direction is represented by the
-----L

vector (2,-1,1)-(1,1,1)=(1,-2,0). (AB=b-a).

4.5 Level surfaces and contours

Consider a scalar field in 2D: W(x,y). We can represent this in 3D by

drawing W(x,y) on the z axis and obtain a surface in space or a landscape as

we have already seen. At points where W has maxima/minima we will have

mountains/valleys. We can also represent W(x,y) in a 2D representation by

drawing contours or level curves which are curves along which W is a constant.

For example if W has a local maximum (mountain top) the contours or level

curves might look like those in fig.2. We draw contours by setting W(x,y) = l,

a parameter and finding all points (x,y) which are at this particular height.

By varying l we can draw all the contours and get an idea of what the scalar

field looks like without actually drawing a three dimensional picture of the

surface involved. (Another example: weather maps on which isobars are lines of

equal pressure p, which is a scalar function p=p(x,y) where (x,y) represent

location on the earth’s surface. The next time you look at the weather map try

and picture what the surface representing the pressure p(x,y) would look like

from a consideration of the contours. For example a centre of high pressure

would be geometrically similar to a mountain top. What would a depression look

like?).
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Example

2 2
Draw the contours of the scalar function of two variables W(x,y)=x +y .

Solution:

2 2
We wish to draw on an (x,y) plot the curves along which x +y is

2 2
constant. Thus set x +y =l and vary l arbitrarily. For example,

2 2
l=1L x +y =1L circle of radius 1.

2 2
l=2L x +y =2L circle of radius 2,

2 2 1/2
and in general x +y =l consists of circles of radius (l) . So the contour

map consists of circles, all centred at the origin, with varying radii. Draw

a rough picture of this and label each curve with the corresponding value of
2 2

l. What would the 3D surface of z=x +y look like?1

In 3D with W=W(x,y,z) we cannot draw "landscapes" as we would need a fourth

dimension. However if we generalise what we did in the previous section, then

the contours now become level surfaces defined by W(x,y,z) = l, where l is an

arbitrary parameter (number). As l varies we get different contours each of

which is now a surface in space. Each surface represents the set of all

points in space for which W(x,y,z) has a particular value.

Example

2 2 2
What are the level surfaces of W=x +y +z ?

Solution:

2 2 2
The contours are defined by x +y +z =l, where we vary l arbitrarily. Thus,

2 2 2
l=0L x +y +z =0Lx=y=z=0 and the contour is a single point (0,0,0).

2 2 2
l=1L x +y +z =1La sphere of radius 1 centred at the origin,

2 2 2 1/2
and in general x +y +z =l represents a sphere of radius l centred at the

origin so the level surfaces consist of spheres centred at the origin.

Exercise What do the contours look like if we consider a function of a single
2

variable e.g. y=x ? (In general contours in the case of functions of a single

variables are not used because it is easy to draw a full representation of

the function in two dimensions).

4.5.1 An important connection between W and the level surfaces of W

Suppose W(x,y,z) is a scalar field. Consider a level surface given by

W=l and choose a particular point P(x,y,z) on the level surface. If grad W

does not vanish at this point, then the vector grad W is normal to the level

surface W=l at P.

Proof
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Consider a curve in space passing through P and lying on the level surface

W=l. This curve (call it C) may be written parametrically as r(t) =

(x(t),y(t),z(t)) (one parameter). As C lies on the surface W=l we have

W(x(t),y(t),z(t)) = l

Now differentiate this equation wrt t using the chain rule:

dW dx dW dy dW dz dl dr(t) dr(t)
---------- ---------- + ---------- ---------- + ---------- ---------- = ----------=0 L grad W.---------- =0 L grad W 1 ----------
dx dt dy dt dz dt dt dt dt

Now r represents a curve on the surface W=l and dr/dt is the tangent vector to

the curve defined by r(t) from the results in chapter 3. But r(t) is any curve

on the surface W=l so gradW must be perpendicular to the tangent plane of the

level surface W=l. Thus grad W is perpendicular to its own level surfaces1.

The above result is very useful as we can apply it to any surface or

curve. Suppose we are working in two dimensions and we have a curve given by

y=f(x) or in three dimensions and have a surface given by z=g(x,y) then we

rewrite each formula as y-f(x)=0 and z-g(x,y)=0 and the theorem tells us that

the normal vector to the curve or surface is grad(y-f(x)) and grad(z-g(x,y))

respectively.

Example (2D example)

2 2
Consider W= ln(x + y )= W(x,y) and verify the above result.

Solution:

The level surfaces (curves in this case) are given by

2 2 2 2
W=l, l arbitraryLln(x +y )=lLx +y =exp(l)=m, m arbitrary

2 2
so the level surfaces are defined by x +y =m, for arbitrary m, Thus the level

2 2
curves are circles. Consider the case m=4 so the level curve is x +y =4 and

examine the point (2,0) on the level curve. At (2,0), the normal to the level
2 2

curve x +y =1 is i (i.e. the unit vector in the x direction) from geometrical

considerations. In addition

2 2 2 2
grad W= (2x/(x +y ),2y/(x +y ))

so at the point (2,0), grad W=(1,0) =1i so grad W1 is in the direction of
(1,0)

the normal to the curve at this point1. This is represented geometrically in

fig.3.

Example

2 2
Find a unit normal vector to the curve x +y =4 at the point (2,0).

Solution

Basically this problem is very similar to the last one. From the theorem

we know that DW is normal to the level surfaces of W. We thus consider the
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2 2
scalar function W=x +y , one of whose level surfaces (in fact level curve in

2 2
this case) is obviously x +y =4. But we know that DW is perpendicular to W=4

2 2 2 2
(or W=any constant) so D(x +y ) is perpendicular to x +y =4. Hence

2 2D(x +y )=(2x,2y) and at (2,0) DW1 =(4,0).
(2,0)

Obviously the unit normal vector is (4,0)/4=(1,0)=i and fig.3 verifies

geometrically that this answer is correct.

Time dependent functions

Suppose we have solved the problem concerning the distribution of heat in

a bar of copper of length l under certain circumstances and we obtain the

solution u(x,t)=exp(-t) sin(px/l) where x is distance along the bar and t is

the time. How do we interpret this solution? One possibility is just to graph

the surface of course i.e. graph u as a function of x and t. However, in time

dependent problems, we are usually interested in obtaining snapshots of the

solution at particular times. Thus an alternative way of graphing this

solution is to draw 2D graphs at a series of discrete times. In general, for

t=t , a constant, exp(-t ) sin(x) is just a function of the single variable
i i

x and is trivial to graph.

Thus when t=0, we graph u(x,0)=sin(x); when t=1 we graph u(x,1)=exp(-1) sin(x)

etc. and in this way we can build up a picture of how the function u(x,t)

behaves.

4.5.2 Taylor’s Expansion for functions of several variables

For a function of one real variable y=f(x), Taylor’s expansion allows us

to write down the value of a function near a point x , solely in terms of its
0

value at x and derivatives of the function at x i.e solely in terms of
0 0

quantities evaluated at the point x .
0

Thus if f(x) is a well behaved function:
2
df 2 d f 3

f(x +h)= f(x ) +h ----------1 +h /2 ---------------1 +O(h )
0 0 dx x=x 2 x=x

0 dx 0

Such expansions are very useful if h<<1 as we can usually truncate after two
2

terms. (Recall that if h<<1, then h and higher powers are even smaller so

that for h<<1 the first two (or three) terms on the RHS will be a good

approximation for the LHS).

For a function of several variables f(x,y,z), the analogous result (which is

deducible from the one variable result) is that if f(x,y,z) and its partial

derivatives up to order (n+1) are continuous throughout an open region R, then

throughout R

f(x +h,y +k,z +l)= f(x ,y ,z )+
0 0 0 0 0 0
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df df df 2 2 2
h ----------1 +k ---------- 1 +l ---------- 1 +O(h +k +l )

dx (x ,y ,z ) dy (x ,y ,z ) dz (x ,y ,z )
0 0 0 0 0 0 0 0 0

(This is the case with n=1).

So once again we have an expression for f at some point removed from

(x ,y ,z ) in terms of quantities evaluated at solely at (x ,y ,z ). Again the
0 0 0 0 0 0

expression is most useful if h,k,l<<1 so that the first four terms on the RHS

give a good approximation to the LHS.

Note that if we define the vector (h,k,l)=dr, then we can write the above

expression in vector notation:
2

f(x +h,y +k,z +l)=f(x ,y ,z )+dr.grad f1 + O(1dr1 )
0 0 0 0 0 0 (x ,y ,z )

0 0 0

The partial derivatives are often written using suffixes so for example we

might write f instead of df/dx and f instead of df/dy. Note that the next
x y

2 2
term in the Taylor expansion is 1/2! (h f +2hk f +k f )1 using

xx xy yy (x ,y ,z )
0 0 0

this notation.

Example

Using Taylor’s theorem find a first order approximation for f(1.5,2.5) based
2 2

on quantities estimated only at the point (1,3) if f(x,y)= x + y . What is the

error in your estimate?

Solution

In this instance we are dealing with functions of two variables and the

particular form of Taylor’s theorem is:

2 2
f(x +h,y +k)=f(x ,y )+h df/dx1(x ,y ) +k df/dy1(x ,y )+O(h +k ).

0 0 0 0 0 0 0 0

We note that df/dx=2x and df/dy=2y so df/dx1(1,3)=2 and df/dy1(1,3)=6. In this

instance we take (x ,y )=(1,3) and (h,k)=(0.5,-0.5) so we have
0 0

2 2
f(1.5,2.5)=(f(1+0.5,3-0.5)=f(1,3)+(0.5)2+(-0.5)6=1 +3 +1-3=8 where the error

2 2
should be O(0.5 +0.5 )=O(0.5).

2 2
In this instance we can evaluate the exact value of f(1.5,2.5)=1.5 +2.5 =8.5

and we find the error in our estimate is exactly 0.5 but note in general that

the error estimate is only approximate. (This is the meaning of O(0.5)). Note

also that in this example we were actually able to find the exact answer. More

typically in some physical problem, we might know the pressure in a liquid at

some point and all its partial derivatives at that point and we might wish to

estimate the pressure at some neighbouring point using Taylor’s theorem.

4.5.3 Review of results for extreme values of functions of two variables

We recall that for functions of a single variable f(x), maxima and minima
2 2

may be calculated by using the fact that at a maximum df/dx=0 and d f/dx <0
2 2 2 2

and at a minimum df/dx=0 and d f/dx >0. If df/dx=0 and d f/dx =0 we have a

point of inflection.
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Consider a function of two variables f(x,y) though the following results

generalise to any number of variables. Geometrically z=f(x,y) can be

represented as a surface in space (see figure) and the problem of finding

local maxima and minima is that of finding the tops of peaks or the bottoms of

valleys in some vicinity.

Definition

f(x ,y ) is a local minimum of f if f(x ,y ) <f(x,y) for all (x,y) in a
0 0 0 0

neighbourhood centred on (x ,y ).
0 0

f(x ,y ) is a local maximum of f if f(x ,y ) >f(x,y) for all (x,y) in a
0 0 0 0

neighbourhood centred on (x ,y ). (See figure).
0 0

First derivative test

If f(x,y) has a local maximum or minimum (extremum) at a point (x ,y )
0 0

inside its domain, and its partial derivatives exist at that point, then

f (x ,y )=f (x ,y )=0 (equivalently grad f(x ,y )=(0,0))
x 0 0 y 0 0 0 0

A point where both f and f are zero or where one of these derivatives does
x y

not exist is called a critical point. The zero derivatives condition is a

necessary but not sufficient condition i.e. both derivatives may be zero

without a local extremum existing.

Thus f(x,y) can have an extremum at

(i) interior points where f =f =0
x y

(ii) interior points where one or both of f or f do not exist
x y

(iii) a boundary point of the function’s domain

i.e. f(x,y) takes an extremum only at critical points or boundary points.

When checking for extrema, one must always check boundary points

independently. For example what is the maximum of the function f(x)=x on

[0,1]? f’(x)=1$0 so that no local extrema occur on (0,1). Graphically it is

easy to see that the maximum in fact occurs at x=1 on the boundary of the

domain. What is min f(x) on [0,1]?

Definition

A critical point which is neither a maximum nor a minimum is called a

saddle point (or col or mountain pass). (See figure for a geometrical

illustration of this term: near a saddle point the surface f(x,y) resembles

the shape of a ‘saddle’ or a ‘mountain-pass’ between two mountains).

Second derivative test for local extreme values

Let f(x,y) and its first and second partial derivatives be continuous in

a neighbourhood of (x ,y ) and let f (x ,y )=f (x ,y )=0. Consider the
0 0 x 0 0 y 0 0

determinant of the array of second derivatives evaluated at (x ,y ):
0 0

# f f $
xx xy 2

D=det | | =f f -f
fxy fyy xx yy xy3 4
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(i) f has a local maximum at (x ,y ) if f <0 and D>0
0 0 xx

(ii) f has a local minimum at (x ,y ) if f >0 and D>0
0 0 xx

(iii) f has a saddle point at (x ,y ) if D<0
0 0

(iv) no conclusion is possible at (x ,y ) if D=0. A further test is needed.
0 0

Example
2 2

Find and classify all the critical points of f(x,y)=6x-3x -y .

Critical points are those for which f =f =0 or points at which f or f is not
x y x y

defined. Thus f =6-6x=0 6 x=1. f =-2y=06 y=0. Thus (1,0) is the only critical
x y

2
point. At this point f =-6, f =-2, f =0. Thus D= f f -f =12>0 and so

xx yy xy xx yy xy

(1,0) is a (local) maximum of f(x,y)|. (See figure).

S4.6 Divergence and Curl of a Vector

Suppose f is a continuously differentiable vector field f=f(x,y,z)= (f ,f ,f )
1 2 3

of the co-ordinates (x y z ) (i.e. each of f (x,y,z),f (x,y,z),f (x,y,z) is a
1 2 3

continuously differentiable function of (x,y,z)) in some open region R. Then,

in R, the divergence of the vector field f(x,y,z) is defined to be the scalar

quantity :

div f= df /dx+df /dy+df /dz
1 2 3

In index notation this can be represented as df /dx . Div f has the
i i

fundamental property that it is invariant under a rotation or translation of

the coordinate axes. (This is proved in S4.7).

The curl of the vector field f(x,y,z) is defined to be the vector with

components :

(df /dy-df /dz,df /dz-df /dx,df /dx-df /dy). (25)
3 2 1 3 2 1

which can be expressed simplest in the following symbolic determinantal form:

& i j k *
| |

curl f= det d/dx d/dy d/dz
| |

(26)
7 f f f 8

1 2 3

Curl f is a vector field and transforms as a vector under rotation of the

coordinate axes.

In fluids every flow of an incompressible flow must satisfy div v=0 where

v(x,y,z) is the velocity vector at any point in the fluid. A vector field v

for which div v=0 is said to be a divergence-free or solenoidal vector field.

If v(x,y,z) is a vector field representing the velocity field, then curl v is

termed the vorticity and concerns whether or not fluid particles rotate. If
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curl v = 0 everywhere the flow is termed irrotational and fluid particles do

not rotate.

4.6.1 Physical interpretation of divergence

In appendix 3 we show that:

The net rate of flow of liquid out of an element dxdydz(dV) per unit time=

div ( r(x,y,z) u(x,y,z) ) dxdydz

If the liquid is incompressible, then r(x,y,z) is constant and so

d(ru ) d(ru ) d(ru ) du du du
1 2 3 1 2 3

div (ru) = div (ru ,ru ,ru ) =------------------------- + ------------------------- + ------------------------- =r--------------- + r--------------- + r---------------
1 2 3 dx dy dz dx dy dz

writing u =(u (x,y,z),u (x,y,z), u (x,y,z)) in component form. Hence we can
1 2 3

write divt(ru)=rtdiv u. But by conservation of mass, the same mass of liquid

must be flowing into the element as out of it (as there is no change in

density in the liquid element) and so for an incompressible liquid r div u=0

and hence div u=0. If u represents the velocity vector field for any

incompressible flow, then necessarily div u=0 everywhere in the flow.

4.6.2 Physical interpretation of curl

A similar sort of analysis can be performed for a flowing liquid to show that

if u is the velocity vector, then curl u at any point is a measure of the

tendency of the fluid element at that point to rotate. In principle curl u

could be measured by inserting a little paddle wheel into the fluid at any

point. The rotation of the wheel would be a measure of the curl.

(See appendix 2).

Vector fields for which the curl is zero everywhere are said to be curl-free

or irrotational vector fields.

Example

2 3
Find the divergence of f if (i) f=(x +2y+z,3y,x +y) (ii) f=r=(x,y,z) (the

position vector).

Solution:
2 3

(i) div f= d(x +2y+z)/dx+d(3y)/dy+d(x +y)/dz=2x+3.
(ii) div r = div (x,y,z)= dx/dx+dy/dy+dz/dz=1+1+1=31.

Example

Find the curl of curl f where f=(z+x,x+y,y+z).

Solution:

curl f=(1,1,1) and hence curl (curl f)=(0,0,0)=01.

Example Relation of curl to rigid rotation

We previously saw in chapter 2 that if a rigid body is rotating about an axis

17



(which we choose w.l.o.g. to be the z axis) then the velocity of any point can

be written as:

v=W*r=Wk*r
-

where r is the position vector of the point with respect to Cartesian axes

with origin located on the rotation axis (i.e. the z axis). Thus

v=W*r=(0,0,W)*(x,y,z)=-Wy i+Wx j
-

and therefore:
& i j k *
| |= 2Wk

curl v= det d/dx d/dy d/dz
| |
7 -Wy Wx 0 8

Hence, in the case of a rotation of a rigid body, the curl of the velocity

field has the direction of the axis of rotation and its magnitude equals twice

the angular speed of rotation.

4.7 The Del Operator

2 2
An equation like d y/dx +2 dy/dx+3y=0 is sometimes written as

2 2 2
(d /dx +2d/dx+3)y=0 or (D +2D+3)y=0 with D_d/dx.

D is called an operator and it needs an operand to make sense i.e. it cannot

stand alone. So, for example, D [y] = dy/dx.

N.B. The D operator obeys some but not all the rules of ordinary algebra e.g.

D(uv)$uD(v)$uvD. In fact D(uv)=uDv+vDu which is just the product rule for

differentiation.

4.7.1 The Del Operator in cartesian coordinates

The expression

D_i d/dx+j d/dy+k d/dz=(d/dx,d/dy,d/dz) (28)

is called the del operator or del or nabla.

Under rotation of axes (or translation) D behaves like a vector and is termed

a vector operator (compare D above). Thus formally we define:

DW= grad W (29)

and we think of the D as operating on the scalar field W(x,y,z). Similarly we

define (for a vector field v(x,y,z):

D.v=div v (30)

and likewise:

D*v= curl v (31)
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In particular this last definition is easy to remember if we treat D and v as

being ordinary vectors and take their vector product using the determinantal

definition. As with the D operator, the components of D act only upon the

function to their right.

Theorem 4.7

The scalar field div f is invariant under rotation of axes (or a translation).

Proof (see appendix 3)|.

Comment

Recall that from our previous experience with scalars, their values are

expected to be independent of the choice of co-ordinate axes (e.g. mass,

pressure,temperature). In addition an incompressible fluid must always have a

velocity vector field satisfying div v=0. We do not expect the liquid to be

incompressible in one coordinate system and not in another|.

4.7.2 Grad,div,curl are linear operators

It is worthwhile to note at this point that grad div and curl are all linear

operators (as is D). From single variable calculus, we know that D_d/dx is a

linear operator i.e. D(ay +by )=aDy +bDy for any constants a,b independent of
1 2 1 2

x. Similarly the operator d/dx can be said to be linear as

d/dx(af +bf )=adf /dx+bdf /dx for differentiable f (x,y),f (x,y) and any a and
1 2 1 2 1 2

b independent of x. As D is a linear combination of such partial differential

operators (D=i d/dx+j d/dy+k d/dz), we may expect that D also behaves as a

linear operator. This is indeed the case and in general we have:

D.(cv)= c D.v; D(cW)=cDW DX(cv)=c (DXv)

for any vector field v(x,y,z), scalar field W(x,y,z) and constant c

independent of x,y,z. To prove these results write the vectors out in

components [v(x,y,z)=(v (x,y,z),v (x,y,z),v (x,y,z))] and expand both sides of
1 2 3

each expression using the fact that for a scalar function f(x,y,z),

d(cf)/dx=cdf/dx etc. For example, the first of the above results can be proved

as follows:

Let v=(v (x,y,z),v (x,y,z),v (x,y,z)). Thus cv=(cv ,cv ,cv ) which is a vector
1 2 3 1 2 3

and hence

D.(cv)=d(cv )/dx+d(cv )/dy+d(cv )/dz =cdv /dx+cdv /dy+cdv /dz (c is constant)
1 2 3 1 2 3

=c(dv /dx+dv /dy+dv /dz) =cD.v as required1.
1 2 3

S4.8 Scalar Invariant Operators

Let D denote a partial differential operator which involves only the

rectangular cartesian co-ordinates x,y,z as independent variables. D is called

a scalar invariant operator if its form is unchanged under translation or
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rotation of axes. The operators in this section are scalar invariant.

Theorem 4.8

If D is a scalar invariant operator and f is a vector field then Df
=D(f ,f ,f ) = (Df ,Df,Df ) is also a vector field.

1 2 3 1 2 3

Proof (exercise via the axioms)1.

2
4.8.1 The Laplacian Operator D (in cartesian coordinates)

2
Define the operator D as:

2 2 2
2 d d d
D = ---------------+ ---------------+ --------------- (33)

2 2 2dx dy dz

This definition should be memorised. This is a scalar invariant operator

(prove this) and can act on a scalar field W(x,y,z) or a vector field
2

f(x,y,z). When D acts on a scalar field W(x,y,z) we have:

& 2 2 2 * 2 2 2
2 d d d d W d W d W
D W= |---------------+ ---------------+ ---------------|W= ---------------+ ---------------+ ---------------

2 2 2 2 2 27dx dy dz 8 dx dy dz

2
while when D acts on a vector field v(x,y,z)=

v (x,y,z)i+v (x,y,z)j+v (x,y,z)k we have:
1 2 3& 2 2 2 *

2 d d d
D v= |---------------+ ---------------+ ---------------|(v (x,y,z)i+v (x,y,z)j+v (x,y,z)k)

2 2 2 1 2 37dx dy dz 8
2

So D v is a vector. Consider its first (i) component:

2 2 2
2 d (v (x,y,z)i) d (v (x,y,z)i) d (v (x,y,z)i)

(D v) = --------------- 1 +--------------- 1 +--------------- 1
1 2 2 2dx dy dz

But as i,j,k are vectors of constant magnitude and direction, we have:

& 2 2 2 *
2 d (v (x,y,z)) d (v (x,y,z)) d (v (x,y,z)) 2

(D v) =i|--------------- 1 +--------------- 1 +--------------- 1 |= i D v
1 2 2 2 17dx dy dz 8

We obtain similar results for the other two components and putting it all
2

together we find an expression for D v in component form:

2 2 2 2D v= iD v +jD v +kD v
1 2 3

To obtain the Laplacian of a vector field v, we need to find the Laplacian of

each of its (scalar) components |.

N.B. The above result only holds in Cartesian components, In other coordinate
2

systems, the expression for D v becomes more complicated.

Using the summation convention, the Laplacian operator can be represented

as
2 d d
D =---------- --------------- (34)

dx dx
i i

Formally the Laplacian is the ‘square’ of the del-operator. This connection is

most easily understood by noting that, in operator notation:

20



2 2 2 2 2 2D.D=(d/dx,d/dy,d/dz).(d/dx,d/dy,d/dz)=d /dx +d /dy +d /dz

4.8.2 Important identities involving Laplacian of a scalar and a vector field

Note the following two important identities which are independent of the

coordinate system used:

2D W_ div (grad W) if W is a scalar field (35)

2D f_ grad (div f) - curl(curl f) if f is a vector field (36)

These results may be proved in cartesian coordinates by expanding the RHS in

each case. Thus (35) can be proved as follows:

div (grad W) = div (dW/dx,dW/dy,dW/dz)= d/dx(dW/dx)+d/dy(dW/dy)+d/dz(dW/dz)
2 2 2 2 2 2 2

= d W/dx +d W/dy +d W/dz =D W.

Hence,
2

div (grad W) = D W.

which proves (35).

Exercise: Prove (36) by expanding the RHS in component form in cartesian

coordinates. You may assume that the order with which partial derivatives is
2 2

taken can be reversed i.e. d f /dxdy=d f /dydx etc. (36) is an extremely
2 2

useful formula when we are working in non-cartesian systems (e.g. cylindrical

polars) as it is independent of the coordinate system used.

4.8.3 Laplace’s Equation

2
The equation D W=0 , where W is a scalar field is fundamental in many physical

phenomena:

2
(1) Steady state heat flow (D T=0, where T(x,y,z) is the temperature)

2
(2) Inviscid, incompressible fluid flow (D f=0)

2
(3) Flow in a porous medium (Darcy’s law) (D p=0)

(4) Electromagnetic theory.

Functions which satisfy Laplace’s equation are said to be harmonic. In complex

variable theory, both the real and imaginary parts of any analytic function of

z(=x+iy) are harmonic. This means that many problems involving Laplace’s

equation in two dimensions are solved by using complex variable theory.

4.8.4 The Operator f.D

This is a scalar operator and is defined in cartesian coordinates as:

f.D=f d/dx+f d/dy+f d/dz (38)
1 2 3

where f has components (f ,f ,f ). In fact this definition follows from the
1 2 3

definition of the operator:
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d d d
D= i ----------+ j---------- + k----------

dx dy dz

while f= f i+f j+f k so on formally taking the dot product of these two
1 2 3

"vectors", we obtain the result (38).

This operator can act upon a scalar field W giving in cartesians

(f.D)W= f dW/dx+f dW/dy+f dW/dz (39)
1 2 3

Since the RHS of (39) is also equal to f.(DW) no ambiguity arises by writing:

(f.D)W=f.DW=f.grad W (40)

The operator f.D can also act upon a vector field g=(g ,g ,g ), giving (in
1 2 3

rectangular cartesian coordinates)

f.Dg=(f d/dx+f d/dy+f d/dz)(g i+g j+g k)
1 2 3 1 2 3

dg dg dg dg dg dg dg dg dg
1 1 1 2 2 2 3 3 3

=i(f ---------------+f ---------------+f ---------------)+j(f ---------------+f ---------------+f ---------------)+k(f ---------------+f ---------------+f ---------------)
1 dx 2 dy 3 dz 1 dx 2 dy 3 dz 1 dx 2 dy 3 dz

( because i,j,k are constant vectors so their rate of change is zero)

=i(f.Dg )+j(f.Dg )+k(f.Dg )
1 2 3

Hence

(f.D)g=(f.Dg ,f.Dg ,f.Dg ) (41)
1 2 3

which can also be shown to be a vector field.

2
N.B. Interpretation of the expressions D f and (f.D)g i.e. where these

operators act on vector fields requires a little care when orthogonal

coordinates other than rectangular cartesian are used. The result (41) only

holds when the vectors are expressed in terms of cartesian coordinates because

one of the steps using in obtaining (41) used the fact that i,j,k are constant

vectors with all their derivatives being zero. This is not the case for all

coordinate systems.

4.9 Other useful identities

If it is assumed that all necessary derivatives exist and are continuous, then

some useful identities (some of which are all analogous to the product rule

for differentiation of the product of two functions : d(uv)/dx=udv/dx+vdu/dx

follow. Recall that grad, div and curl all involve the operation of taking

derivatives so it is not surprising that such analogous results occur). Note

that these identities are given for completeness sake but need not be

memorized in general. It is usually enough to know that such identities exist,

to know where to look them up if required, or to be able to prove them as
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shown below.

We emphasize that in the following identities f is a vector field with,

in component form f(x,y,z)=(f (x,y,z),f (x,y,z)f (x,y,z)) when expressed in
1 2 3

cartesians and W=W(x,y,z). We prove the above results by expanding in

cartesian coordinates, but the following results hold regardless of the

coordinate system.

(i) div (curl f)_0 for any vector field f

(ii) curl (grad W) _ 0 for any scalar field W

(iii) grad (W W ) _ W grad W + W grad W
1 2 1 2 2 1

(iv) div (Wf) _ W div f + f. grad W

(v) Curl (Wf) _ W curl f - f X gradW

Proof: (i) div(curl f)_0.

curl f =((df /dy-df /dz),(df /dz-df /dx),(df /dx-df /dy))
3 2 1 3 2 1

Thus

div (curl f)=d/dx(df /dy-df /dz)+d/dy(df /dz-df /dx)+d/dz(df /dx-df /dy)_0.
3 2 1 3 2 1

using the assumption that derivatives are continuous so that the order of

differentiation can be interchanged.

Proof: (ii) curl (grad W)_0.

&i j k *
| |

curl (grad W)= det d/dx d/dy d/dz _0
| |
7dW/dx dW/dy dW/dz 8

2 2
because d W/dydz-d W/dzdy=0 with two other similar relations.

Other proofs similar by writing everything out in cartesian co-ordinates. Note

that these identities can also be written out using operator notation e.g. (i)

and (ii) would become respectively

D.(DXf)_0; DX(DW)_0

Examples

2
(i) A fluid flow has velocity field u= (x+z,y ,0). Check whether the flow is

incompressible and/or irrotational.

Solution:

Incompressible flow if divtu=0 (or D.u=0). But D.u
2

=d(x+z)/dx+d(y )/dy+d(0)/dz=1+2y$0. Therefore this flow is compressible. The

flow is irrotational if DXu=0 everywhere. By definition we have:

&i j k *
| |

DXu= d/dx d/dy d/dz _(0,1,0)#0
| |

27x+z y 0 8
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so the flow is rotational (so individual fluid particles may rotate as they

flow).

2
(ii) Find D (1/r) where r is the magnitude of the position vector

r=(x,y,z).

2 2 2 -1/2
1/r=(x +y +z )

2 2 2 3/2 2 2 2 3/2d(1/r)/dx= -x/(x +y +z ) ; d(1/r)/dy=-y/(x +y +z ) ;
2 2 2 3/2d(1/r)/dz=-z/(x +y +z )

2 2 2 2 2 3/2 2 2 2 2 1/2 2 2 2 3d (1/r)/dx = ((x +y +z ) (-1)+3x (x +y +z ) )/(x +y +z ) =
2 2 2 -5/2 2 2 2

(x +y +z ) (2x -y -z )

Similarly

2 2 2 2 2 -5/2 2 2 2d (1/r)dy =(x +y +z ) (2y -x -z )
2 2 2 2 2 -5/2 2 2 2d (1/r)/dz =(x +y +z ) (2z -x -y )

2
Adding the three terms together we get D (1/r)=0 so in fact 1/r is a harmonic

function.

2 3 2
(iii) If u(x,y,z)=(xyz, x ,yz ), f(x,y,z)=(xy,xz,yz), W(x,y,z)=x yz compute
2D u and (f.D)W.

2 2 2 2 2 3D u= i(D (xyz))+j(D (x ))+k(D (yz ))=0 i+ 2j+ 6yz k1.

2 2 2
(f.D)W= ((xy,xz,yz).(d/dx,d/dy,d/dz)) (x yz)= xy d(x yz)/dx+ xz d(x yz)/dy+yz

2 2 2 2 3 2 2d(x yz)/dz= 2x y z+x z +x y z1.

Check that that f. DW gives the same result.

4.10 Cylindrical and polar coordinates

Up to now we have only worked in rectangular (cartesian) coordinates. In

practice other coordinate systems are often convenient. The results of S4.10
should be understood but the formulae need not be memorised.

4.10.1 2D Plane Polar Co-ordinates (r,q)

In 2D define a point P by its distance from the origin O and the angle which

it makes in anti-clockwise direction with the positive x axis (fig.4)

Thus

x = r cosq; y = rsinq

where (x,y) and the rectangular cartesian co-ordinates and (r,q) are the polar

co-ordinates. Can also write (r,q) in terms of x and y viz.
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2 2 1/2 -1
r = (x +y ) ; q= tan y/x

The co-ordinate lines (see fig.5) at any point are obtained by holding one

co-ordinate constant and varying the other. Thus holding q constant and

varying r gives a straight line thro’ O and P called the r co-ordinate line.

The unit vector e at P is defined as being the unit vector in the direction
r

of the r co-ordinate line. Similarly holding r constant and varying q gives

the q co-ordinate line (circles). The unit vector e at any point P is defined
q

as having the same direction as the q co-ordinate line at that point.

Clearly e 1 e (so e .e = 0) at any point P so the unit vectors are
r q r q

orthogonal at every point. This was also the case for the cartesian system

i.e. i.j=0. But note that e and e change position depending on the point P
r q

chosen whereas i and j were position independent.

-----L
The position vector OP in plane polars is re (=xi+yj in cartesians). This is

r

obvious from the diagram above but can also be derived from cartesians as

follows: we need to write xi+yj wholly in terms of the new co-ordinates x=

rcosq and y=rsinq so we need to resolve i and j into their components in the

e and e directions. Recall from S2.6 that the components of i in the
r q

direction of e and e are i.e and i.e respectively. Now, from fig.4 or
r q r q

fig.5 we resolve i and j into components along e and e .
r q

i.e =cosq; i.e =-sinq so i=cosq e -sinq e
r q r q

j.e =sinq; j.e =cosq so j=sinq e +cosq e
r q r q

Thus the general position vector is:

r=(x,y)=xi+yj =rcosq(cosqte -sinqte )+rsinq (sinq e +cosq e )=r e .
r q r q r

If we change coordinate system from cartesians to polar coordinates we must

write all formulae wholly in terms of polar cordinates and the corresponding

unit vectors. Another useful result is the arclength formula which in

2D cartesians is given by (chapter 3)
2 2 2

ds =dx +dy

which represents the length along the infinitesimal curve between the points

(x,y) and (x+dx,y+dy). If we are working in polar coordinates we will

typically want to know the arclength between the points with coordinnates

(r,q) and (r+dr,q+dq). We thus have (using the uv product rule):

x= r cosq so dx= dr cosq - r sinq dq

y= r sinq so dy= dr sinq + r cosq dq

Squaring and adding we obtain:

2 2 2 2 2 2 2 2 2
dx +dy =dr (cos q+sin q)+r (dq) (cos q+sin q)-rdr cosq sinq+rdr cosq sinq=

2 2 2
dr +r (dq)
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2 2 2 2
so in polar coordinates ds =dr +r (dq) 1.

Thus the coordinate changes dr and dq correspond to length changes dr and

rdq.

Note: Plane polars (r,q) is an example of an orthogonal co-ordinate system. At

every point in space, the co-ordinate lines (unit vectors) are orthogonal so

e .e =0 (as was also the case for the cartesian system). This is important
r q

from the point of view of vector algebra as it means the way in which we carry

out algebraic operations does not change (e.g. taking dot products, cross

products). However differences do arise when we carry out differential

operations. Essentially this can be traced back to the fact that in cartesians

i,j are constant vectors whose rate of change is always identically zero. This

is not the case for e and e which vary from point to point in space.
r q

4.10.2 3D Cylindrical Polar Co-ordinates (r,q,z)

Let P have rectangular cartesian co-ordinates (x,y,z). Let r be the

perpendicular distance from P to the z axis Oz. (r,q,z) are said to be the

cylindrical polar co-ordinates of P. Note that (r,q) are just the plane polar

coordinates in the xy plane while z is unchanged in comparison to cartesians.

(See fig.8a). Clearly cylindrical polars are related to cartesian coordinates

by:

x=rcosq 0<q<2p;
y=rsinq

z=z

We can solve for r,q in the above equations yielding:

2 2 1/2
r = (x +y )

-1
q= tan y/x

The co-ordinate lines (hence the unit vectors) are obtained in the same way as

for plane polars (see fig.8a). The r coordinate lines are obtained by holding

q and z constant and letting r vary. The e direction is along the r
r

co-ordinate lines. In fact e and e are the same as for 2D plane polars and
r q

e is just the cartesian unit vector k. Again e ,e ,e form a right handed
z r q z

orthogonal set (see fig.7a) (like i,j,k) so e.g. e .e =e .e =0 etc. etc.
r q r z

For reference purposes we give the following relationships between the

respective unit vectors (obtained using geometrical arguments):

e =i cosq+j sinq
r

e = -i sinq+j cosq
q

e =k
z

These may be solved for i,j,k, in terms of e ,e ,e giving:
r q z

i=e cosq-e sinq
r q
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j=e sinq+e cosq
r q

k=e
z

The arclength result follows trivially from the polar coordinate result and

is:
2 2 2 2 2

ds =dr +r (dq) +dz

4.10.2.1 Axisymmetric problems

Cylindrical co-ordinates are very useful in physical problems where one

is dealing with cylindrical bodies or surfaces. An axisymmetric problem is one

for which there is no q dependence so every value of q is equivalent and

derivatives wrt q can be neglected. Many physical problems fall into this

category. (Consider for example the shape of the liquid meniscus near a solid

cylinder. This is a problem displaying axisymmetry: the shape of the meniscus

is independent of q i.e. independent of the direction of approach. If you look

at the cylinder from the front, back, side etc., the picture will always be

the same so d/dq_0).

4.10.3 Spherical polar co-ordinates (r,q,f)

N.B. q is defined differently here in comparison to the q in cylindrical

coordinates.

Let P have rectangular cartesian co-ordinates (x,y,z), let r denote distance

from the origin, let q be the angle which OP makes with the z axis and f be

the angle between the xz plane and the plane containing P and the z axis. (See

fig.6b).

(r,q,f) are ideal for describing locations on the surface of the earth or

relative to the earth (e.g. in space). r gives the distance of the point from

the centre (so r=radius of earth for any object on the earth’s surface), f is

the longitude with 0<f<2p, while q is the co-latitude with 0<q<p. (Latitude on

the earth’s surface is measured from the equator but co-latitude is measured

from the north pole but otherwise the two are equivalent). From fig. 6b we

obtain the relationships (which need not be memorised):

x = r Sinq Cosf

y = r Sinf Sinq

z = r Cosq

Solving for (r,q,f) in terms of x,y,z we have

2 2 2 1/2
r = (x +y +z )
-1 2 2 2 1/2

q= cos (z/(x +y +z ) )
-1

f = tan y/x

The co-ordinate lines and unit vectors are defined in the usual way. (See

fig.7b and 8b). e ,e ,e is a right handed orthogonal set as in fig.8b (in
r q f

that order) so e .e =e .e =0 etc. etc.
r q r f

The unit vectors are related to the cartesian unit vectors as follows:
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e =i sin qcosf+j sinqsinf +k cosq
r

e = i cosqcosf+j cosqsinf-k sinq
q

e =-i sinf+j cosf
f

These may be solved for i,j,k, in terms of e ,e ,e giving:
r q z

i=e sinqcosf+e cosqcosf-e sinf
r q f

j=e sinqsinf+e cosqsinf +e cosf
r q f

k=e cosq-e sinq
r q

The arclength formula in this case is:

2 2 2 2 2 2 2
ds =dr +r (dq) +r sin q df

An axisymmetric problem is one for which d/df_0.

N.B. Some books switch the angles q and f in comparison to the usage adopted

here.

Comment

The student should not attempt to memorise the formulae in this section

on polar coordinate systems. It is necessary to remember the meaning of the

coordinates (r,q,z) and (r,q,f) in cylindricals and sphericals and one must

know how to construct the unit vectors at any point. But the other formulae

need not be memorised.

4.10.4 Algebraic vector operations in polar coordinate systems

In orthogonal curvilinear co-ordinates (e.g. cylindrical, sphericals) vector

algebra is the same e.g.

a.b=a b +a b +a b
1 1 1 2 3 3

(if a and b are expressed in terms of the relevant unit vectors) because the

unit vectors in these systems obey the same rules as i j k wrt to dot and

vector product. Again in an orthogonal curvilinear system:

& e e e *
1 2 3| |

a*b= det a a a
| 1 2 3 |
7 b b b 8

1 2 3

provided e e e form a right handed set.
1 2 3

Note carefully that differential relationships can be considerably

complicated because the new unit vectors vary in direction depending on the

location in space so there derivatives may not be zero as was the case with i

j k.
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Example

A flowing liquid has velocity field at any point given by:

u=i(x+y)+j(xyz)+2k in Cartesian coordinates. Express this velocity in terms of

cylindrical coordinates.

Solution

Note that notation can become quite confusing when dealing with polar

coordinate systems. In cartesians we write u=u i+u j+u k and in cylindricals
1 2 3

u=u e +u e +u e although the confusing notation u=u e +u e +u e is also
r r q q z z 1 r 2 q 3 z

used.

When working in cylindrical coordinates all i,j,k must be transformed to

the corresponding expressions involving the unit vectors in cylindricals i.e.

e ,e ,e and all values of the coordinates x,y,z must be written in terms of
r q z

the new coordinates r,q,z. In cartesians the velocity u=u(x,y,z) (i.e the

velocity is a function of position). If we choose to represent positions in a

different way (using for example cylindrical coordinates as here) then we

expect that u=u(r,q,z) in the new system. Thus

u=i(x+y)+j(xyz)+k(2)={e cosq-e sinq}{rcosq+rsinq}+
r q

2
{e sinq+e cosq}{r zsinqcosq}+2e
r q z

2 2 2 2 2 2
=e (r cos q+rsinqcosq+r zsin qcosq)+e (-rcosqsinq-rsin q+r zsinqcos q)+2e 1.
r q z

In general we use the following notation. When working in cartesians we

write

u(x,y,z)=u (x,y,z)i+u (x,y,z)j+u (x,y,z)k
1 2 3

so in the above example u =x+y, u =xyz, u =2.
1 2 3

When working in cylindricals typical notation might be:

u(r,q,z)=u (r,q,z)e +u (r,q,z)e +u (r,q,z)e
r r q q z z

so in the above example
2 2 2 2 2 2

u =rcos q+rsinqcosq+r zsin qcosq, u =-rcosqsinq-rsin q+r zsinqcos q, u =2.
r q z

Alternatively we might write u(r,q,z)=u e +u e +u e but this is confusing as
1 r 2 q 3 z

this u ,u ,u is different to that used above.
1 2 3

4.11 Vector differential operators in cylindrical and spherical

coordinate systems

(Transforming from cartesians to other systems)

The point of the general theory of orthogonal curvilinear coordinates (in

S4.11) is that it can be applied to any system e.g. cylindricals or spherical

coordinates and all the basic operations and operators can be defined in a

general way and then specialised as required to find expressions in a
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particular system.

From a practical point of view, instead of using the theory of general

orthogonal coordinates, many people instead use the basic definitions in

cartesians and transform from cartesians to cylindricals, sphericals as

required. This is not the most general way of working but works quite well in

practice. For example, if we are working with a physical problem like an

incompressible flowing liquid (for which we know that div u=0 where u is the

velocity vector) how do we deal with this if we wish to work in cylindrical

coordinates? All our definitions of the basic operations were in terms of

cartesians so we need to know how to transform from cartesians to the other

systems. We know that if we were working in cartesians then:

div u=D.u =du /dx+du /dy+du /dzz=0
1 2 3

but what do we do if we want to use (r,q,z) as independent variables instead

of (x,y,z)? All our definitions up to now have been given in terms of

cartesian coordinates.

To change coordinate system the usual approach is via general orthogonal

coordinates. Derive generalised expressions for all the differential operators

in terms of a general coordinate system (u,v,w) and specialise this for

cylindricals and sphericals. It is also possible to proceed directly. The most

important point to remember is that the unit vectors in cylindricals or

sphericals vary in direction from point to point in space so their derivatives

may be non-zero. In any coordinate system in which we wish to work we will

need to find expressions for all the differential operators which we have met
2

so far i.e. we will require expressions for DW, D.f, DXf, D W in

cylindricals, sphericals and any other systems in which we wish to work.

In the following appendix we will be content with giving several

examples. For example the first deals with how one can go about finding an

expression for the operator D in cylindricals. In practice when one requires

such expressions, one can just look them up(!) but it is important to know

where these results come from even if one cannot reproduce them all oneself.

The details are contained in appendix 1.
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Appendix 1

A1.1 Examples of differential operators in cylindricals and sphericals

Example 1 An expression for D in cylindricals

We begin with the expression we already have for the operator D i.e. that

in cartesians

D= (d/dx,d/dy,d/dz) = i d/dx+j d/dy+k d/dz. (1)

We need to write everything in terms of (r,q,z) and e ,e ,e . We recall from
r q z

the section on cylindrical coordinates above that:

i=cosq e -sinq e ; j=sinq e +cosq e ; k=e (2)
r q r q z

To transform the derivatives in (1) we use the chain rule. Summarising this

here, suppose we are transforming independent variables from (x,y,z) to

(r,q,z) where f(x,y,z)Lg(r,q,z). Most books use the notation f to refer both

to the function of (x,y,z) and (r,q,z) though strictly speaking this can cause

confusion (if f=f(x,y,z), then df/dr is ambiguous as f is actually a function

of (x,y,z)). In any case we will use the chain rule in the form:

df dg dr dg dq dg dz
---------- =---------- ----------+---------- ----------+---------- ----------
dx dr dx dq dx dz dx
df dg dr dg dq dg dz
---------- =---------- ----------+---------- ----------+---------- ----------
dy dr dy dq dy dz dy

df dg dr dg dq dg dz (3)
---------- =---------- ----------+---------- ----------+---------- ----------
dz dr dz dq dz dz dz

Though some books would replace g with f on the RHS. In operator form we can

write (3) as:

d d dr d dq d dz
---------- =---------- ----------+---------- ----------+---------- ----------
dx dr dx dq dx dz dx
d d dr d dq d dz
---------- =---------- ----------+---------- ----------+---------- ----------
dy dr dy dq dy dz dy

d d dr d dq d dz (4)
---------- =---------- ----------+---------- ----------+---------- ----------
dz dr dz dq dz dz dz

Clearly in order to use (3) and (4) we will need expressions for the partial

derivatives of r,q,z wrt x,y,z. To do this we need to write x,y,z as functions

of r,q,z and from the section on cylindrical coordinates we find that:

2 2 1/2 -1
r=(x +y ) ; q=tan y/x; z=z (!)

Using these results we obtain the following results:

2 2 1/2dr/dx=x/(x +y ) =rcosq/r=cosq;
2 2 1/2dr/dy=y/(x +y ) =rsinq/r=sinq; dr/dz=0
2 2 2 2dq/dx=-y/(x +y ); dq/dy=-x/(x +y ); dq/dz=0

dz/dx=0; dz/dy=0; dz/dz=1 (5)

Now the gradient operator as in (1) can be written wholly in terms of
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cylindrical coordinates and their unit vectors and we find:

D=e d/dr + e 1/r d/dq +e d/dz (6)
r q z

Thus for example, we can use this result to write the gradient of a scalar in

cylindricals. If W=W(r,q,z) then:

DW=e dW/dr + e 1/r dW/dq +e dW/dz (7)
r q z

Exercise 1:

Use the above results to find an expression for div f =D.f in cylindricals

where f is a vector field expressed in cylindrical components i.e.

f=f e +f e +f e (or f=f e +f e +f e ).
1 r 2 q 3 z r r q q z z

N.B. Remember that the unit vectors e ,e ,e can have non-zero derivatives
r q z

when doing this exercise. This is a more difficult exercise than the previous

example as when obtaining DW in cylindricals, W is not a vector so it does not

involve the unit vectors and we thus do not require expressions for the

derivatives of the unit vectors. However, in general, and in particular for

the present exercise we need the derivatives of the unit vectors e ,e ,e wrt
r q z

to r,q,z because we require D.f where f is a vector =f e +f e +f e so we need
r r q q z z

to find the derivatives of the unit vectors.

To do this we write e ,e ,e in terms of i,j,k and q. From the definition of
r q z

cylindrical coordinates and resolving each of e ,e ,e into its components in
r q z

the i,j,k directions we find:

e = cosq i + sinq k; e =-sinq i + cosq j; e =k (8)
r q z

We require the derivatives of e ,e ,e wrt r,q,z. Now i,j,k do not change in
r q z

magnitude or direction so their derivatives are zero and they may be treated

as constants. Thus considering e =e (r,q,z) we use the rules in chapter 3.4
r r

for differentiating products of scalars and vectors:

de /dr= i d(cosq)/dr+j d(sinq)/dr=0
r

de /dq= -i sinq+j cosq = e
r q

de /dq=-i cosq -j sinq=-e
q r

de /dz=de /dr=de /dz=de /dr=de /dq=de /dz=0 (9)
r q q z z z

Now in cylindricals we have:

D.f=({e d/dr+e 1/r d/dq+e d/dz}.{f e +f e +f e })
r q z r r q q z z

To expand this out we treat d/dr as a scalar and recall that if l is a scalar

and a and b are vectors then la.b=a.lb i.e. we can move a scalar around in a

dot product. Thus we obtain:
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(e .d/dr(e f ))+(e .d/dr(e f ))+(e .d/dr(e f ))
r r r r q q r z z

+(e .1/r d/dq(e f ))+(e .1/r d/dq(e f ))+(e .1/r d/dq(e f ))
q r r q q q q z z

+(e .d/dz(e f ))+(e .d/dz(e f ))+(e .d/dz(e f )).
z r r z q q z z z

To differentiate expressions like d(e f )/dr we recall from chapter 3.4 that
r r

d/dt{l(t)u(t)}= l du/dt+u dl/dt. It is in the evaluation of these terms that

the fact that some of the unit vectors have non-zero derivatives has an

effect. Finish this as an exercise.

(Answer:D.f=df /dr+f /r+1/r df /dq+df /dz)|.
r r q z

Comment

In order to express the D operators in curvilinear coordinates we only

need to know (i) the expression for D in the coordinate system e.g. (7) above

(ii) the spatial derivatives of the unit vectors in that system e.g. (9)

above.

Exercise 2:
2

Show that D W in cylindricals becomes:

2 2 2 2 2 2D W= 1/r d(r dW/dr)/dr+1/r d W/dq +d W/dz (10)

This result can be obtained by using the expression for D in polars and
2 2

recalling that D W=D.(DW). An alternative (easier) method is to write D W in

cartesians i.e.

2 2 2 2 2 2 2D W=d W/dx +d W/dy +d W/dz

and transform directly using the chain rule (with W(x,y,z)=W(r,q,z)). This

works because W is a scalar field and we do not actually have to differentiate

any unit vectors|.

Obviously analogous results can be obtained for spherical polar systems,

such results being useful when the physical problem under consideration occurs

in spherical or partly spherical domains. We will not derive the results here
2

but we note that expressions for DW, D.f, D W etc. can be found in any good

book on vector calculus.

Example 2

If f=re +ze in cylindricals, find div f working wholly in cylindricals
r z

2 2 1/2
where r=(x +y ) .

Solution:

Using the result in the example above we have

D.f=df /dr+f /r+1/r df /dq+df /dz
r r q z
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In this case f =r,f =0,f =z. Thus df /dr=1, df /dq=0, df /dz=1 and so
r q z r q z

D.f=1+1+1=3

is the solution. We can check the answer in the present example by writing

everything in cartesians. f corresponds to the position vector (recall this

from the section on cylindrical polars). Thus f=r=(x,y,z) in cartesians and in

cartesians:

D.r=D.(x,y,z)=1+1+1=3
as expected.

Exercise 3

In cylindrical coordinates the curl of a vector Dxu can be written as:

(e d/dr+e 1/r d/dq+e d/dz)x(e u +e u +e u )
r q z r r q q z z

which can be expanded out by performing the differentiations in component

form. Because the unit vectors are not constant, a different result is

obtained to that already seen in cartesian coordinates. Show that the

final result can be written in the form:

#e re e $
r q z| |

D*u= 1/r det d/dr d/dq d/dz
| |
u ru u
3 r q z 4

and note carefully how this differs from the result in cartesians.

A1.2 General Orthogonal Curvilinear Co-ordinates

Sphericals and cylindricals are examples of co-ordinate systems for which the

co-ordinate lines are curvilinear (rather than straight) but the co-ordinate

lines are still mutually orthogonal at every point in space so vector algebra

remains relatively simple. It is possible to develop a generalised theory for

any set of orthogonal (curvilinear) co-ordinates, then basic property being

that the co-ordinate lines map out all of 3D space and are mutually

orthogonal everywhere.

The general theory begins by assuming a transformation from cartesians to the

new system (compare sphericals/cylindricals) :

x = x(u,v,w); y =y(u,v,w); z = z(u,v,w) (66)

Thus r= xi + yj + zk becomes r = r(u,v,w)

N.B. It is clearer to write x = f(u,v,w) y = g(u,v,w) z = h(u,v,w)

In order to have a system of practical use, we place restrictions on the

functions x(u,v,w) y(u,v,w) z(u,v,w).

(i) Require a one-one correspondence between the trends (x,y,z) and (u,v,w).

Thus any point P will have a unique set of rectangular co-ordinates (x,y,z)

and hence a unique set of curvilinear co-ordinates (u,v,w). Furthermore we
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assume the relationships (4.66) are invertible i.e. can find the inverse

relationships such that:

u = u(x,y,z) v = v(x,y,z) w = w(x,y,z)

(ii) We assume x y z are continuously differentiable functions of u,v,w and

the Jacobian determinant does not vanish:

&dx/du dy/du dz/du *
| |

J= det dx/dv dy/dv dz/dv $0
| |
7dx/dw dy/dw dz/dw 8

In addition we demand that the tangents at any point to the u v w co-ordinate

lines are orthogonal (i.e. perpendicular). Recall that the co-ordinate lines

are obtained by holding a co-ordinates constant and varying the other. Thus

if u v w are constant, the co-ordinate lines are
0 0 0

r = r (u,v ,w ) r=r(u ,v,w ) r = r(u ,v ,w )
0 0 0 0 0 0 0

Consider r = r(u,v,w) and let h =1dr/du1; h =1dr/dv1; h =1dr/dw1.Note that
1 2 3

dr/du is the norm or modulus of the vector made up of the first row in the

Jacobian determinant J above. J$0 so h ,h ,h do not vanish. Let e ,e ,e
1 2 3 u v w

denote the unit tangents at a point P to the u, v, w co-ordinate lines. (r is

dependent on 3 parameters u,v,w so derivatives wrt these parameters yields

tangent vectors).

Then,

e =1/h dr/du; ; e =1/h dr/dv; e =1/h dr/dw
u 1 v 2 w 3

where the right hand sides are evaluated at P. These unit vectors will be

mutually perpendicular since the co-ordinate system is orthogonal. For

convenience the co-ordinate lines are chosen so that e ,e ,e (in that order)
u v w

form a right handed triad.

Thus e ,e ,e form an orthonormal triad (like i,j,k). However their
u v w

directions vary from point to point.

Appendix 2

4.6.1 Physical Interpretation of Divergence

Consider a compressible fluid in a two dimensional flow with density r=r(x,y)

and with velocity vector field u(x,y) = (u(x,y),v(x,y)) i.e. in this simple

case the velocity vector only has two components. Consider a small element in

the flow domain of dimensions Dx and Dy and consider the amount of liquid

entering and leaving the element in unit time (i.e. per second).
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I
v

(x,y+Dy) 1 (x+Dx,y+Dy)
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------

1 1
1 1
1 1
1 element 1

u L 1 1u L
1 1
1 1
1 1

--------------------------------------------------------------------------------------------------------------------------------------------------------------------------
(x,y) vI (x+Dx,y)

1
The mass of liquid passing through the left hand upright edge in the positive

x direction in unit time (mass flux) is approximately

r(x,y+Dy/2)u(x,y+Dy/2)Dy.

The mass of liquid passing through the right hand upright edge in the positive

x direction in unit time is r(x+Dx,y+Dy/2)u(x+Dx,y+Dy/2)Dy.

Thus the net mass flow of liquid passing out (through both the left hand and

right hand edges) of the element per unit time is

(r(x+Dx,y+Dy/2)u(x+Dx,y+Dy/2)-r(x,y+Dy/2)u(x,y+Dy/2))Dy=

r(x+Dx,y+Dy/2)u(x+Dx,y+Dy/2)-r(x,y+Dy/2)u(x,y+Dy/2)
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- DxDy

Dx

From elementary calculus if r(x,y)u(x,y) is a function of a two variables x,y

then:
r(x+Dx,y+Dy/2)u(x+Dx,y+Dy/2)-r(x,y+Dy/2)u(x,y+Dy/2)

d(ru)
---------- =Lim ----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
dx Dx

DxL0
and so letting the size of element of the fluid element tend to zero (i.e.

letting DxL0 and DyL0) we arrive at the result:

net mass flow rate of liquid out of the element through the upright edges

d(ru)dxdy
as DxL0 is --------------- . By a similar argument the net mass flow through the

dx
d(rv)

horizontal edges of the element is -------------------- dxdy. Hence the net rate of flow of
dy

liquid out of the (infinitesimally) small element of area dxdy per unit time

is given by

d(ru)dxdy d(rv)dxdy
--------------- + --------------- = div(ru)dxdy = div (ru)dV
dx dy

where dV is the "volume" of the element (in this 2D problem it is the area of

the element and density r would denote mass per unit area). This is the origin

of the term divergence: it refers to the amount of some quantity diverging out

of each point in the region under consideration.

The above argument can be generalised to three dimensional problems where the

the flow occurs in three dimensions. The following equivalent expression

results (with u now a vector with 3 components):

The net rate of flow of liquid out of an element dxdydz per unit time=

div ( r(x,y,z) u(x,y,z) ) dxdydz

If the liquid is incompressible, then r(x,y,z) is constant and so

d(ru ) d(ru ) d(ru ) du du du
1 2 3 1 2 3

div (ru) = div (ru ,ru ,ru ) =------------------------- + ------------------------- + ------------------------- =r--------------- + r--------------- + r---------------
1 2 3 dx dy dz dx dy dz

writing u =(u (x,y,z),u (x,y,z), u (x,y,z)) in component form. Hence we can
1 2 3

write divt(ru)=rtdiv u. But by conservation of mass, the same mass of liquid
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must be flowing into the element as out of it (as there is no change in

density in the liquid element) and so for an incompressible liquid r div u=0

and hence div u=0. If u represents the velocity vector field for any

incompressible flow, then necessarily div u=0 everywhere in the flow.

Appendix 2

Physical interpretation of curl

To see this consider a liquid flowing (in 2 dimensions) with velocity vector

u= (u,v). Consider now a small (imaginary) square in the flowing liquid:

(x,y+dy) (x+dx,y+dy)

----------------------------------------------------------------------------------------------------
1 3 1
1 1
1 1
1 1
1 1
1 1
14 21
1 1
1 1
1 1
1 1
1 1
1 1
1 1 1
----------------------------------------------------------------------------------------------------
(x,y) (x+dx,y)

The circulation of the velocity vector about the square indicates the

tendency of the liquid to move around the square and is defined by:

i i i i i
u.dr= u dx+ v dy- u dx- v dy

jsquare jside1 jside2 jside3 jside4

= Calculation of integral about the square 1234.

Now write the all the velocity components as Taylor series about (x,y) while

assuming velocity along 1 is (approximately) u(x+dx/2,y), velocity along 2 is

u(x+dx,y+dy/2), velocity along 3 is u(x+dx/2,y+dy), velocity along 4 is

u(x,y+dy/2). Thus, using Taylor series to first order:

along 1:u(x+dx/2,y)=u(x+dx/2,y)=u(x,y)+dx/2 du/dx1
(x,y)

along 2:u(x+dx,y+dy/2)=v(x+dx,y+dy/2)=v(x,y)+dx dv/dx+dy/2 dv/dy
along 3:u(x+dx/2,y+dy)=u(x+dx/2,y+dy)=u(x,y)+dx/2 du/dx+dy du/dy
along 4:u(x,y+dy/2)=v(x,y+dy/2)=v(x,y)+dy/2 dv/dy

N.B. The velocity vector is u(x,y)=(u(x,y),v(x,y)). Along side 1, in the

direction of side 1, the component of the velocity vector is just u(x,y).

Similarly along side 2 in the direction of side 2, the component of the

velocity vector is v(x,y) etc.

Thus

i
u.dr=ku.dr=

jsquare

2
udx+1/2du/dx dx +(v+dv/dx dx +dy/2 dv/dy)dy-(u+dx/2 du/dx+dy du/dy)dx

-(v+dy/2 dv/dy)dx
=(dv/dx-du/dy)dx dy
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But (dv/dx-du/dy) = the third component of curl u and so the circulation per

unit area (as dxdy is the area of the square) is the third component of curlu.

We can also interpret this as meaning that the circulation about an

infinitesimal area =component of the curl normal to the area (as the square in

the figure above was in the (x,y) plane while the circulation per unit area

was the component of the curl in the z direction1.

Appendix 3

Theorem

The scalar field div f is invariant under rotation of axes (or a translation).

Proof:

Denote the co-ordinate axes (x,y,z) by (x , x ,x ).
1 2 3

Writing div f = D.f, the invariance under a translation of axes follows easily

because it can easily be shown that the components of D do not change under

rotation and obey the vector translation law under rotation. Since the

components of f are invariant under rotation as f is a vector, it is clear

that D.f is invariant under translation.

Consider now a rotation to new axes Ox’,Ox’,Ox’ in the usual notation. The
1 2 3

vector transformation law gives:
d d
---------------=l ----------

ij dx
dx’ i
j

and

f=l f
jk k

Hence, since l are independent of x ,x ,x
jk 1 2 3df’ df

j k--------------- =l l -------------------------
’ ji jk dx

dx i
j

Using orthonormality

l l = d
ji jk ik

Thus
df’ df df
j k i---------------= d --------------- = ---------------

ik dx dx
dx’ i i
j

i.e.
df’ df’ df’ df df df
1 2 3 1 2 3---------------+ ---------------+ ---------------= ---------------+ ---------------+ ---------------

dx’ dx’ dx’ dx dx dx
1 2 3 1 2 3

LHS is div f relative to new axes. RHS is div f relative to old axes. The

invariance of div f wrt rotation is thus proven1.
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Appendix 4

Maxima and minima with constraints

In many practical cases, we may wish to find an extreme value of a function of

several variables subject to side conditions.

Example

Find the maximum of F=xy subject to x+y-1=0.

Solution

Geometrically we are trying to find the maximum of that part of the surface

F=xy (or z=xy) which intersects the plane x+y-1=0.

x+y-1=0 6 y=1-x. Now F=xy=x(1-x) and F is now a function of a single variable

x and its maximum can be found using single variable calculus techniques. Thus
2 2

dF/dx=1-2x 6 x=1/2. Also d F/dx =-2 <0 so x=1/2 corresponds to a local maximum

and at this point F=1/2(1-1/2)=1/4|.

This problem was easy because the side condition(s) were such that we could

solve for one of the variables in terms of the other(s). We would like a

general technique for more complicated problems. We state (without proof) the

method of Lagrange multipliers.

Method of Lagrange multipliers

To maximise f=f(x,y,z) subject to the side condition g(x,y,z)=0, set

h(x,y,z,l)=f(x,y,z)+l g(x,y,z) where l is a new parameter. Now seek the

extremum of h(x,y) via the conditions

dh dh dh dh
----------=0 ----------=0 ----------=0 and the extra condition ----------=0
dx dy dz dl

So the basic technique summarised is:

(a) Multiply each constraint by an undetermined parameter, the Lagrange

multiplier.

(b) Form the sum of the products of constraints and multipliers by summing

over all constraints.

(c) Add the above sum to the function f, which is to be extremized, and call

the sum h(x,y,z,l).

(d) Apply the extremising conditions by setting equal to zero the partial

derivatives of h wrt each independent variable and each Lagrange multiplier.

(e) Solve the resulting equations for the locations and values of the extreme

values of f.

Example

Solve the last example using Lagrange multipliers.

Solution:

In this case f=xy and g=x+y-1. So set h(x,y,l)=xy+l(x+y-1). Applying the

extremising conditins we have:

dh dh dh
----------=y+l=0; ----------= x+l=0; ----------=x+y-1=0
dx dy dl
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and if follows that y=-l=x and -2l-1=06 l=-1/2 so the extremum occurs when

x=y=1/2 and the extreme value is f= 1/2.1/2=1/4 as before|.

Note the Lagrange multiplier technique only gives an extremum: it is necessary

to test to see if this is a maximum of minimum. The method generalises to

functions of any number of variables.

**
Appendix 5

The following formulae must be memorised:

1. Nabla is a vector operator defined as:

D_ (d/dx,d/dy,d/dz)_i d/dx+ j d/dy+ k d/dz

2. If W=W(x,y,z) is a scalar field its gradient is a vector field:

grad W_DW=(dW/dx,dW/dy,dW/dz)_i dW/dx+ j dW/dy+ k dW/dz

3. If v=v(x,y,z) is a vector field then its divergence is a scalar field

div v_ D.v= dv /dx+dv /dy+dv /dz
1 2 3

4. If v=v(x,y,z) is a vector field then its curl is a vector field:

& i j k *
| |

curl v_ DXv= det d/dx d/dy d/dz
| |
7 f f f 8

1 2 3

5. If W=W(x,y,z) is a scalar field its Laplacean is:

2 2 2 2 2 2 2
div grad W_ D W= d W/dx +d W/dy +d W/dz

6. If v=v(x,y,z) is a vector field in Cartesian coordinates its Laplacean is

a vector which is obtained by getting the Laplacean of each of its own

(scalar) components:

2 2 2 2 2 2 2D v= (D v ,D v ,D v )= i D v + j D v +k D v
1 2 3 1 2 3

7. If v is a vector field then the operator v.D is defined as:

v.D_(v ,v ,v ).(d/dx,d/dy,d/dz)=v d/dx+v d/dy+v d/dz
1 2 3 1 2 3

8. v.D can operate on a scalar field W(x,y,z) to give a scalar field:

(v.D)W=v dW/dx+v dW/dy+v dW/dz
1 2 3

9. N.B. The last expression can be written as:
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(v ,v ,v ).(dW/dx,dW/dy,dW/dz)_ v.DW
1 2 3

so in fact (v.D)W_v.DW.

10. v.D can operate on a vector field u(x,y,z) to give a vector field. In

Cartesian coordinates we have the result:

(v.D)u= (v.Du ,v.Du ,v.Du )
1 2 3

but this result does not hold in other coordinate systems.

11. N.B. We cannot write (v.D)u _ v.Du as we did when (v.D) operated on a

scalar field because we have never defined the gradient of a vector field

i.e. Du has no meaning.
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S5 Line Surface and Volume Integrals

b
A definite integral takes the form i f(x)dx where f(x) is called the integrand

a

and a,b are the limits of the integration. This corresponds geometrically to

getting the area under the curve between a and b (see fig.0). This integral is

defined as follows:
mib s

f(x) dx= Lim f(x )Dx
ja mL8 t i i

i=1

Integration is merely a limiting summation and for more advanced types of

integration, we define everything in an analogous fashion. In elementary

applications, one often uses the fact that integration and differentiation are

inverse operations (the fundamental theorem of calculus) to carry out
x

integrations e.g. i sintdt= -cosx because d(cosx)/dx=-sinx. It is important to

appreciate that this is a useful way of evaluating many elementary integrals

but that integration is actually defined as the above limiting summation. If

one knows the value of the function f(x) at all values of xe[a,b], then in

principle one can evaluate the area under the curve in fig.0 (i.e. estimate

the value of the definite integral) whether or not one knows the

antiderivative of the integrand.

As the definite integral is the most basic type of integral the usual

strategy in evaluating more complicated integrals (to be introduced in this

chapter) is by reduction to definite integrals by some means or other.

In this chapter we will examine several types of integral (line, area,

surface, volume). With each type of integral the student should especially

concentrate on two aspects:

(i) What does the integral "mean" geometrically in terms of limiting

summations?

(ii) How may the integral be evaluated using antiderivatives if the integrand

is of a suitably simple form? In addition what does one do if the integrand is
2 2

too "difficult" to integrate? For example how does one evaluate i exp(-x )dx?
1

S5.1 Line Integral of a scalar field

This is a generalisation of the definite integral. Consider a piecewise

smooth curve in space C with intrinsic parametric equation:

r=r(s)=(x(s),y(s),z(s)); 0<s<l (1)

where s is arclength along the curve. Suppose that some scalar function

W(x,y,z) is defined at every point of C. We break C up into little strips (as

in fig.1) and consider W as being approximately constant over each strip.

Consider now the sum:
ns

W(P )Ds+W(P )Ds+.....+W(P )Ds= W(P ) Ds
1 2 n t i

i=1

and now define the limit:
ns i i i

Lim W(P )Ds= W(P)ds= W(x,y,z)ds= W(s)ds (2)
nL8 t i j j j

i=1 C C C

to be the line integral of the scalar function W(x,y,z) along the curve C,

called the path of integration. Note that because the the curve C is

represented by (1), along the curve each of x,y,z is a function of s and so W

1







=W(s) along C also. In (2) it is possible to put limits on the integration

corresponding to the values of s at the begin and endpoints of the curve C.

Thus the integral can also be written as:
si 1 (3)

W(s) ds
js
0

where s ,s are the values of the arclength corresponding to the two ends of
0 1

the curve (typically s =0 if we choose to measure distance from this point).
0

If the curve C runs along the x-axis then along C (i.e. along the x-axis)

W=W(x) and arclength s_x so ds_dx and (3) just reduces to a definite integral

of the form i W(x)dx.

As with definite integrals, it is important to remember that (referring

to fig.1) if the value of W is known at each point along the curve, that

evaluating the line integral amounts to finding the area under a curve in 3d

space.

The normal way of actually evaluating a line integral is by obtaining a

parametric representation for the path of integration C. Recall that to

describe a curve in 3D space, one parameter is sufficient. Thus describe C by

r(t)=(x(t),y(t),z(t)) with t varying. Thus if one requires the line integral

of some function along a curve in space which is not represented

parametrically (e.g. y=2x+3,z=0), the first step is always to first find a

parametric representation and then proceed to write all quantities in the

integrand in terms of the parameter, reducing the integral to a definite

integral in this way. The method is best illustrated by an example.

Example
3

Evaluate i Wds where W(x,y,z)=xy and C is the segment of the line y=2x,

z=0 in the xy plane from (-1,-2,0) to (1,2,0).

Solution:

We firstly require a parametric representation of the line y = 2x between the

two endpoints. We seek a representation of the form r = r(t)=(x(t),y(t),z(t))

or a system of 3 equations:

x=a(t) y=b(t) z=d(t)

and a range of values for the parameter t such that the line C is mapped out.

We recall from chapter 3 that the general equation of a line requires that

x,y,z be linear functions of t. We also recall that if two points A,B on the

lines are known, the general equation of the lines takes the form

r(t)=a+(b-a)t. Obviously (0,0,0) lies on the line y=2x,z=0. Let a=(0,0,0) and

b=(1,2,0). (We could also just let a=(-1,-2,0) of course). Thus we have

r(t)=(0,0,0)+(1,2,0)t i.e. r(t)=(t,2t,0) so we choose

x=t; y=2t; z=0 with -1<t<1
or in vector notation:

r=r(t)=(t,2t,0); -1<t<1
where the values of t are chosen to ensure we include all points on the

line.Now the integral is:
i i 3

I= W(x,y,z) ds= xy ds
jC jC

and obviously we cannot integrate this integrand wrt s as it stands. However
3 3 4

along the curve C, xy =t(2t) =8t so we rewrite the integral as:

i 4 it=1 4 ds
I= 8t ds= 8t ---------- dt
jC jt=-1 dt
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If we could now find an expression for s (arclength) as a function of t, we

would be able to simplify even further. But from S3.8 we recall that:

ds dr & dx 2 dy 2 dz 2*1/2----------=1----------1= (----------) +(----------) +(----------)
dt dt 7 dt dt dt 8

but in the present case, we have:

dx dy dz
----------=1; ----------=2; ----------=0
dt dt dt

dr ds 1/2
so ----------=(1,2,0) and thus ----------= (1+4+0) =r5. Hence we reduce to:

dt dt

it=1 4
I= 8t r5 dt
jt=-1

This is just a definite integral which reduces to:

5 t=1
I= [r5 8t /5] =16/r51.

t=-1

Summarising, line integrals are evaluated by obtaining a parametric
ds

representation for the path of integration r=r(t), using the fact that ds=----------dt
dt

and then writing the integrand W and ds/dt in terms of t reducing to a

definite integral.

Example

2 2
Evaluate iWds when W=x +y and C is the triangle with vertices at

(0,0,0),(1,0,0),(0,1,0).
z

1
1
1
1
1
1
1 B(0,1,0) y
1
m----------------------------------------------------------------------

/
/

/
x /

/
/A(1,0,0)

Solution:

Here it is necessary to break the integration into three parts: each part

corresponding to one of the line segments of the triangle C. We also note that

this is really a two dimensional problem as the triangle is restricted to the

xy plane. In addition note that along OA and OB arclength s=x or y

respectively which can be used to simplify the corresponding integrals

significantly. The basic strategy is thus:

i i i i
I= Wds= Wds+ Wds+ Wds
jC jOA jAB jBO

2 2 2
Along OA s=x so ds=dx and also y=0 so W=x +y =x . Hence:

i i1 2
Wds= x dx =1/3

jOA j0

2 2 2
Along BO s=-y so ds=-dy and also x=0 so W=x +y =y . Hence:

3



i i0 2
Wds=- y dy =1/3

jBO j1

Finally along AB the above simplifications are not possible and is necessary

to use the parameterisation technique to evaluate the integral: On AB

x+y=1,z=0 and so parametrically x=1-t,y=t,z=0; 0<t<1, expresses x,y,z as

functions of the parameter t and maps out the line AB. As before we write:

i i1 2 2 ds
W ds = {(1-t) +t } ---------- dt

jAB j0 dt

ds dr dr ds
but ----------= 1----------1 and ----------=(-1,1,0) so ----------=r2. Hence

dt dt dt dt

i i1 2 2
Wds= {(1-t) +t } r2 dt= 2r2/3.

jAB j0

Hence I=1/3+1/3+2r2/31.

Remarks

(i) The line integral along a curve C is independent of the direction along

which the curve is traversed as long as arclength is taken to be increasing as

we move from the designated beginpoint to the designated endpoint.
/ B

/
A O / /
/ / M
/

/
(ii) For a line integral about a closed curve ( for example a circle) the

value of the integral is independent of the point at which one starts. Such

integrals are often written as k Wds to emphasize the fact that the

integration curve is closed.

(iii) The "difficulty" with line integrals iW(x,y,z)ds is that we cannot
2 2 2 2

write ds simply in terms of dx or dy or dz as ds =dx +dy +dz (why?). Hence we

seek an alternative route by parameterising. In certain cases (for example

parts of the previous example) ds= dx or dy or dz e.g. if line integral is

along the x axis (or y or z). For such cases we reduce to a definite

integral.

(iv) Note the occurrence of dummy variables. For a definite integral
1 1i f(x)dx_i f(y)dy.The variables x and y are dummies (like a repeated index
0 0

when using the Einstein summation notation). For a line integral we write

i Wds where C is a curve in space. We write s to mean the arclength here but
C

it really signifies the arclength by virtue of the region over which we are

integrating i.e. C = arc or curve in space. We could also write i Wda of
C

course but using s is helpful to remind us that we are referring to arclength.

(v) Analogous to definite integrals we have iK Wds= KiWds where K is a

constant. In addition (as occurred in the previous example) it is possible to

split up the range of integration and add the constituent parts together:

i i i
W ds= W ds + W ds

jC jC jC
1 2
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where C=C +C . For example:
1 2

C C
1 2--------------------------------------------------k-------------------------------------------------------

C

Finally, analogous to definite integrals we have:
i i i
(f+g)ds = fds+ gds

jC jC jC

(vi) So if a curve is piecewise smooth and we wish to integrate along it, we

break it up into subcurves (at each corner) each of which is smooth and

perform each integration separately, adding up all the separate contributions

at the end. (See previous example).

Exercise

2 2 2 2 2 2 1/2
Evaluate the line integral of W=(a y /b +b x /a ) around the ellipse

2 2 2 2
x /a +y /b =1,z=0 where a, b are known constants.

(Hint: The parametric equations of the ellipse are: x=acosq,y=bsinq,z=0,

0<q<2p).

5.2 Line Integrals of a Vector Field

Let f be a vector defined at all points along a piecewise smooth curve C. Let

^
t denote the unit tangent along C. We define:

i ^
I= f.t ds (7)

jC

to be the scalar line integral of f along C. (It is a scalar because of the

dot product).

If r=r(s) is the position vector of any point on C then
^ dr
t=---------- (8)
ds

(why?) and we can write the integral as:

i dr i
I= f.---------- ds= f.dr (9)
jC ds jC

(where r =(x,y,z) is the usual position vector and dr=(dx,dy,dz)). This is

very often written in the form:

i
f.ds (9a)

jC

^
where ds is a vector and is defined by ds_tds_dr. One of the problems in

coming to terms with line and multiple integrals is initially is the different

notations used by different authors. We will usually use the notation in (9)

but (9a) is also common and it is easy to reconcile the two if the above

definition of ds is kept in mind.

If the curve C is closed the integral is called the circulation of the

vector f about the curve and it is written:

Circulation=k f.dr (10)
C
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In fluid mechanics if u is the velocity field vector the circulation about a

closed curve i.e. k u.dr indicates the tendency of fluid elements to move
C

around the curve C. Note that the direction in which the integration is

carried out in a line integral of a vector field is important. If we reverse
^

the direction of integration t is also reversed and the integral changes sign

in such cases. So for example if we are talking about the scalar line integral

of a vector field about a circle, we must define the direction in which the

integration is to be carried out (clockwise or anticlockwise).

The technique for evaluating scalar line integrals of a vector field is

similar to that used for line integrals of a scalar field. A parametric

definition of the curve C must be found in the form r=r(t) (note that this

parameter t is also a dummy parameter: we could as easily write r=r(q)). Then

the integrand is written wholly in terms of the parameter t, Finally we use
dr

the fact that dr=----------dt (compare the equivalent step for writing ds in terms of
dt

dt in the case of the line integral of a scalar field).

Example

Evaluate k f.dr for the vector field f=(z,x,y) along the curve C =the circle
C

2 2 2
x +y =a ,z=0, described in a clockwise sense for an observer looking along the

positive z-axis.

Solution:

The circle is given parametrically by

r=r(q)=(x(q),y(q),z(q))=(acosq,asinq,0), 0<q<2p.
Thus along the curve C, f=(z,x,y)=(0,acosq,asinq). In addition we have
dr
----------=(-asinq,acosq,0) so the line integral becomes:
dq

i i2p i2p dr
I= k f.dr= (0,acosq,asinq).dr= (0,acosq,asinq).----------dq=

jC j0 j0 dq

i2p i2p 2 2
(0,acosq,asinq).(-asinq,acosq,0)dq= a cos q dq.

j0 j0

This latter integral is just a straightforward definite integral and can be
2

evaluated directly using the fact that cos q=1/2(1+cos2q) so
2icos qdq=q/2+(sin2q)/4. So we find:

2 2p 2 2
I=a (q/2+(sinq)/4)1 =pa -0=pa 1.

0

Work done

In mechanics, if a force f moves its point of application along a curve C in

doing work then the amount of work done is given by the line integral:

i
Work done= f.dr

jC

^
If f acts along the curve at all times then f.dr=1f11dr1cos0=1f1t ds1=1f1ds
and the integral reduces to the scalar line integral:
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i
work done= 1f1ds

jC

as 1f1 is a scalar. If furthermore the acting force 1f1 is constant i.e. its

value does not vary along the curve C, the expression reduces to the familiar:

i
work done=1f1 ds=1f1s= force times distance

jC

as s represents arclength along the curve i.e. distance along the curve.

Vector Line Integrals

Another common type of line integral of a vector field called a vector line

integral takes the form ifds and is defined as:

i i i i
f ds=i f ds+j f ds+k f ds (11)

jC jC 1 jC 2 jC 3

where f=(f ,f ,f )= f i+f j+f k. Note that evaluating this integral results in
1 2 3 1 2 3

a vector and in order to carry out the integration we merely have to evaluate

three scalar line integrals (on the RHS of (11)) which have already been dealt

with in S5.1.

The fundamental theorem of calculus for line integrals

Let C be a curve with parametric representation r(t), te[a,b], be a piecewise

smooth curve with initial point a=r(a) and final point b=r(b). If the scalar

field f(x,y,z) is continuously differentiable on an open set that contains the

curve C, then

i Df(r).dr= f(b)-f(a)
C

Proof:

Since C is smooth we have

b dr bi Df(r).dr=i Df(r).----------dt =i (df/dx,df/dy,df/dz).(dx/dt,dy/dt,dz/dt)dt
C a dt a

b b df
=i (df/dx dx/dt+df/dy dy/dt+df/dz dz/dt)dt=i ---------- dt (Chain rule)
a a dt

b
=f(r(t)1 = f(r(b))-f(r(a))=f(b)-f(a)1

a

Note: If the curve C is closed then the integral evaluates to 0.

S5.3 Repeated Integrals

An integral of the form:

ib iq(x)
f(x,y) dy dx

ja jp(x)

where a,b are known constants, p(x),q(x) are known functions of x, f(x,y) is a

7



known function of (x,y) is called a repeated integral. It is evaluated by

first evaluating the inner integral:

iq(x)
f(x,y) dy

jp(x)

while holding x constant in the integration i.e. carrying out this integration

as if x were a constant. (x and y are independent variables so it is okay to

do this. Compare this to the operation of taking partial derivatives where one

of more of the independent variables is held constant during the

differentiation). When the integral has been evaluated and the limit values

have been filled in, what remains is a function of x only = I(x) as wherever y

appears it is replaced by p(x),q(x). Now to evaluate the repeated integral we

have:

( )
ib iq(x) ib iq(x) ib

f(x,y) dy dx= { f(x,y) dy}dx= I(x)
ja jp(x) ja jp(x) ja9 0

dx

and evaluation of the repeated integral has reduced to evaluation of a

definite integral as I(x) is a known function of x.

The general rule of thumb for repeated integrals (and any multiple

integrals) is that the limits on the inner integration can be functions of the

outer variable (x in the present example) but the limits on the outermost

integral must be constants. In the special case where both the inner and outer

limits are constants (see fig.2), the order of integration may be reversed

i.e.

ib id id ib
f(x,y) dy dx= f(x,y) dx dy

ja jc jc ja

provided a,b,c,d are constants and the integrand is sufficiently smooth. (See

fig.2).

Example

i1 i1/2
Evaluate I= xy dy dx.

j0 jx/2

Solution:

i1/2 2 y=1/2
The inner integral is xy dy= xy /21 (treating x as a constant) and so

jx/2 y=x/2
3

the inner integral= x/8-x /8. Thus

i1 3 2 4 1
I= (x/8-x /8) dx= (x/16-x /32)1 =1/321.j0 0

S5.4 Double and area integrals

Let f(x,y) be a scalar function of two variables defined over a closed region

R in xy space as shown in fig.3. (Recall that f(x,y) is represented

geometrically by a surface in 3D space but we do not show this in fig.3). We

subdivide R by drawing lines parallel to the x and y axes. We number those

rectangles which are within R from 1 to n. In each such rectangle we choose a

point, say, (x ,y ) in the kth rectangle and then we form the sum:
k k
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ns
J = f(x ,y ) DA
n t k k k
k=1

where DA is the area of the kth rectangle. We now let n become bigger and
k

bigger so the size of the rectangles becomes smaller and smaller. If Lim
nL8

J exists (which it will if f(x,y) is continuous in R) then we define:
n

ns i ii
Lim J =Lim f(x ,y ) DA = f dA= f dxdy
nL8 n nL8 t k k k jR jjR

k=1

where the limits of the integration in terms of x and y are consistent with

the region R. Thus we write the area integral as a repeated integral which we

can evaluate as in S5.3. Note that some books write area integrals with a

single integral sign (i f dA) while others use a double integral (because

effectively two integrations have to be carried out).

Area integrals are "easy" because the differential element of area dA=dxdy as

DA=DxDy and once we have made this step the area integral has been reduced to

a repeated integral.

The main difficulty in evaluating area integrals is in choosing the limits of

integration to correspond to the region of integration R. The integration

limits are particularly easy to choose if R is a rectangle (fig.3) when the

area integral becomes:

i ix=b iy=d iy=d ix=b
f(x,y)dA= f(x,y) dy dx= f(x,y) dx dy

jR jx=a jy=c jy=c jx=a

and it is clear that a<x<b, c<y<d are the correct limits of integration

corresponding to the rectangle R. In this case the repeated integral has

limits which are all constant and the order of integration is irrelevant

(provided one remembers to keep x and y associated with the correct limits).

Consider now the more difficult (general) situation where the integration is

to be carried out over a region like that shown in fig.4. The important point

to bear in mind is that the order of integration is crucial for determining

the limits of integration. Suppose we wish to evaluate i fdA in this
R

instance where again f=f(x,y) is a known function defined everywhere in R.

Then we know that the basic idea is to reduce to a repeated integral as

dA=dxdy=dydx. Suppose we decide to carry out the y integration first and then

the x integration. then we must remember that the inner limits may be

functions of the outer variable but the outer limits will be constants. Thus

referring to fig.4 we see that the region R can be described by the

inequalities:a<x<b; p(x)<y<q(x) where a,b are known constants and p(x),q(x)

are known functions. So the integral can be written as:

i ix=b iy=q(x)
f(x,y) dA= f(x,y) dy dx

jR jx=a jy=p(x)

and we see that the inner and outer variables satisfy our requirements.

Another way of viewing this integration is to bear in mind that when we are
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performing the integration (wrt y) we are holding x constant, so we are

essentially breaking the integration region R into vertical strips as shown in

fig.4. If we compare the y limits during integration along two of these strips

it is clear that the limits on y are different in each case i.e. that the two

limit values of y vary with x (i.e. are functions of x) and those functions

are of course p(x) and q(x).

If we instead choose to perform the integration wrt x first, we note that

R is described by the inequalities: r(y)<x<s(y); c<y<d where again c and d are

known constants and r(y),s(y) are known functions of y (see fig.5). Thus the

integral can be written as:

i iy=d ix=s(y)
f(x,y) dA= f(x,y) dx dy

jR jy=c jx=r(y)

and you should satisfy yourself that the inner and outer limits again satisfy

our requirements. Note that the integration in this case can be regarded as

integrating across horizontal strips and for any two of these strips it is

clear that the limit values of x are different and are functions of y.

When carrying out double integrals, it is useful to draw a diagram to show the

area over which you are integrating. Note that in some circumstances it may be

necessary to to break the region of integration R into subregions each of

which can be described by inequalities of the type used above.

The rigorous justification for the reduction of a double integral to a

repeated integral is called Fubini’s theorem. The emphasis here is on the

practical evaluation of these integrals so we will not consider the theorem

here.

Example

i
Evaluate xy dA where R is the square formed by the points

jR
(0,0),(1,0),(1,1),(0,1).

Solution:

The region of integration is clearly:
y j----------------------------------------o(1,1)

1 1
1(0,1) 1
1 1
1 R 1
1 1
1 1
1(0,0) 1(1,0)
1 1 x
m-----------------------------------------------------------------

i1 i1 i1 2 1
I= xy dxdy= y/2 dy=y /41 =1/4
j0 j0 j0 0

Alternatively, reversing the order of integration (which is trivial here as

we are dealing with a square region of integration):

i1i1 i1 2 1
I= xy dy dx= x/2 dx = x /41 =1/41.
j0j0 j0 0

Example

i
Evaluate xy dA where R is the triangle formed by the points

jR
(0,0),(1,1/2),(0,1/2).

10



Solution:

The region of integration is clearly:

y ?
1 ? y=x/2
1 ?
1 ?

R ?
j---------------------------------------------?

(0,1/2)1 / (1,1/2)
1-------/
1------/

/
1 /
1---/
1--/
1 /
1/
m---------------------------------------------k------------------------------

(1,0)

Let us choose to integrate first wrt x and then wrt y so the x variable is the

inner variable and during the first integration y is held constant. In this

case the region R is described by the inequalities: 0<x<2y; 0<y<1/2 and the

area integral is:

i iy=1/2 ix=2y i1/2 2 x=2y
I= xy dA= xy dx dy= (x y/2)1 dy=
jR jy=0 jx=0 j0 x=0

i1/2 3 4 1/2
2y dy =y /21 =1/32.

j0 0

Note again that in performing the integration wrt x first we are integrating

across horizontal strips and the limits on x vary (as functions of y) from

strip to strip (see diagram above).

Alternatively we can reverse the order of integration noting that in this

case the region R is described by the inequalities: 0<x<1; x/2<y<1/2. In this

case the integral becomes:

i ix=1 iy=1/2 i1 2 y=1/2
I= xy dA= xy dy dx= (x y /2)1 dy=
jR jx=0 jy=x/2 j0 y=x/2

i1 3 2 4 1
(x/8-x /8)dy =(x /16-x /32)1 =1/32 as above1.

j0 0

5.4.1 Geometrical interpretation of double integrals

If f=f(x,y) the equation z=f(x,y) represents a surface in x,y,z space. As
ns

iif(x,y)dxdy = iifdA= Lim f(x )DA the integral represents the volume
nL8 t k k

k=1

contained between the surface z=f(x,y) above the region R in the xy plane.

This follows because each element in the limiting summation represents the

volume of a parallepiped with base area DA and height f(x ,y ) and adding all
k k k

these contributions together gives the total volume beneath the surface

z=f(x,y) (see fig.6).

N.B. Using double integrals to evaluate two dimensional areas

Note the important special case where we set f(x,y)_1 so the area

11



i ii
integral becomes 1 dA(= 1 dxdy) which corresponds to the volume of a

jR jj
cylinder with base of area R and height 1. As the volume of such a cylinder

=area of base times the height, the area of the base is numerically equal to

i i
the volume under the surface z=1 and we see that 1dA= dA =A = area of the

jR jRi
region R. So in the expression dA we can treat this expression as if the

jR i
integral and differential operators cancel giving dA=A1 =area of region R

jR R

(see fig.7).

5.4.2 Change of Variables

With ordinary definite integrals, we are familiar with changes of variable.

Consider

i1 2 1/2
I = (1-x ) dx

j0

To evaluate this integral we let x=sinq so dx=cosqdq and we must also adjust

the limits correspondingly. Thus the limit x=1 corresponds to q=p/2 and the

limit x=0 corresponds to q=0. Thus

ip/2 2 1/2 ip/2 2 ip/2
I= (1-sin q) cosq dq = cos q dq = (1+cos2q)/2 dq =p/4.

j0 j0 j0

ib
Thus in general if I= f(x) dx and we wish to carry out a transformation of

ja
independent variable x=x(q), we write:

ib dx
I= f(x(q)) ---------- dq
ja dq

where x(a)=a and x(b)=b. (Compare the example above).

For double integrals it is often convenient to change co-ordinate systems

(i.e. transform variables). For example if an area over which we are

integrating is circular, plane polar co-ordinates may be useful. Suppose that

we have the integral:

ii
I= f(x,y) dxdy
jjR

and we wish to transform to new variables (u,v) with

x=x(u,v) y=y(u,v) (28)

Then it can be shown that (we defer the proof till later)

ii
I= f(x(u,v),y(u,v)) 1J1 du dv (29)
jjR’

where R’ is the region in the (u,v) plane corresponding to R in the xy plane

(just as we had to change the limits in the definite integral above from being

in terms of x to being in terms of q) and J is the Jacobian determinant

defined as:
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dx dx
# ---------- ---------- $
du dv

d(x,y) | | dx dy dx dy
J_------------------------------_ det = (---------- ---------- ----------- ----------) (30)
d(u,v) | dy dy | du dv dv du

---------- ----------
3 du dv 4

Referring back to the example above for the definite integral where we let

x=sinq, note that the Jacobian determinant is a generalisation (for the case
dx

of two independent variables) of the ---------- which arises during the
dq

transformation of the definite integral. The proof of this result is

deferred and is ultimately given in the appendix.

To summarise, if we wish to transform a double integral with independent

variables (x,y) to new independent variables (u,v) where x=x(u,v) and

y=y(u,v) i.e. if we wish to transform ii f(x,y)dxdy then we must:
R

(i) Change the limits of the integral correspondingly

(ii) Write each of x and y in f(x,y) explicitly as a function of (u,v)
d(x,y)

(iii) Transform dxdy= 1------------------------------1dudv. (Note that a rough mnemonic for carrying
d(u,v)

out this last step is to "imagine" that the d(u,v) cancels out the dudv in a
dx

similar way to the fact that dx=----------dq).
dq

We also note that the Jacobian can be used to get the differential element of

area in any co-ordinate system i.e.

d(x,y)
dA=dxdy=1------------------------------1dudv

d(u,v)

Cartesians to polars in two dimensions

In the case of the very common transformation from cartesian (x,y)

coordinates to plane polars (r,q) (which is typically useful if the two

dimensional areas which we are dealing with are circular or partly circular),

the Jacobian determinant is given by:

dx dy dx dy 2 2
J=(---------- ---------- ----------- ----------)=cosq rcosq+rsinq sinq=r(cos q+sin q)=r

dr dq dq dr

and so dA=dxdy = rdrdq. This can be interpreted geometrically as in fig.7a.

The area dA is illustrated. Its edges have lengths rdq, (r+dr)dq and dr. Note

that the area dA is essentially a rectangle (in the limit as dAL0) with sides

dr, rdq to first order in dr,dq giving an area dA=rdrdq as above.

Example
ii 2

Evaluate I= y dxdy by transforming to polar co-ordinates where R is
jjR

2 1/2
the quarter circle 0<y<(1-x ) , 0<x<1.

Solution:

It is useful to get an idea of what the region of integration looks like in

both systems i.e. in terms of (x,y) and (r,q). Recall that plane polar

coordinates are defined as x=rcosq;y=rsinq. As we are dealing with a quarter

circle in the first quadrant we are dealing with the following domains:
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y q

(0,1)1 1_______________________________________________________
(0,p/2) !

1 1 !
1 1

!
1 1

!
1 1
1 1 !
k------------------------------------------------------------ k------------------------------------------------------------

x r
(1,0) (1,0)

Recall that we need to transform

(i) new limits for (r,q)
2

(ii) Write x and y in terms of r,q in the expression f(x,y)(=y in this

instance).
d(x,y)

(iii)dxdy = 1J1drdq=1------------------------------1drdq
d(r,q)

We first derive an explicit expression for J for plane polar coordinates using

(30) with u_r,v_q and recalling that x=rcosq,y=rsinq. Thus, in this instance

we have:

dx dy dx dy 2 2
J=(---------- ---------- ----------- ----------)=cosq rcosq+rsinq sinq=r(cos q+sin q)=r

dr dq dq dr

Considering R in the (x,y) (see diagram above) we find by inspection that it

will be covered in (r,q) space if 0<r<1 and 0<q<p/2. Thus we have:
2 1/2ii i1i(1-x ) 2

I= = y dy dx
jjR j0j0

and transforming this becomes:
ip/2 i1 2 2 ip/2 i1 2 2

I= r sin q 1J1 drdq=I= r sin q rdrdq=
j0 j0 j0 j0

ip/2 2 ip/2
= sin q 1/4 dq = 1/4 (1-cos2q)dq=p/161.
j0 j0

Note that on transforming to polar coordinates, the limits of the integration

were simpler than in the original case with cartesians (essentially because

polar coordinates are better suited for circular shaped domains).

Example

Find the area of a quarter circle of radius a using polar co-ordinates.

Solution:

i ii
Area= dA= dxdy

jR jjR

It is possible to do this integration directly by working out the correct

limits for the integration wrt x and y. Instead transform to polar coordinates

where obviously the correct limits of integration are: 0<r<1,0<q<p/2. Recall

from the last problem that the Jacobian determinant J=r. Thus

ip/2ia ip/2ia ip/2 2 2 ip/2 2
Area= 1J1drdq= rdrdq= a /2dq=a /2 dq=pa /41.

j0 j0 j0 j0 j0 j0

Exercise: Perform the integration directly (using x and y as independent

variables).

5.5 Triple and volume integrals
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We can define triple and volume integrals analogously to double integrals.

Suppose f (x,y,z) is defined in some volume of space V. Then we break V up

into small parallelepipeds each of volume DV and we form the sum:

ns
J =
n t f(x ,y ,z ) DV
k=1 k k k k

Again by letting n become larger and larger (i.e. VDV become smaller and
k

smaller) we can take the limit as the parallelepipeds become ever smaller and

if this limit exists (which it will if f(x,y,z) is continuous) we define:

ns i iii
Lim f(x ,y z )DV = f dV= f(x,y,z)dxdydz
nL8 t k k k k jV jjj

k=1

to be the volume integral of f(x,y,z) over the region. Like area integrals,

volume integrals are easy because the differential element of volume

dV=dxdydz. Note again that some authors will always write a volume integral

with a triple integral sign iii as three integrals must in principle be

carried out. So both the notation ifdV and iiifdv are acceptable.

5.5.1 Geometrical interpretation

By analogy with double integrals, iiif dxdydz is the "volume" of the 4-D

object above the 3-D "plane" described by V.

However setting f(x,y,z)_1 gives an integral i1dV (=iii1dxdydz) in which the

integral and differentials can be regarded as cancelling and the integral=the

volume of the region V i.e i dV when evaluated is numerically equal to the
V

volume of space occupied by the solid body V.

If a liquid occupies the volume V with density r= r(x,y,z) then the total mass

occupying V is

i iii
mass= rdV= r(x,y,z) dxdydz

jV jjj

If the density r is the same at every point in the body i.e.r=constant this

integral reduces to the familiar result:

iii
mass=r dxdydz =rV i.e. mass=density times volume

jjjV

5.5.2 Evaluation of triple integrals

This is usually done by evaluation of repeated integrals. As before with

double integrals the order of integration is unimportant for well behaved

f(x,y,z) as long as one remembers to adjust the limits of integration

accordingly. In this instance we need to generalise for the case of double

integrals. We now have to deal with three integrals so we have an inner, a

middle and an outer integration. The innermost limits may be functions of 2

variables (the two outer variables), the middle limits may be functions of a

single variable (the remaining outer variable) and the outermost limits will
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be constants e.g. a typical triple integral looks like:

iz=fiy=d(z)ix=b(y,z)
f(x,y,z) dxdydz

jz=ejy=c(z)jx=a(y,z)

where e,f are constants, c(z) and d(z) are functions of z and a(y,z) and

b(y,z) are functions of y and z. In the above case, the inner integration is

performed first with respect to x, while y and z are held constant. This

results in a function of (y,z) only. The second integration is now performed

with respect to y keeping z constant resulting in a function of z only. This

leaves just a single (definite) integral in terms of the variable z.

Example

i 2 2
Evaluate (y +z )dV if V is the three dimensional volume defined by

jV
1x1<a,1y1<b,1z1<c where a,b,c are known constants.

Solution:

The region V is a rectangular parallelepiped with faces in the planes

x=+a,y=+b,z=+c.

ic ib ia 2 2 ic ib 2 2
I= (y +z ) dxdydz= 2a(y +z )dydz=
j-cj-bj-a j-cj-b

ic 2 2 2 2
2a(2b /3+2bz ) dxdydz= 8/3 abc(b +c )1.

j-c

Exercise: Write down a triple integral representing the volume of the region V

in the last example and evaluate this integral.

5.5.3 Changes of variables in triple integrals

Analogous the 2D situation, if we are evaluating a volume integral
i
f(x,y,z)dV and we wish to transform from independent variables (x,y,z) to

jV
(u,v,w) with

x=x(u,v,w),y=y(u,v,w),z=z(u,v,w)

then

iii iii
f(x,y,z)dxdydz= f(x(u,v,w),y(u,v,w),z(u,v,w))1J1dudvdw

jjjV jjjV’

where J is the Jacobian determinant defined by:
u dx dx dx o
1 ---------- ---------- ---------- 1
1 du dv dw 1
1 1

d(x,y,z) | dy dy dy |
J= ----------------------------------- = det ---------- ---------- ----------

d(u,v,w) | du dv dw |
1 dz dz dz 1
1 ---------- ---------- ---------- 1
1 du dv dw 1
m .

where V’ is the region in (u,v,w) space corresponding to V in xyz space.

Again we transform:

(i) Limits of integration

(ii) Each x,y,z in f(x,y,z) is written in terms of (u,v,w) (giving essentially
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a new function g(u,v,w))

(iii) dxdydz=1J1 dudvdw.

Again the Jacobian can be used to write down the differential volume element

in any co-ordinate system:

dV = dxdydz = 1J1dudvdw.

For example if we wish to transform from cartesians (x,y,z) to cylindrical

polars (r,q,z) we have (on identifying (r,q,z) with (u,v,w) and recalling that

x=rcosq,y=rsinq,z=z:
u dx dx dx o u o
1 ---------- ---------- ---------- 1 1 cosq -rsinq 01
1 dr dq dz 1 1 1
1 1 1 1

2 2d(x,y,z) | dy dy dy |= | sinq rcosq 0|=r(cos q+sin q)=r
J= ----------------------------------- = det ---------- ---------- ---------- det

d(r,q,z) | dr dq dz | | |
1 dz dz dz 1 1 1
1 ---------- ---------- ---------- 1 1 0 0 11
1 dr dq dz 1 1 1
m . m .

So in cylindrical polar coordinates we have

dV=dxdydz=rdrdqdz

Exercise: Show that for a transformation from cartesians to spherical polars
2 2

(r,q,f) that J=r sinq and hence that dV=r sinq drdqdf.

In problems concerning cylindrical and spherical shapes, such coordinate

transformations will be of great use.

i
Note: In an expression like fdV where V represents some volume in space,

jV
note that dV=dxdydz by virtue of the fact that V is a volume and not because

we use the letter V in the differential. The V in the differential is a dummy
i iii

variable and we could as easily write fda= fdxdydz.jV jjjV

Example

Calculate the volume of a sphere of radius a using spherical coordinates.

Solution:

In sphericals a solid sphere centred at the origin is defined by

0<r<a,0<q<p,0<f<2p (i.e we wish to take points at all latitudes and longitudes

of distance <a from the centre). Thus

i iii iii iii 2
Volume= 1 dV= dxdydz= 1J1drdqdf= r sinqdrdqdf=

jV jjjV jjjV jjjV

i2pip ia 2 3 i2pip 3 i2p 3
r sinqdrdqdf=a /3 sinq dqdf=2a /3 df=4pa /31.

j0 j0 j0 j0 j0 j0
Exercise: Try the previous problem using cartesian coordinates.

5.6 Surfaces

Volume and area integrals were "easy" in the sense that the differential

element of volume was dA = dxdy and dV = dxdydz and we could easily reduce to

a repeated integral. Consider an integral defined on the surface of a sphere,

when f(x,y,z) is defined everywhere in space and in particular on the surface
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of the sphere. In the usual way we can define an integral in terms of a

limiting summation:

ns ii
Lim f(x ,y ,z ) DS _ f(x,y,z) dS
nL8 t k k k k jj

k=1 S

where we break the surface S into little elements DS and (x ,y ,z ) is
k k k k

located in the middle of each element.

Exercise Suppose that the surface S corresponds to the surface of a sphere

and the function f(x,y,z) restricted to the surface of the sphere corresponds

to the height of grass growing out of the sphere at each point! To what does

ii fdS correspond?II
S

i
The general surface integral is of the form fdS where dS corresponds to a

jS
differential element of surface on the sphere but how do we integrate this?

In fact surface integrals are analogous to line integrals (which were

also "difficult") and then the strategy was to get a parametric description of

the curve, and use that to simplify the expression.

Let a variable point P have a position vector r(u,v) = (x(u,v),y(u,v),z(u,v))

where (u,v) are parameters in some continuous region of the uv plane and x,y,z

are single valued functions of u,v. If u is held constant and v is allowed to

vary we have essentially one parameter and we get a family of curves called

the v co-ordinate curves. Similarly we have the family of u coordinate curves

by holding v constant and varying u. The network of all such curves describes

a surface S. Generally speaking r = r(t) defines a curve and r=r(u,v) defines

a surface parametrically. Note that a surface is infinitely thin and is thus a

2D object.

Example

r=r(q,z)=(x(q,z),y(q,z)z(q,z))=(cosq,sinq,z) with 0<q<2p,0<z<1 defines the

surface of a cylinder in (x,y,z) space. If we hold z constant then r=(x,y,z)
2 2 2 2

so x + y = cos q + sin q = 1 describes a circle in the plane z=constant. Now

letting z vary from 0 to 1 picks out all circles between z=0 and z=1 i.e. in

totality we pick out a cylindrical surface in space (see fig.8)

In this example identify q and z with u and v so q and z are the parameters in

the parametric description of the surface. Note that parametric definitions of

cylinders and spheres can be obtained from the definitions of these

coordinates systems. For example, in cylindricals we have x=rcosq,y=rsinq,z=z.

To obtain the equation of a surface we require only two parameters running

independently. In the example above r does not run freely but is fixed at the

value r=1 (a known constant) and q,z are the parameters with restrictions on

their values to pick out a particular surface in space. Hence from the

cylindrical coordinate system definition we obtain the parametric

representation x=cosq,y=sinq,z=z i.e.r=r(q,z)=(cosq,sinq,z). We could of

course rewrite this as r(u,v)=(cosu,sinu,v).

5.6.1 Two sided surfaces
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We restrict attention to surfaces with 2 sides. Mobius strips are thus

excluded.

5.6.2 Open and Closed Surfaces

A surface S is open if every pair of points not lying on S can be joined by a

continuous curve which does not cross S. A surface S is closed if it divides

space into two regions R , and R say such that every continuous curve joining
1 2

a point in R to a point in R crosses S at least once.
1 2

The cap of a sphere is open: a complete spherical shell is closed. The cap of

a sphere can be closed off with a circular plane (see fig.9).

5.6.3 Unit normal vector

Consider a surface S defined parametrically by r=r(u,v). At any point on S,

the vectors dr/du and dr/dv are tangential to the u and v coordinate curves

(because for example the u coordinate curves are defined by keeping v

constant=C and allowing u to vary. So r=r(u) which has just one parameter so

it describes a curve in space. From chapter 3, dr/du describes the tangent to

the curve at any point). (See fig.10).

Consider now the vector defined by:
r x r
u v---------------------------------------- (40)

1r x r 1
u v

where r =dr/du, r =dr/dv in the usual notation. From the definition of the
u v

vector product this is a vector which is perpendicular to both r and r . It
u v

is also a unit vector and is referred to as the unit normal vector. Recall

that r x r = -r x r so interchanging r and r also gives a unit vector but
u v v u u v

in the opposite direction. It is normal to label one side of a surface as

"outer" and to have the normal vector pointing in this direction and referred

to as the outward normal. For a closed surface (e.g. spherical shell) the

outer direction is that pointing "outwards" of course i.e. from the interior

to the exterior. (See fig.11).

Example

Consider the cylindrical surface given parametrically by

r(q,z)=(x(q,z),y(q,z),z(q,z))=(cosq,sinq,z) and find the unit normal at any

point to the surface.

Solution:

dr dr
---------- =r =(-sinq,cosq,0); ----------=r =(0,0,1)
dq q dz z

Thus r xr =(-sinq,cosq,0)x((0,0,1)=
q z

# i j k$
| |

det -sinq cosq 0 = (cosq,sinq,0)
| |
3 0 0 14
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Thus

^ 2 2 1/2
n= (cosq,sinq,0)/(cos q+sin q) =(cosq,sinq,0)

so according to the preceding theory (cosq,sinq,0) (=i cosq+j sinq) is the

unit normal vector to the cylindrical surface. Note that this normal is

independent of z which is geometrically correct (see fig.12) as the normal for

any particular value of q does not vary with z. Checking this result, we see

that for any value of q, (cosq,sinq,0) lies on the unit circle and corresponds

to a unit vector normal to the circumference of the cylinder.

We can also check the result in the following way: for any fixed value

of z=a, say, r=(cosq,sinq,a) corresponds to a curve in space with tangent

vector at any point given by t=r =(-sinq,cosq,0). But
q

^ ^
n.t=(cosq,sinq,0).(-sinq,cosq,0)=06 n1t

as required.

Smooth Surface

Defn: Given some surface S then if the unit normal exists and is continuous at

all points, the surface is said to be smooth. (Compare the definition of a

smooth curve).

5.6.4 Simple (Piecewise Smooth) Surface

Defn: A simple surface is one which is the union of finite number of

smooth surfaces. Such surfaces are sometimes termed piecewise smooth. (Again

compare a piecewise smooth curve). Intuitively a simple surface (piecewise

smooth surface) consists of smooth surfaces joined together at a finite number

of corners.

The surface of a cube (e.g. a die) is a simple closed surface (piecewise

smooth) consisting of the union of six smooth open surfaces (the faces) joined

at the corners. Another typical example is a spherical cap which has been

closed off (think of the surface of an apple cut in half as in fig.9) which

consists of the union of a smooth curved surface and the smooth (flat) planar

end joined at the (circular) corner.

The basic motivation for what follows is to find an expression for the

differential element of surface dS i.e. if we wish to evaluate an integral

i
along a (curved) surface fdS , how do we find an expression for dS?

jS

5.6.5 Surface area

Let P (u,v) be a point on the surface described by r=r(u,v). Let P (u+du,v) be
0 1

a neighbouring point on the u co-ordinate curve through P and P = P (u,v +dv)
0 2 2

be a neighbouring point on the v coordinate curve through P . Let the u
0

co-ordinate curve through P and the v co-ordinate curve through P meet at
0 1

P . Consider the surface element of S bounded by P ,P ,P ,P as in fig.13.
3 0 1 2 3
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P P P P is approximately a parallelogram so the area of the surface
0 1 2 3

element is approximately

----------L ---------------L
dS= 1P P x P P 1

0 1 0 2

Now

----------L dr
P P =P (u+du,v) - P (u,v) = r(u +du, vv) - r(u,v)= ---------- du
0 1 1 0 du

2
using a Taylor series to first order (thus neglecting terms of O(du )). In the

limit as duL0 the above approximations will become exact and we will be

dealing with a differential element of surface. Similarly

---------------L dr
P P = ---------- dv
0 2 dv

and so in the limit as du and dvL0 we find that the area of the surface

element is given by:

dr dr dr dr
dS=1----------du x ---------- dv1=1---------- x ---------- 1 dudv

du dv du dv

as dudv is a scalar and can be taken outside the vector product. Hence

dS=1r xr 1dudv (43)
u v

Using (43) as motivation we define surface area as follows:

Defn.

Given a surface S defined parametrically by r = r(u,v) the surface area

of S is

ii ii
dS = 1r xr 1 dudv (44)

jj jj u v

where the ranges of u and v are such that the whole of S is covered. We refer

to

dS = 1r x r 1 dudv
u v

as the differential surface element. (This corresponds to dA=dxdy of area

integrals for example).

Example

Calculate the surface area of the cylindrical surface defined by:

r(u,v)=(acosu,asinu,v) if a is a known constant and 0<u<2p, 0<v<b, b a

constant.

Solution:

We use the (now familiar) trick of choosing the integrand to be 1 i.e.

ii
surface area= 1 dS

jjs
The surface is given parametrically by:
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r=(acosu,asinu,v) 6 r =(-asinu,acosu,0) and r =(0,0,1).
u v

where u,v are the parameters.

Thus
# i j k$
| |

r xr = det -asinu acosu 0 = (acosu,asinu,0)
u v | |

3 0 0 14

2 2 2 2 1/2
and so 1r xr 1= (a cos u+a sin u) =a. Hence the surface area is given by:

u v

ibi2p ib
a dudv= 2padv=2pab1.

j0j0 j0

5.6.6 Alternative form of the equation of a surface

Consider the surface with parametric equation x=x(u,v),y=y(u,v),z=z(u,v) (i.e.

r=r(u,v)). Suppose we solve the first two equations to give u and v as

functions of x and y. Then the third equation will reduce to the form

z=f(x,y). This is an alternative representation of a surface provided no

portion of the surface is composed of lines parallel to the z axis.

z=f(x,y) is an explicit representation. It can also be written in the implicit

form F(x,y,z)=0 by defining F(x,y,z)_z-f(x,y).

2 2 2
Note that the infinite cylinder x +y =a in 3D cannot be written in the form

z= f(x,y) (see the example above) but it can be written in implicit form
2 2 2

F(x,y,z)=0 by defining F(x,y,z)_x +y -a .

Note also the difference when defining a curve in two and three dimensional

space. In 2D a curve is represented by y=f(x) e.g. y=2x+3 but in 3D the

equation y=2x+3 actually represents a surface unless we place a restriction on

z. Parametrically the equivalent definition would be r(t,v)=(t,2t+3,v) with v

arbitrary (=z) and as this contains two parameters it is indeed the equation

of a surface. If we wish to represent a curve in 3D space in x,y,z notation,

we specify it as being the intersection of two surfaces (e.g. think of two

planes intersecting in a line (=curve)). Thus typically in 3D space a curve is

represented by two equations of the form: F(x,y,z)=0,G(x,y,z)=0 (or

alternatively two equations of the form z=f(x,y),z=g(x,y) or a mixture of

these). Finally note the special case of ax+by+cz=d. According to the above

this is a surface in space as it can be written as ax+by+cz-d=F(x,y,z)=0. In

fact this is the general equation of a plane in 3D space (which is of course a

special kind of surface). It is the analogue of ax+by+c=0 (which was a line in

2D cartesians).

5.7 Surface Integrals

Let S be a simple surface (i.e piecewise smooth composed of a finite number of

smooth surfaces with parametric equation r=r(u,v)). Let R denote the region in

(u,v) space corresponding to points on S. If a scalar field W(x,y,z) and a

vector field f(x,y,z) are defined at all points in S, then on S the position

vector r=(x,y,z)=(x(u,v),y(u,v),z(u,v)) and so on S W=W(u,v) and f=f(u,v).

We define the surface integrals of W and f over S as follows:

ii ii
W dS = W(u,v)1r xr 1dudv (50)

jjS jjR u v
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ii ii ^ ii
f.dS= f.n dS= f(u,v).(r xr ) dudv (51)

jjS jjS jjR u v

Thus dS is interpreted as an element of surface area; and the vector dS is an
^

abbreviation for (or is defined to be) n dS where dS is the (scalar) element
^

of surface area and n is the unit normal vector to the surface and hence is
^

given by n =(r xr )/1r xr 1 from eq.(40).
u v u v

We define 3 other possible surface integrals. If f= fi+fj+fk then:

& * & * & *
ii ii ii ii

f dS =| f dS|i+| f dS|j+| f dS|k
jjS jjS 1 jjS 2 jjS 37 8 7 8 7 8

ii ii ^ ^
W dS= W n dS ; n is the unit normal vector

jjS jjS

ii ii ^
fxdS = fxn dS

jjS jjS

All three of these integrals result in vector functions. (Why?).

Examples

2 2 2 2 2 2
Evaluate ii WdS if (i) W=x +y ; S is the surface x +y +z =a .

S
2 2

(ii) W=x +y ; S is the surface of the cube 1x1<a; 1y1<a;
1z1<a, a being a known constant.

Solution:

(i) The parametric equations of the sphere are:

r=r(u,v) i.e. x= asinucosv,y=asinusinv,z=acosu

where a is constant and (u,v) are parameters: 0<u<p;0<v<2p. Of course (u,v)

are just (q,f) of the spherical co-ordinate system (r,q,f) which is ideal for

mapping out the surface of a sphere. In sphericals the surface of a sphere of

radius a is given by simply fixing r=a, the radius of the sphere and using the

transformation equations from chapter 4 to write (x,y,z) in terms of the two

remaining parameters (q,f) (as r is held constant it does not act as a

parameter). We can consider this to be a change of coordinate system: we are

using our experience with spherical coordinates to obtain a parametric

representation for the sphere in terms of cartesian coordinates.

2 2 2 2
On S W=x +y =a sin u, while the partial derivatives of r wrt to u,v are:

r =(acosucosv,acosusinv,-asinu)
u

r =(-asinusinv,asinucosv,0)
v

Thus
2 2 2 2 2

r xr = (a sin ucosv,a sin usinv,a cosusinu)
u v

and so
21r xr 1=a sinu

u v

Hence
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ii i2pip i2pip 4 3 4i2p 3 2p
W dS= W(u,v)1r xr 1dudv= a sin u dudv=a (-cosu+(cos u)/3)1 dv

jjS j0 j0 u v j0 j0 j0 0

4
=8/3 pa 1.

Note: (i) In evaluating the above integral we used the fact that:
3 3isin udu= -cosu+(cos u)/3

(ii) To evaluate the second integral (fig.14) we do so by considering the

6 faces of the cube separately (fig.14). In fact it is only possible to

integrate across smooth parts of the surface. Wherever there is a corner, we

stop the integration and then carry it out again for the next smooth piece of

the surface (this is the reason that we can integrate over a piecewise smooth

surface). In addition, we can take short-cuts in this problem by using

geometrical arguments to obtain dS the differential element of surface.

On the two faces z=+a we know that each face is parallel to the xy plane and

hence the element of surface dS=dxdy. Define:
ia ia 2 2 4

C =integral over the face z=+a=2 (x +y )dxdy =16a /3.
1 j-a j-a

On the two faces x=+a we know that each face is parallel to the yz plane and
2 2 2 2

hence the element of surface dS=dydz. In addition on these faces W=x +y =a +y

and so define:
ia ia 2 2 4

C =integral over the face x=+a=2 (a +y )dydz =32a /3.
2 j-a j-a

On the two faces y=+a we know that each face is parallel to the xz plane and
2 2 2 2

hence the element of surface dS=dxdz. In addition on these faces W=x +y =x +a

and so define:
ia ia 2 2 4

C =integral over the face y=+a=2 (x +a )dxdz =32a /3.
3 j-a j-a

Hence

ii 4
WdS= C +C +C =80a /31.

jjS 1 2 3

Comment: This example illustrates a fact that should be more or less obvious

by now: area integrals of the form iifdA are special (simple) types of surface

integrals where the surface over which we integrate is planar i.e. a special

type of surface. Area integrals can be integrated using the technique of

surface integrals but it is much easier to just write dA=dxdy and reduce to a

repeated integral in this way. Similarly if wish to evaluate a surface

integral over a surface, parts of which are simple areas, it is much easier to

do so by using the techniques of area integrals.

Example (DD258)

Let r be the position vector of a point P. Evaluate i r.dS where S is the
S

2 2
surface of the paraboloid z=2-x -y above the xy plane (i.e. z>0). (see

fig.15).

Solution:
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2 2
S is given parametrically by r(u,v)=(x(u,v),y(u,v),z(u,v))=(u,v,2-u -v ) by

inspection. We also need to restrict u and v so that z>0.
Now,

r = (1,0,-2u); r = (0,1,-2v)
u v

and so

r xr = (2u,2v,1)
u v

2 2 2 2 2 2
On S r=(u,v,2-u -v ) so r.(r xr )=(u,v,2-u -v ).(2u,2v,1)=2+u +v .

u v

Thus

ii ii ii 2 2
r.dS= r.(r xr )dudv= (2+u +v )dudv

jjS jjS u v jj

We need to find limits for (u,v) which correspond to picking out the surface S
2 2

in (x,y,z) space. The surface is defined parametrically by: r=(u,v,2-u -v )

and in the statement of the question we are told to restrict z such that z>0.
2 2

Referring to fig. 15, we require z>0 i.e. 2-u -v >0. Inspecting the above

integral we see that it actually corresponds to evaluating an area integral

(as dudv=differential element of area in the (u,v) plane) so we have actually

reduced the original surface integral to an equivalent (easier) area integral)

and the rest of the problem consists of evaluating this area integral.

In the (u,v) plane (which is the same as the (x,y) plane), the
2 2 2 2

intersection of the surface S with this plane is given by 2-u -v =06u +v =2

i.e. the intersection of S with the (u,v) plane is a circle with radius r2 and

this is the area over which we wish to carry out the integration. Now choose u

to be the outer variable during the integration so u must be restricted :

-r2<u<r2. The inner variable is more difficult as it is a function of the
5---------------6 5---------------6

2 2
outer variable and clearly we require: -r 2-u <v<r 2-u . Thus the integral

reduces to:
2 1/2

(2-u )ir2 i 2 2
2 1/2 (2+u +v ) dvdu=6p1.

j-r2 j-(2-u )

5.7.1 Independence of Choice of Parameters

Let r=r(u,v) and r=r(u,v) be different parametric representations of the same

surface S with u=(u,v),v=v(u,v). Then it can be shown that:

r xr =(r xr )J
u v u v

d(u,v)
where J = ------------------------- is the Jacobian determinant.

d(u,v)
Thus

ii ii
f(u,v)1r xr 1dudv= f(u,v)1r xr 1dudv

jjR u v jjR’ u v

where R and R’ correspond to the surface S.

Thus, not surprisingly, the integral of f over S is independent of the

particular choice of parameters.
^

A surface integral involving the vector element of area dS=ndS is again

independent of the choice of parameters but if the orientation is changed the
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^
direction of n is reversed and the integral changes sign.
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Appendix 5.1

5.6.5.1 Proof of change of variable rule (30)

We comment at this point that (43) actually constitutes a proof of the change

of variable Jacobian rule (30). In the case where we are working in cartesian

coordinates on a flat surface (r=xi+yj) we have dS_dA=dxdy and (43) tells us

that if we transform variables from (x,y) to a new system (u,v) then

dA=1r xr 1dudv. But in fact r =i dx/du+ j dy/du and r =i dx/dv+ j dy/dv so we
u v u v

easily find:

&i j k*
& *

|dx/du dy/du 0| dx/du dy/du
r X r = det = k det| |
u v | |

dx/dv dy/dv 0 7dx/dv dy/dv8
7 8

So |r X r |= |dx/du dy/dv-dx/dv dy/du|= |J|, the magnitude of the Jacobian
u v

determinant in (30). So in fact |r X r |_|J| and the change of variable rule
u v

is proved|.
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S6 Integral Theorems

parameterise curve

r=r(t)
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/ ‘
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/ ‘
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/ ‘
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/ divergence theorem
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/ (Gauss)
/

/
/

/
/

/
/

/
/

/
/

volume integral

6.1 Introduction

These are theorems relating certain line integrals to double integrals,

certain surface integrals to volume integrals, and certain line integrals to

volume integrals.

Physical concepts

The flux of a vector field through a surface

Consider a liquid flowing down a channel. In the channel we imagine a surface

S being located (see fig.1) and ask what is the rate of flow of liquid through

the surface S i.e. how much liquid passes through that surface in unit time.

To calculate this rate of flow through S (or the flux through S) we can break

the surface up into small elements dS and for each element dS, calculate the

rate of flow normal (i.e. perpendicular) to S. If u is the liquid velocity

vector at any point in the field, then the contribution which u makes to the
^

flow normal to the surface at any point will be u.n where n is the normal to

1





^
the surface S at that point. (Recall from S2.6.6 that u.n is the component of

^ ^
u in the direction n. If at some point on the surface S u 1 n then the liquid

flows locally perpendicular to the surface i.e. locally no liquid passes
^ ^

through the surface and this is expressed by the fact that u.n=0 as u and n

are perpendicular).

^
Each element of surface dS thus makes a contribution u.n dS (_u.dS by the

definitions of the last chapter) to the total flux. Now summing over all

elements and letting the size of the elements tend to zero (and recalling that

integration is just a limiting summation), we find the total flux to be ii u.n
S

^
dS which is often written as ii u.dS where it is understood that dS=ndS (as

S

introduced in the last chapter).

Defn: The flux of a vector field u(x,y,z) through a surface S is defined

as

ii ii ^
flux= u.dS= u.ndS

jjS jjS

^
where n is the unit normal to the surface. Physically the flux can indicate

the rate of "flow" through the surface S.

N.B. One of the difficulties which you will encounter in the use of

integral theorems is the many and varied notations which are used by

different authors. For example, we have previously come across line integrals

of the form:
i
f.dr

jC

along some curve C. We have used r to denote the position vector for any point

along the curve C and dr(=dx,dy,dz) to denote the differential element vector

of arclength along the curve. (Recall that r(t) is the position vector and

dr(t)/dt is tangent to the curve at any point). Some authors write the above

line integral as:
i i ^

f.ds_ f.t ds
jC jC

^
where t is the unit tangent vector at any point and ds refers to the usual

2 2 2 2
scalar differential element of arclength (ds =dx +dy +dz ). Note that a small

’s’ is used to distinguish between this and the differential element surface

vector dS. To reconcile the two notations, recall that if a curve is written
dr

in terms of the arclength as parameter i.e. r(s) then ---------- gives the unit
ds

^
tangent which we label t.

Thus
dr ^

dr= ---------- ds=t ds
ds

So

i i ^
f.dr_ f.t ds

jC jC
^^
1
1
1

our notation

Circulation of a Vector
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Suppose u(x,y,z) is a vector field, and C is some (imaginary) closed curve in

space (fig.2). Then we define the circulation of the vector u about C to be

the line integral:

i
circulation of u about C= k u.dr

jC

In a flowing liquid this indicates the tendency of the liquid to move around

the curve C. If we break the curve C into little elements of length ds, then

dr ^
u.dr=u.---------- ds=u.t ds

ds

^
where t is the unit tangent at any point along the curve C. If the liquid

^ ^ ^
flows along the tangent u.t (=1u11t1cos0=1u11t1) will be maximal and the

^
contribution of this element to the total sum will be large. If u 1 t in some

^
element of the curve C then u.t = 0 and this element will make no contribution

^
to the circulation. More typically u.t will be neither maximal nor zero for

each element and adding up the contributions of each element will give a

measure of how much the liquid is tending to flow about the curve C.

Divergence of a Vector Field

The divergence of a vector field D.u_divu has a simple physical interpretation

in the case of flow of a compressible liquid where u is the velocity vector

(as already discussed in S4). At any point in the liquid the quantity

D.(r(x,y,z)u(x,y,z))dxdydz, where r is density at any point and u is velocity

at any point, indicates the net mass flow of liquid out of a small element in

the liquid of volume dxdydz (_dV) (fig.3). So D.(ru) dV represents the mass

flux out of an infinitesimal volume element (i.e. this is only true in the

limit as the size of the element L0 in the usual limiting process in

calculus).

However if we are considering flow in a river, for example, and focus on

some point under the surface, then conservation of mass demands that the net

mass flux out of any element is zero (what goes in one side goes out the

other).

Thus

D.(ru)=0

If the liquid is incompressible (e.g. water in most applications) then

r=constant so D.(ru)=rD.u=0 and so in the flow of an incompressible liquid,

the velocity field at every point must satisfy:

D.u=0

In flowing water the velocity thus satisfies D.u=0 at every point. There is

zero divergence at every point. Physically what goes in at one side of an

element dxdydz is balanced by what goes out the remaining sides.

Curl of a Vector Field

It is possible to show that if u(x,y,z) is the velocity field in a flowing

liquid then curl u indicates the tendency of a fluid element to rotate (see

S4). In principle curl u (_Dxu) could be measured by inserting a little

(infinitesimal) paddle wheel into the fluid at any point. The rotation of the

wheel would be a measure of the curl of the vector field at that point.
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6.2 The Divergence Theorem (Gauss’s Theorem)

Statement of theorem: A closed region V is bounded by a simple (piecewise

smooth) closed surface S. If the vector f is defined and continuously

differentiable throughout V then

ii iii
f.dS_ D.f dV

jjS jjjV

"The flux of a vector equals the volume of its divergence"

Note The vector dS is taken as having the direction of the outward normal to

^
the surface. (dS= ndS).

Intuitive justification of Gauss Theorem

Consider the case of a compressible liquid as before when discussing the

divergence. The theorem states that

ii iii
f.dS_ D.f dV

jjS jjjV

Replace f with ru (which is also a vector) to get:

ii iii
(ru).dS_ D.(ru) dV

jjS jjjV

Now the first term (i.e. the LHS) is the mass flux of liquid across the

surface S i.e. the mass of liquid passing through the surface S in unit time.

Recall the we showed that D.(ru)dxdydz =D.(ru)dV represents the nett outflow

of liquid for any volume element dxdydz. Thus the integral on the RHS

represents the total outflow of liquid out of the volume V (fig.4).

Thus the divergence theorem can be said to be a statement of conservation

of mass (in this instance but it could correspond to some other conserved

quantity in a particular physical application).

Note For an incompressible fluid r=constant and D.u=0. Therefore

iiiD.(ru)dV_0 and so the flux of liquid across any closed surface in the

liquid must also be zero. (If the volume is already full of liquid, you cannot

add any more as it is incompressible so whatever flows in one side must

simultaneously be flowing out the other side).

Uses of divergence theorem

The divergence theorem equates a particular volume integral to a

particular surface integral. We recall that volume integrals are usually

easier to evaluate than surface integrals so if we wish to evaluate a surface

integral of the type on the LHS of the divergence theorem statement, we can

avoid doing so and instead evaluate an (equivalent) volume integral. Apart

from this the divergence theorem (and all the integral theorems) are very

usefully for deriving theoretical results.
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Example

3 3 3
Using the divergence theorem, evaluate ii f.dS where f= (x ,y ,z ) and S is

S
2 2 2 2

the spherical surface x + y + z = a , where a is a known constant.

Solution:

We wish to evaluate:

ii
I= f.dS
jjS

According to the divergence theorem this is equivalent to the volume integral:

iii
I= D.f dV
jjjV

so we evaluate the volume integral instead of evaluating the surface integral.

2 2 2 2 2 2
f=(x ,y ,z )6D.f=(3x +3y +3z ).

iii 2 2 2
I=3 (x +y +z )dxdydz

jjjV

As we are dealing with the volume inside a spherical surface it is simplest to

change to spherical coordinates at this point and use the change of

coordinates rule (+Jacobian) to evaluate the integral. So we transform from

(x,y,z) to (r,q,f) and note that the sphere in sphericals is defined by

0<r<a,0<q<p,0<f<2p. Recall also the relationship between cartesians (x,y,z)

and sphericals: x=rsinqcosf;y=rsinqsinf;z=rcosq. Thus the integrand
2 2 2 2 2 2 2 2 2 2 2 2

(x +y +z )=(r sin qcos f+r sin qsin f+r cos q)=r .

iii 2 2 2
I=3 (x +y +z )dxdydz=

jjjV

iii 2 d(x,y,z)
r 1----------------------------------- 1drdqdf

jjjV’ d(r,q,f)

where V’ is the region on (r,q,f) space defined by 0<r<a,0<q<p,0<f<2p and
d(x,y,z) 2----------------------------------- (=J) is the Jacobian determinant which we recall to be r sinq for the
d(r,q,f)
transformation from cartesians to sphericals.

Thus

i2pipia 2 2
I=3 r r sinqdrdqdf=

j0 j0j0

i2pip 5
3 a /5 sinqdqdf=
j0 j0

5 i2p q=p
3a /5 (-cosq)1 df=

j0 q=0

5 i2p
6a /5 df=

j0

5 5
6a /5(2p)=12a p/51.

Exercise Verify the divergence theorem by evaluating the surface integral
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directly and obtaining the same answer as above.

6.4 Green’s Theorem in the plane (kr 313)

This relates a double integral over a plane region to a line integral over the

boundary.

Statement: Let R be a closed bounded region in the xy plane whose boundary

C consists of finitely many smooth curves. Let f(x,y) and g(x,y) be functions

which are continuous and have continuous partial derivatives f and g
y x

everywhere. Then:

ii dg df i i dx dy
(---------- - ----------)dxdy=k (fdx+gdy)=k (f----------+g----------)ds

jjR dx dy jC jC ds ds

where s is arclength. The integral is taken along the entire boundary C or R

such that R is on the left as one advances in the direction of integration.

(See fig.5). Note that the theorem also applies to more complicated regions

like that shown fig.5a. This is a region with a hole (technically the region

is not simply connected) and it is necessary to bear in mind that the

boundary of this region consists of two curves along which the line integral

must be evaluated.

Note We can also write the integrals as

i
ii (Dx(f,g,0)).k dxdy=k(f,g).dr

j
if we define a vector with components (f,g,0). The integral on the RHS of the

theorem statement is now the scalar line integral of a vector field.

6.5.1 Examples using Green’s theorem

Example 1

This is a well known example using Green’s theorem in the plane where the

area of a plane 2D region can be represented as a line integral over the

boundary.

Solution:

In the statement of Green’s theorem in the plane first let f(x,y)=0 and

g(x,y)=x. Consider the region in fig.6 (simply connected i.e. with no

holes). Then (as g =1) we have
x

ii i
the area of the region R = dxdy= xdy

jjR jC

from Green’s theorem in the plane.

Now let f(x,y)=-y and g(x,y)=0 in the statement of the theorem to get
ii i

the area of the region R = dxdy=- ydy
jjR jC

Adding the two integrals together and dividing by 2 we get the result:

ii i
the area of the region R = dxdy=1/2 (xdy-ydx)

jjR jC
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This can be written in the alternative form:

ii i
the area of the region R = dxdy=1/2 (-y,x).dr

jjR jC

Example 2

2 2 2
Use Green’s theorem in the plane to find the area of the circle x +y =a where

a is a known constant.

Solution:

From the last example we have the result:

ii i
the area of the region R = dxdy=1/2 (-y,x).dr

jjR jC

We thus need to evaluate the RHS which is a line integral about a circle. To

evaluate the line integral we require a parametric formulation which is

obviously r=r(q)=(x(q),y(q))=(acosq,asinq); 0<q<2p. The vector (-y,x) can be

written as (-asinq,acosq) in parametric terms and the integral becomes:

i2p i2p dr
Area=1/2 (-asinq,acosq).dr=1/2 (-asinq,acosq).---------- dq

j0 j0 dq

dr
But ----------=(-asinq,acosq) so the integral becomes:

dq

i2p i2p 2 2 2
Area=1/2 (-asinq,acosq).(-asinq,acosq) dq=1/2 a (sin q+cos q)dq=

j0 j0

i2p 2 2
= a dq=pa 1.
j0

This is obviously correct and verifies Green’s theorem in the plane (though

to be thorough we should also evaluate the area integral).

6.6 Stokes Theorem

Statement:

Let S be a piecewise smooth oriented open surface in space bounded by a

piecewise smooth closed curve C (see fig.7). Let f(x,y,z) have continuous

partial derivatives everywhere. Then

i ii
k f.dr= (Dxf).dS
jC jjS

^ ^
with dS= ndS, n being the unit normal to the surface orientated using the

right hand rule (with the fingers along the curve and the thumb giving the

positive direction of the normal).

"The circulation of a vector equals the flux of its curl"

No proof offered here.

6.6.1 Examples using Stokes’ theorem
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The first two examples are important.

Example 1

2
Verify Stokes theorem for the vector field f= (x y,z,0) and the hemisphere
2 2 2 2
x +y +z =a ,z>0.

Solution:

Stokes Theorem is

ii i
(Dxf).dS=k f.dr

jjS jC

so obviously we need to evaluate both sides of this expression and show they

are equal to verify the theorem.

Step 1: evaluate the line integral

2 2 2
C is the curve x +y = a (see fig.11) and parametrically this is given by

r(t)=(aCost,aSint,0), 0<t<2p.
Thus

dr
----------=(-asint,acost,0)
dt

2 3 2
while along C f=(x y,z,0)=(a sint cos t,0,0) and the line integral is :

i i dr i2p 3 2k f.dr=k f.---------- dt= (a cos t sint,0,0).(-asint,acost,0) dt=jC jC dt j0

4 i2p 2 2 4 t=2p 4
-a cos t sin t dt =-a (t/8-[sin4t]/32)1 =-pa /4.

j0 t=0

Step 2: evaluate the surface integral

The hemispherical surface in fig.11 is given parametrically by:

r(q,f)=a(sinqcosf,sinqsinf,cosq); 0<q<p/2, 0<f<2p.

(Recall that this can be obtained from the definition of spherical coordinates

bearing in mind that a spherical surface is defined by r=a). Thus,

dr dr
----------=a(cosqcosf,cosqsinf,-sinq); ----------=a(-sinqsinf,sinqcosf,0);
dq df

and so:
dr dr 2 2 2----------x ----------=r xr =a (sin qcosf,sin qsinf,cosqsinq)
dq df q f

and recall that dS=r xr dqdf.
q f

Now

i j k
# $
|d/dx d/dy d/dz| 2 2 2 2Dxf= det =(-1,0,-x )=(-1,0,-a sin qcos f)
| |

23 x y z 0 4

Hence
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ii
I= (Dxf).dS=
jjSi2pip/2 2 2 2 2 2 2

(-1,0,-a sin qcos f).a (sin qcosf,sin qsinf,cosqsinq) dqdf =
j0 j0

2i2pip/2 2 2 3 2
-a sin qcosf+a sin qcosqcos f dqdf =

j0 j0& *
2i2p q=p/2 2 2 4 q=p/2

-a {cosf(q/2-(sin2q)/4)1 +a cos f(1/4 sin q)1 } df=j0 q=0 q=07 8
2i2p 2 2 2 2 4

-a p/4 cosf+a /4 cos f df = -a (0+pa /4)=-pa /4.
j0

and the theorem is verified|.

Note 1: In the above example the above indefinite integrals are required

i 2 2 i 2
cos t sin t dt= (t/8-1/32 sin4t); sin t dt= (t/2-1/4 sin2t)

j j

i 3 4 i 2
cost sin t dt= 1/4 sin q; cos t dt= (t/2+1/4 sin2t)

j j

Note 2 :It is possible to take a shortcut in carrying out step 2 in the

evaluation of the integral. On referring to fig.11, we note that the theorem

could also be applied to the surface in the xy plane consisting of the solid
2 2 2

disc x +y <a . In Stokes theorem, it does not matter which open surface one

uses as long as it is open and bounded by the curve C. Thus if we use the

disk in the xy plane (label it D) then for this disc dS=kdxdy as it is a

planar area and the outer normal is clearly in the direction k. Thus we

obtain:
ii ii 2 ii 2

(DXf).dS = (-1,0,x ).(0,0,1)dxdy=- x dxdy
jjD jj jj

This is just an area integral in the xy plane and is easily evaluated by

transformimg to polar coordinates (x=rcosq,y=rsinq). Thus:

ii 2 i2pia 2 2 d(x,y) i2pia 3 2
- x dxdy=- r cos q1------------------------- 1drdq= r cos qdrdq
jj j0 j0 d(r,q) j0 j0

recalling that for the transformation from cartesians (x,y) to plane polars
d(x,y)

(r,q) ------------------------- =r. The latter integral thus easily evaluates to:
d(r,q)

4 i2p 2 4
-a /4 cos q dq =-pa /4

j0

as was obtained above1.

Example 2

2 2
Verify Stokes Theorem for the case f=(2x-y,-yz ,-y z) where S is the upper

2 2 2
half of the sphere x +y +z = 1 (Schaum VA P.129).

Solution:

Once again Stoke’s theorem states that:

"The circulation of a vector = The flux of its curl"

and this example is very similar to the last one. We must show that:
ii i

(Dxf).dS=k f.dr
jjS jC

so obviously we need to evaluate both sides of this expression and show they
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are equal to verify the theorem.

Step 1: evaluate the line integral

2 2
C is the curve x +y = 1 and parametrically this is given by

r(t)=(cost,sint,0), 0<t<2p.
Thus

dr
----------=(-sint,cost,0)
dt

2 2
while along C f=(2x-y,-yz ,-y z)=(2cost-sint,0,0) and the line integral is :

i i dr i2pk f.dr=k f.---------- dt= (2cost-sint,0,0).(-sint,cost,0) dt=jC jC dt j0

i2p
(sint-2cost)sintdt =p.

j0

Step 2: evaluate the surface integral

The hemispherical surface in fig.11 is given parametrically by:

r(q,f)=(sinqcosf,sinqsinf,cosq); 0<q<p/2, 0<f<2p.

(Recall that this can be obtained from the definition of spherical

coordinates bearing in mind that a spherical surface is defined by r=1). Thus,

dr dr
----------=(cosqcosf,cosqsinf,-sinq); ----------=(-sinqsinf,sinqcosf,0);
dq df

and so:
dr dr 2 2----------x ----------=r xr =(sin qcosf,sin qsinf,cosqsinq)
dq df q f

and recall that dS=r xr dqdf.
q f

Now
i j k
# $
|d/dx d/dy d/dz|

Dxf= det =(0,0,1,) (=k)
| |

2 232x-y -yz -y z 4
Hence

ii i2pip/2 2 2
I= (Dxf).dS= (0,0,1).(sin qcosf,sin qsinf,cosqsinq) dqdf =

jjS j0 j0i2pip/2 i2pip/2
cosqsinq dqdf = 1/2 sin2q dqdf = p

j0 j0 j0 j0
and the theorem is verified1.

Example 3

Show that ii (Dxf).dS over any closed surface is zero. (Note that Stokes
S

theorem applies for open surfaces).

Solution:

Referring to fig.8 consider the closed surface S and break it conceptually

into two open surfaces so that S=S +S where S and S are open surfaces.
1 2 1 2
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ii i
(Dxf).dS =k f.dr (1)

jjS jC
1

where the line integral is traversed according to the conditions of Stokes

theorem i.e. in the direction as shown in fig.8. Similarly

ii i
(Dxf).dS =k f.dr (2)

jjS jC
2

but in this instance the line integral is traversed in the opposite direction

(because the outward normal for S is in the opposite direction to the
2

outward normal for S . Thus the RHS of (2) is -RHS(1) because a line integral
2

of this form changes sign if the curve is traversed in the opposite direction

(see S5.2). Thus

ii ii
(Dxf).dS =- (Dxf).dS (3)

jjS jjS
1 2

Hence

ii ii ii
(Dxf).dS = (Dxf).dS + (Dxf).dS =01.

jjS jjS jjS
1 2

Another intuitive way of proving this result is to consider the original open

surface S and break it into two open surfaces one very small and the other

large. Now let the smaller open surface L0 in size so in the limit the

iiDxf.dS = line integral about a curve of vanishing length. As the curve

shrinks to zero, so too does its line integral and the result follows. (fig.9)

Example 4 (Kr346)

Prove Green’s theorem in the plane using Stoke’s theorem.

Solution:

Green’s theorem in the plane can be derived as a special case of Stokes

theorem. Let f(x,y,z)=f i+f j +f k be a vector field which is continuously
1 2 2

differentiable in a bounded closed region S in the xy plane whose boundary C

is a piecewise continuous curve.

Clearly for the surface S (see fig.10) (S is really a 2d planar area)

^
dS=ndS=kdS=kdxdy

Thus
i j k
# $

df df df df
|d/dx d/dy d/dz | 2 2 2 1Dxf= det =-i ---------------+j --------------- +k(-------------------------------)
| |
f (x,y,z) f (x,y,z) f (x,y,z) dz dz dx dy
3 1 2 3 4

so
df df
2 1

(Dxf).dS=(Dxf).(k dxdy)=(-------------------------------)dxdy
dx dy

In addition

f.dr=(f ,f ,0).(dx,dy,0)=f dx+f dy
1 2 1 2
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From Stoke’s theorem we have simply:

df df
ii i ii 2 1 i

(Dxf).dS=k f.dr= (-------------------------------)dxdy=k (f dx+f dy)
jjS jC jjS jC 1 2dx dy

which is just Green’s theorem in the plane (S6.4).
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Appendix 6.1

Greens Theorems (identities)}

For reference purposes we give the statement of Green’s first and second
2 2

theorems. Let f,j be scalar functions of position and let them and D f,D j be

defined on a closed region V bounded by a simple closed surface S and suppose

that any discontinuities in the second derivatives of f andj are finite and

are confined to a finite number of simple surfaces in V. Then

ii dj iii 2 2
f ---------- dS_ (fD j+jD f) dV (Green’s first identity)

jjS dn jjjV

ii dj df iii 2 2
(f -----------j----------)dS_ (fD j-jD f) dV (Green’s second identity)

jjS dn dn jjjV

No proof offered here.

Integration by parts in 2D by Stokes Theorem

For reference purposes we give the following two results which are analogous

to the familiar "integration by parts" formulae for functions of a single

variable.

In Stokes Theorem set f=(0,uv,0) with u=u(x,y) and v=v(x,y) both scalar

functions of x and y. Choose a domain of integration R in the xy plane

(the basic situation again resembles fig.10). Stoke’s theorem is:
ii i

(Dxf).dS=k f.dr
jjS jC

and

i j k
# $
|d/dx d/dy d/dz| d(uv) d(uv)

Dxf= det = (0,0,-------------------- )=f--------------------
| | dx dx
30 uv 0 4

As R is in the xy plane we have:

dS= k dxdy

and so

ii ii d(uv) ii du dv
(Dxf).dS= -------------------- dxdy= (v---------- +u---------- )dxdy

jjS jjR dx jjR dx dx
on using the ordinary product rule for differentiation. On the RHS of Stokes

theorem, we have in the present case:

i i i i
k f.dr=k (0,uv,0).dr= k (0,uv,0).(dx,dy,dz)=k uv dy
jC jC jC jC

and Stoke’s theorem now gives:
ii du dv i

(v---------- +u---------- )dxdy=k (0,uv,0).dr
jjR dx dx jC

and we obtain the result (integration by parts in 2D):

ii dv ii du i
u---------- dxdy= - v---------- dxdy +k (0,uv,0).dr

jjR dx jjR dx jC
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Compare the more familiar:

i i
udv=- vdu+uv
j j

for u(x) and v(x) scalar functions of a single variable x.
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S7. Applications in potential theory

The applications of vector analysis lie mainly in electromagnetism, fluid

mechanics, gravitation and elasticity. In each case potential theory plays an

important role and we summarise the main (important) results here.

7.1 Connectivity

Let C and D be simple closed curves drawn in a region of 3D space. The

curves are said to be reconcilable if it is possible to continuously distort

one curve (without ’opening’ it) so as to bring it into coincidence with the

other, without the curve ever leaving R.

A region is said to be simply connected (or singly connected) if all

simple closed curves drawn in the region are reconcilable. Alternatively, the

region is simply connected if all simple closed curves can be shrunk to a

point without leaving the region.

Intuitively, a two dimensional region is simply connected if there are no

holes or obstacles in it (See fig.1). Otherwise it is said to be multiply

connected. For example if there is one hole or obstacle it is said to be

doubly connected.

Examples

The interior of a sphere and the interior of an infinitely long cylinder

are simply connected regions. However, the region consisting of all of space

outside a circular cylinder is not simply connected (in fact it is doubly

connected as there is essentially one hole in the region).

7.2 The scalar potential

Consider the vector field with components gradW=DW=(dW/dx,dW/dy,dW/dz)
where W(x,y,z) is any scalar function. Then (recall sS4.9)

i j k
# $
|d/dx d/dy d/dz |

curl (DW)=Dx(DW)== det =(0,0,0)=0
| |
3dW/dx dW/dy dW/dz 4

Thus the curl of the gradient of any scalar is zero. In fact there is a

converse result which can be stated as follows:

Theorem:

Statement: If a vector field f defined in a simply connected region is such

that Dxf=0 (i.e. the vector field is irrotational) then there exists a scalar

function W(x,y,z) such that f=DW. The function W is called the scalar

potential of f.

No proof offered.

The theorem does not state how to find the scalar potential but just that it

exists. This is a very useful property in fluid mechanics. Suppose we are

seeking a liquid velocity vector field u(x,y,z) which satisfies some set of
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equations and we know in addition that the flow is irrotational (i.e. fluid

particles do not rotate). Instead of using u in the set of equations (which is

the unknown we seek) we can instead write DW where W is some scalar function.

Then, our problem has been reduced in difficulty in that it is simpler to work

with scalar quantities (W) than vectors (u). Once we have found W, we can

"synthesize" u from it by finding its gradient and this is the reason for the

term scalar potential. W contains the "potential" to find u if it is itself

known.

Note: For irrotational flow6Dxu=06 there exists W such that u=DW. In addition
2

as the flow is incompressible so D.u=0 whence D.(DW)=D W=0. Thus to solve a

problem involving incompressible irrotational flow we need to solve Laplace’s

equation:
2D W=0

and if we can do this successfully, the velocity at every point in the liquid

(u) can be synthesized from the scalar potential W. This may seem a

roundabout way of solving the problem, but solution methods to Laplace’s

equation are well established and understood and it makes sense to use such

techniques if at all possible.

Conservative fields

Defn: A vector field f such that for any two points P and Q

iQ
f.dr (1)

jP

is independent of the path of integration between P and Q is said to be

conservative. Thus the integration depends only on the endpoints so that

integrating along any curve joining the endpoints will give the same result

(see fig.2). Physically, conservative forces are forces which do not waste or

dissipate (mechanical) energy so energy is conserved when forces like this

act. For example gravity is a conservative force so if we set a pendulum in

motion, it remains swinging forever (in theory) and the total energy

(potential+kinetic) is always constant. If the pendulum is at any point in its

cycle, its energy is the same regardless of the number of prior oscillations

i.e. independent of the ‘path’ by which it got there. (In practice the

oscillations of a pendulum die out because of friction which is a

non-conservative force and dissipates energy). Conservative vector field are

so called because the total mechanical energy of any particle moving in such a

field is conserved i.e. remains constant. (see Cox p.192)

Consider now the line integral along the curve C with endpoints P and Q

(corresponding to work done in moving the point of application along C) of the

form:

i
f.dr

jC

Suppose that f is irrotational so f=DW for some W(x,y,z). Thus the integral

can be written as:

i dW dW dW i dW dW dW i
(----------,----------,----------).(dx,dy,dz)= (----------dx+----------dy+----------dz)= dW=W(Q)-W(P)

jC dx dy dz jC dx dy dz jC
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(i.e. we have used the fundamental theorem for line integrals) and we see that

the integral is independent of the curve and depends only on the endpoints.

Thus every irrotational vector is conservative and the converse is also true

i.e. every conservative vector field is irrotational as if the line integral

is path independent, the integrand must form a perfect differential and so

take the form DW.dr. Hence f=DW for some W but Dx(DW)=0 for all W and so Dxf=0
and f is irrotational. Thus if one is dealing with a conservative vector field

f, it can be written as the gradient of some scalar.

If we interpret f(x,y,z) as being the force exerted by a gravitational force

field on a particle, then i f.dr represents work done on moving the particle
C

along the curve C. Hence we can interpret -W(x,y,z) as being the potential

energy because the work done in moving from one end of the curve to the other

equals the difference in potential energy between the two points.

Note: The result above is sometimes referred to as the fundamental theorem of

calculus for line integrals wriiten as:

i i dW dW dW i
DW(r).dr= (----------dx+----------dy+----------dz)= dW=W(Q)-W(P)

jC jC dx dy dz jC

Compare the corresponding result for definite integrals:

ib df ib--------------- dx= df=f(b)-f(a)
ja dx ja

Example

Write the local gravity vector for a flat earth as the gradient of a scalar

(i.e. for the case of a body near the surface of a flat earth where the

gravity may be assumed constant).

Solution:

The gravity vector in cartesians is g=(0,0,-g) where g is the scalar
-2

acceleration due to gravity (=9.8 m s ) provided the z axis points directly

upwards. Obviously Dxg = 0 so there exists W such that g=DW. By inspection

(dW/dx,dW/dy,dW/dz)=(0,0,-g)
Thus

dW/dx=06W is independent of x. dW/dy=06W is independent of y. Thus W is at

most dependent on z. Now dW/dz=-g6 W=-gz+A(x,y). But as W is independent of x

and y we must choose A(x,y)_0. Thus W(x,y,z)=-gz as g=DW1.

Comment

The equation dW/dz=-g is an example of a very simple partial differential

equation (because it involves partial derivatives). Such equations are usually

difficult to solve but this equation is easy because there are no derivatives

wrt x and y. We can integrate this equation by holding x and y constant so the

equation is really only a glorified ODE (sometimes referred to as a pseudo

PDE). When we carry out the integration we need to make any integration

constants arbitrary functions of x and y as any derivative of such a function

wrt z is zero.

Note: We can generalise this result by using Newton’s law of gravitation

instead of a local approximation. The attractive force f exerted by a point
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mass M on another mass at distance r from M, per unit mass at that location,

is proportional to M and the inverse square of r:

2
f=-GM/r e

r

where G is the gravitational constant and we have adopted a spherical polar

coordinate system (r,q,f) in order to take advantage of the spherical
2

symmetry. In sphericals f =f =0 and f =-GM/r . Gravity is a conservative force
q f r

so we expect that Dxf=0 (exercise) so we should be able to write f as the

gradient of a scalar function W. In spherical coordinates we have

dW 1 dW 1 dW dW 1 dW 1 dW
DW=(----------,----- ----------,------------------------------ ----------) (=---------- e + ----- ---------- e + ------------------------- ---------- e )

dr r dq rsinq df dr r r dq q rsinq df f

2 dW 1 dW 1 dW
and so -GM/r =----------, 0=----- ----------, 0=------------------------------ ---------- from which it follows that

dr r dq rsinq df

W=GM/r

which is termed the gravitational potential. (Verify that f=DW).

Some authors define a conservative vector field f as being one for which f

can be written as DW. We defined it as a vector for which every line integral

is path independent. From the above work, we see the two definitions are

equivalent.

Example
2 xz xz

Show that u=(y +ze ,2xy, xe ) is irrotational and find its scalar potential.

Solution:
xz xz xz xz

curl u= Dxu=(0,e +zxe -e -xze ,2y-2y)=(0,0,0)=0

so u is irrotational and there must exist W(x,y,z) with u=DW. Thus
2 xz xz

(y +ze ,2xy, xe )=DW=(dW/dx,dW/dy,dW/dz)
and this leads to 3 equations:

2 xz xzdW/dx=y +ze ; dW/dy=2xy dW/dz=xe
From the first of these equations we find that:

2 xz
W(x,y,z)=xy +e +g(y,z)

where g(y,z) is a n arbitrary function. The second equation leads to:
2

W(x,y,z)=xy +h(x,z)

and the third leads to:
xz

W(x,y,z)=e +f(x,y)
2 xz xz

In order to satisfy all three equations, choose g(y,z)=xy +e , h(x,z)=e and
2 2 xz

f(x,y)=xy to obtain W(x,y,z)=xy +e consistent with all three equations|.

Summarising: if f is irrotational, then it can be written as DW and it is

also a conservative vector field. Any irrotational vector can be written as

the gradient of a scalar.

Exercise: What sort of fluid flow would you expect to be irrotational?

Remember that viscous forces in a liquid arise from internal friction and are

dissipative forces.

Comment: You will be familiar with the idea of a perfect differential having

previously met exact ordinary differential equations. An exact ODE is one of
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the form:

M(x,y)dx+N(x,y)dy=0 or M(x,y)+N(x,y)dy/dx=0

where dM/dy=dN/dx. Because of this the differential equation can be written

using the chain rule as:

dW=0

for some scalar function W(x,y). In fact the ODE can be written as

(M,N,0).dr=(M,N,0).(dx,dy,dz)=0

if we construct the vector (M,N,0). We now ask under what conditions it can be

represented as the gradient of a scalar. From the work in the present chapter

we know that we require that Dx(M,N,0)=0 i.e.

#i j k $
| |

det d/dx d/dy d/dz =(0,0,dN/dx-dM/dy)=(0,0,0)6dM/dy=dN/dx
| |
3M(x,y) N(x,y) 0 4

which is the same as the condition given above for an exact ODE. So the

condition for an ODE to be exact is in fact the same as the requirement that

a certain vector ((M,N,0)) be irrotational. If this condition is satisfied,

the ODE can be written as:

(M,N,0).dr=(M,N,0).(dx,dy,dz)=DW.dr=(dW/dx,dW/dy,0).(dx,dy,dz)=dW=0

7.3 The vector potential

Analogous to the results in the previous section, it is easy to show

(exercise! see also S4) that for any vector field a, D.(curl a)(_D.(Dxa))=0.
There is also an analogous theorem to that proved in the last section which

states that:

Theorem statement: If f is a vector field such that D.f=0 (such a vector is

said to be divergence free or solenoidal) then there exists a vector field a

such that f=curl a. a is called the vector potential of f.

If we are considering the flow of an incompressible liquid (for which D.u=0),
then we can write the velocity vector as curl a for some a. This is not as

useful as S7.2 as a is a vector rather than a scalar as in S7.2. However

suppose we are considering the flow in a liquid which is incompressible and

irrotational.

7.6 Helmholtz’s theorem

For any continuously differentiable vector field h there exist a scalar

field W and a vector field a such that:

h=DW+curla
No proof offered.

Summary of vector and scalar potentials
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Irrotational vectors (for which Dxf=0) can be written as DW for some W.

Solenoidal vectors (for which D.f=0) can be written as curl a for some a. If a

vector is neither irrotational nor solenoidal, it can be expressed as a

combination of these two results according to Helmholtz’s theorem. Again, the

theorem only states that such a representation exists. It does not suggest how

to express f in this way.
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S8. Cartesian tensors

8.1 Introduction

We have already seen that a scalar is an entity represented by a single

number (which may vary with position) and its value does not change if we

rotate the coordinate axes (e.g. mass, temperature are scalars). A vector is

an entity which may be represented by three scalars when referred to a set of

cartesian axes and these three scalars transform under rotation of axes in the

same way that the coordinates of a point change under a rotation of axes

(vector transformation law x’=Lx or x’=l x ).
j ij j

A tensor is a generalisation of the concept of a vector and a scalar and

a tensor of rank n may be represented (relative to a set of cartesian axes)
n

by a set 3 scalars. In this notation a scalar can be considered as a tensor
0

of rank zero (and thus is represented by 3 =1 scalar) while a vector becomes a
1

tensor of rank 1 (3 =3).

Tensors of rank 2, or second order tensors, occur very commonly in
2

physics. Such a tensor can be represented by a set of 3 =9 scalars and a

second order tensor can often conveniently be represented using matrix

notation i.e. in the form of a 3X3 matrix. Such second order tensors occur in

fluid mechanics and elasticity theory, so it turns out that many of the

physical laws for fluid flows and elastic property of materials can be written

in terms of matrices and all the usual rules of matrix algebra hold. It is

traditional to rely heavily on the index notation when dealing with tensors;

this is not really essential when dealing with second order tensors with 9

components but becomes necessary when dealing with higher order tensors (or

tensors in four dimensional space-time as in relativity theory). For example a
3

third order tensor has 3 =27 components and manipulation of matrices of such a

size is impractical. In such cases the index notation comes in to its own and

we need to become familiar with the idea of representing a tensor by its
th

general element T by which we mean the ij element of the tensor T.
ij

The student should beware of writing incorrect expressions such as T=T
ij

as the right hand side is a scalar though when using the index notation one

sometimes refers to the tensor T when it would be more accurate to refer to
ij

the tensor with ij entry T . (T) =T is a consistent notattion.
ij ij ij

8.1.1 The index notation

The index notation including the Einstein summation convention (see

chapter 1) is very useful when dealing with tensors. Recall that a free index

can be either 1,2 or 3 while a repeated index is summed over. To recognize

whether a particular expression represents a scalar, vector or tensor, one

merely counts the number of free indices. An expression with zero free
th

indices represents a scalar, one free index - a vector, n free indices an n

order tensor.

Examples

An expression like u represents the i component of a vector as i is a free
i

1



index and can be 1 or 2 or 3.

a represents the i,j component of a second order tensor (or 3X3 matrix) as
ij

both i and j can be either 1 or 2 or 3 and there are in total 9 possibilities.

i=3

a represents a scalar as it contains no free indices. In fact a _ S a =
ii ii i=1 ii

a +a +a which is just one single term (or scalar).
11 22 33

8.2 The stress tensor in fluid mechanics

Consider the situation in a volume of liquid which is flowing (e.g. the

water in the sea). Suppose we wish to establish the state of stress in the

liquid at every point, how much information do we need and how can we best

represent this information? (If we know the state of stress at every point in

the liquid, we should ultimately be able to make some statement about how the

liquid moves using some form of Newton’s second law). Recall that stress is

defined to be force per unit area so if we know completely the state of the

stress at every point in the liquid, we apparently need to have a huge amount

of information. To understand this consider an arbitrary point P(x ,x ,x ) in
1 2 3

the liquid. In order to establish the state of the stress at the point P and

for simplicity let us assume that this does not depend on the time (i.e. the

flow is steady), we need to know the force (a vector quantity) per unit area

acting at the point P but to what unit area are we referring? Let us consider

an imaginary small (infinitesimal) planar element in the liquid located with P

at its centre. The orientation of this planar element is given by the
^

direction of its unit normal vector n (See fig.1). Let us now assume that we

somehow or other have established the force per unit area exerted by the

flowing liquid on this element. Does this mean that we know the complete state

of stress at the point P? A little reflection will indicate that in fact we

need to know the force per unit area acting at the point P on every possible

planar element i.e. on infinitesimal planar elements with every possible

orientation (unit normal vector) and there is no reason to believe that the

forces acting on any two elements with different orientations should be equal.

In fact each possible orientation would require a separate stress vector

(because the stress is itself a vector quantity) to be defined and we could

consider the state of stress at the point P as being represented by an
^ ^

infinite number of stress vectors v(n), one for each orientation n. So in

order to establish the state of the stress merely at the point P we seem to

need an infinite amount of information. This is not very encouraging as we

need to know the state of the stress at every point in the volume of liquid!

How can all this information possibly be recorded?

In fact it turns out that the situation is not as complicated as it seems

and in the next subsection we derive the following result: the state of stress

in a flowing liquid is completely determined if we know just 9 scalars at each

position! This is a powerful result. On reflection it is perhaps not so

surprising if we consider how much information is needed to record the state

of the velocity at any point in a flowing liquid. At first glance, one might

expect that an infinite amount of information is needed in order to know the

velocity in every single direction. In fact, as we know, it is enough to know

the components of the velocity in three perpendicular directions (along the

coordinate axes) and knowing these components we can establish the value of
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^
the velocity in any direction t by taking the dot product of the vector with

^ ^
the unit vector t i.e. find (v i+v j+v k).t. The situation regarding the state

1 2 3

of stress in a flowing liquid is directly analogous: instead of having to
^

record the value of the stress vector v(n) at any point, we now anticipate the

results of the next section and state the following result:

Consider a set of cartesian axes Ox Ox Ox . At each point in the flowing
1 2 3

liquid (at any particular time) let us define the stress tensor T at each

point to be the second order tensor having the components:

#T T T $
11 12 13| |
T T T
| 21 22 23|
3T T T 4
31 32 33

with the interpretation that T is the i component of stress acting on an
ij

infinitesimal area element which has its normal pointing in the direction of

the axis x .
j

^
Then the stress vector acting on the infinitesimal element with normal n

will be proved in the next section to be:

#T T T $#n $
11 12 13 1

^ ^ | || |
v(n)= T.n= T T T n or v =T n

| 21 22 23|| 2| i ij j

3T T T 43n 4
31 32 33 3

^
where the normal vector n has components (n ,n ,n ) written in column form

1 2 3
^

above. (The notation T.n is explained in S8.2)

The significance of this result is that if the stress tensor is known at

any point i.e. the components of T are known then the state of stress at
ij

that point i.e. the stress vector at that point can be found by
^

postmultiplying the stress tensor by the unit normal vector n written as a

column vector (this is a kind of dot product). In this interpretation the
^

stress tensor can be considered an operator which operates on the vector n
^

yielding as result the stress vector v(n).

Finally note that in general if the stress tensor is known at every point

in a flowing liquid, it can be regarded as a tensor field T(x ,x ,x ) and is
1 2 3

equivalent to 9 scalar fields each scalar field being itself a function of

position. If the flow is time dependent then T is a function of position and

time t.

8.2.1 Establishment of the relation between the stress vector and stress

tensor in fluid mechanics

In this subsection we will derive the main result of the last section

carefully. We begin by defining the stress vector carefully in a fluid; the

formalism applies equally well to any continuously deformable medium (e.g. an

elastic medium).
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8.2.1.1 The stress vector

Let r be the position vector of some fixed point P in the fluid and let
^

dS be a small geometrical surface element containing P, with unit normal n

(fig.1). Consider the force exerted on this surface by the fluid towards
^

which n is directed.

We assume that this force is

v dS

where the stress vector v so defined depends on the surface element in
^

question only through its normal n. (Recall that stress is force per unit

area so the above expression makes sense).

8.2.1.2 Definition of nine local quantities

The nine elements of the stress tensor are defined at any point relative

to rectangular cartesian coordinates as follows:

^
T is the i-component of stress on a surface element dS which has a normal n
ij

pointing in the j-direction. (See fig.2).

8.2.1.3 The stress on a small surface element of arbitrary orientation

^
Consider the stress v on a small surface element dS with unit normal n. We

wish to demonstrate that the components v of the stress vector are given in
i

terms of the components of the stress tensor by the relation:

v =T n
i ij j

where the summation convention is used.

To avoid confusion we here denote the unit vectors i,j,k by e ,e ,e or
1 2 3

in the index notation e .
i

We take dS to be the large face of the tetrahedron in fig.3 and apply the

principle of linear momentum to the fluid that momentarily occupies the

tetrahedron. Consider the i-component of the force on the fluid element (i.e.

the component in the e direction). The portion of this force exerted by the
i

surrounding fluid on the main face is v dS (stress times area). The
i

i-component of stress exerted by the surrounding fluid on the face which is
^

normal to e is -T because the normal n to that surface is pointing in the
i i1,

-e direction, according to the conventions established above in the definition
i

of the stress vector and the stress tensor. Now, the area of the face which is

normal to e is, by vector algebra or elementary geometry, n dS, where
i 1

^
n=(n ,n ,n ) denotes the outward normal to the large face. (In vector block

1 2 3
^

notation recall n.e =cosq where q is the angle between the large face of the
i

tetrahedron and the face with normal in the i direction (see fig.8.3)). The

i-component of force on the face which is normal to e is therefore -T n dS.
i i1 1

A similar argument holds for the remaining two faces. The i-component of the
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force exerted on the element by the surrounding fluid is therefore

(v -T n )dS (i=1 or 2 or 3)
i ij j

This force, together with a body force (gravity) rgdV, will be equal to

the mass rdV of the element multiplied by its (finite) acceleration. Now let

the linear dimension L of the tetrahedron tend to zero, while maintaining the
^ 3 3

orientation n of its large surface. As dV is proportional to L , say dV=aL
2 2

and dS is proportional to L , say dS=bL , we must have

2 3
(v -T n )bL = acceleration aL
i ij j

2
On dividing across by L we obtain:

(v -T n )b= acceleration aL
i ij j

In the limit as LL0 the RHS tends to zero and we are left with v =T n as
i ij j

claimed above1.

8.3 Basic algebra of cartesian tensors

Throughout the remainder of this chapter Ox x x and Ox’x’x’ denote
1 2 3 1 2 3

rectangular cartesian coordinate systems whose relative orientations are

given by the transformation matrix of direction cosines L defined by:

#l l l $
11 12 13| |

L= l l l (1)
| 21 22 23|
3l l l 4
31 32 33

with the usual interpretation i.e. that l is the direction cosine which the
ij

new x’ makes with the old x (and thus the columns of L can be interpreted as
i j

the components of the old unit vectors written in terms of the new unit

vectors).

8.3.1 Formal definition of a rank 2 tensor

Suppose that A is a mathematical or physical entity which,

(1) when it is associated with a rectangular cartesian coordinate system
2

Ox x x may be represented by a set of 3 scalars A ,
1 2 3 ij

2
(an entity of this type thus has 3 =9 components and these may conveniently

assembled to form a matrix):

#A A A $
11 12 13| |
A A A (4)
| 21 22 23|
3A A A 4
31 32 33

(2) Let A’ be the corresponding set of scalars representing A when it is
rs

5



referred to the rotated axes Ox’x’x’. Let l be the direction cosines
1 2 3 ij

corresponding to the transformation. The transformation law (2) becomes in

this case:

T
A’= LAL (5)

or in index notation using the definition of matrix multiplication:

A’ = l l A (5’)
rs ri sj ij

The transformation law (5) in this instance is an orthogonal similarity

transformation in the language of matrix algebra.
T

Here L is the transpose of the direction cosine matrix L. (Recall that

this matrix is orthogonal (in fact orthonormal) from S1 as it satisfies the

orthonormality conditions). To see that (5) and (5’) are equivalent note that

T T
(A L ) = A (L ) =A l

is ij js ij sj

where l is the ij element of the direction cosine matrix L and A is the ij
ij ij

elememt of the rank 2 tensor (matrix) A,

(3) Furthermore suppose that the set of scalars is invariant under translation

of axes (and hence depend only on the orientation of the axes),

then A is said to be a tensor of rank (or order) 2; the scalars A are called
ij

the components of A.

8.3.1.1 Formal definition of a rank n tensor

Suppose that A is a mathematical or physical entity which,

(1) when it is associated with a rectangular cartesian coordinate system
n

Ox x x may be represented by a set of 3 scalars A where there are n
1 2 3 ij..

suffixes attached to each scalar.

(2) Let A’ (n suffixes) be the corresponding set of scalars representing A
rs..

when it is referred to the axes Ox’x’x’, let l be the direction cosines
1 2 3 ij

corresponding to the transformation and suppose that

A’ = l l A (2)
rs.. ri sj... ij...

i.e. that the set of scalars representing A transform according to (2).

(3) Furthermore suppose that the set of scalars is invariant under translation

of axes (and hence depend only on the orientation of the axes),

then A is said to be a tensor of rank (or order) n; the scalars A are called
ij

the components of A.
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In the framework of rank n tensors, it now becomes clear that a scalar

may be considered a rank 0 tensor, a vector a rank 1 tensor and a 3X3 matrix a

rank 2 tensor.

(i) A tensor of rank zero satisfies A’=A (no suffixes) i.e takes the

same value in all coordinate systems and is thus a scalar invariant.
1

(ii) A tensor of rank one has 3 components and satisfies:

A’=l A (3)
r ri i

and you will recognize this as the transformation law for vectors (written
’

previously as v =l v ). Recall that this can also be written in the matrix
i ij j

notation A’=LA where A’ and A are column vectors.

(iii) Tensors of rank 2 were defined above as a special case.

We emphasize that the tensor transformation law is merely a statement

about the invariance of a physical quantity. If we are to use tensors to

represent a physical quantity (e.g. the state of stress in a fluid) then this

representation should be independent of the choice of coordinate axes (in the

same way that a vector has a magnitude and direction independent of the

coordinate axes). If A is a tensor representing the state of stress in a

fluid, then relative to a set of cartesian axes Ox x x A may have the
1 2 3

components A , but if we rotate the axes, the components of A should change
ij

(analogous to the way in which the components of a vector change) in the

manner described by (5) or (5’). We do not give a justification for the

particular form of (5) and (5’) here but merely suggest that such a form is

plausible and is consistent with our experience of scalars and vectors.

Apart from scalar invariants and vectors, the most commonly occurring

tensors are those of second order; the main emphasis in the remainder of this

chapter will concentrate on tensors of this type. Note also that generally

speaking tensor algebra is similar to matrix algebra although a lot more use

is made of the index notation. Many of the basic operations are the same.

Example
0

The x is kept fixed while the x and x axes are rotated through 90 in an
3 1 2

anticlockwise direction. Find the direction cosine matrix and show how the

components of the tensor A change under this rotation of axes where

& 1 2 3 *
A= | 1 0 1 |

7 1 2 0 8

Solution:

From the last example in chapter 1 the direction cosine matrix is:

& 0 1 0 *
L= | -1 0 0 |

7 0 0 1 8

and so the transpose of this matrix is:
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& 0 -1 0 *
T
L = | 1 0 0 |

7 0 0 1 8

’ T
The tensor A transforms according to A = LAL so we have:

& 0 1 0 * & 1 2 3 * & 0 -1 0 *
’
A =| -1 0 0 | | 1 0 1 | | 1 0 0 |

7 0 0 1 8 7 1 2 0 8 7 0 0 1 8
(Finish as exercise).

8.3.2 Elementary algebraic operations

The definitions of multiplication of a tensor by a scalar and addition

and subtraction of tensors of the same order is identical to the corresponding

operations for matrices. Thus

(i) Scalar multiplication

If l is a scalar and A is a tensor then lA is a tensor whose general

component is lA i.e. the scalar multiplies each element of A. For the
ij

case of rank 2 tensors we may conveniently use matrix notation:

#A A A $ #lA lA lA $
11 12 13 11 12 13| | | |

lA_l A A A = lA lA lA
| 21 22 23| | 21 22 23 |
3A A A 4 3lA lA lA 4
31 32 33 31 32 33

(ii) Addition of tensors

If A and B are tensors of the same order (for example second order) then

A+B is also a second order tensor whose general ij element is A +B . This is
ij ij

obviously identical to matrix addition.

(iii) Contraction

The operation of making the two suffixes in the components of a tensor

equal and then summing over the repeated suffix is called contraction. If a

tensor is of order n(>2), contraction over any pair of suffixes gives a tensor

of order n-2.

For example if A is a second order tensor with general ij component A ,
ij

then contracting over the suffixes i and j gives:

A =A +A +A
ii 11 22 33

which is a scalar (and in fact is the trace of the matrix A).

(iv) Product of tensors (see appendix)

(v) The analogue of matrix multiplication: contraction product (see appendix)

(vi) Symmetrical tensors
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If a second order tensor A with components A is such that
ij

A =A
ij ji

the tensor is said to be symmetrical. If the components of A satisfy:

A =-A
ij ji

the tensor is said to be anti-symmetrical. These definitions are the same as

applies to square matrices.

(vii) The quotient rule (see appendix)

8.3.3 Common notation in mechanics

In fluid and solid mechanics we often have cause to "operate" with the
^

stress tensor T on a (normal) unit vector n with components (n ,n ,n ). In
1 2 3

tensor suffix notation, we can represent this as:

T n
ij j

which is the i component of a vector. This is also commonly written as:

#T T T $#n $
11 12 13 1

^ | || |
T.n or T T T n

| 21 22 23|| 2|
3T T T 43n 4
31 32 33 3

and is treated as an ordinary matrix multiplication (it is a contraction
^

product). In the matrix notation it is understood that n is written as a
^

column vector in order to make the multiplication meaningful. Finally, if t is

some arbitrary unit vector, we can also form the product:

#T T T $#n $
11 12 13 1

^ ^ | || |
t.T.n=[t ,t ,t ] T T T n

1 2 3 | 21 22 23|| 2|
3T T T 43n 4
31 32 33 3

This is a tensor of rank (2+1-2)+1-2=0 so it is a scalar. As a possible

physical interpretation, suppose that T is the stress tensor in a liquid. Then
^

T.n is the stress vector i.e. the stress on the planar element with normal n.
^ ^ ^

And thus t.T.n is the component of the stress vector in the direction of t

which is a scalar as it should be.

8.4 Isotropic tensors

Defn: A cartesian tensor is said to be isotropic if its components are

identical in all rectangular cartesian coordinate systems.

Such tensors play a fundamental role in theoretical studies of materials whose

material properties are independent of direction. This section is concerned

with the isotropic tensors of second, third and fourth orders, which are of

particular importance. Note that all tensors of zero rank are isotropic while
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there are no first rank isotropic tensors except for the zero vector

0=(0,0,0). (Note that the zero tensor transforms to itself under the tensor

transformation law as 0= L0L).

8.4.1 The delta tensor

Consider the Kronecker delta defined by d =0 when i$j and =1 when i=j.
ij

Thus for example d =1 but d =0. Obviously the Kronecker delta consists of
11 12

nine components but is it a tensor? Applying the tensor transformation law for

second order tensors we find (using the orthonormality conditions of chapter

1):

A’ =l l d =l l =d
rs ri sj ij ri si rs

In matrix notation we have A=I (the identity matrix) so

’ T T T
A = LAL = LIL =LL =I

because L is an orthonormal matrix|.

This shows that the Kronecker delta is a second order tensor and has the

matrix representation:

#1 0 0$
| |
0 1 0
| |
30 0 14

The delta tensor is the most important of all the isotropic tensors.

Exercise

In an incompressible fluid, the stress on an element whose normal is in
^ ^

the direction of the unit vector n has components v (n)=T n (i=1,2,3) where
i ij j

T is the fluid stress tensor. Given that:
ij

du du
i j (16)

T =-pd +m(---------------+---------------)
ij ij dx dx

j i

verify that

^ ^ ^ ^
v(n)=-pn+2m(n.D)u+mn x curl u (17)

Note that (16) is a formula which only applies in a cartesian coordinate

system while (17) is in vector form and could, for example, be used to find

the components of stress in a curvilinear coordinate system.

8.5 Tensor fields

The definitions of scalar and vector fields given in chapter 4 extend

readily to tensors of general order. If the components of the tensor A are

functions of the coordinates x ,x ,x of the points in a given region (or more
1 2 3

generally any point set), then A is called a tensor function of position or a

tensor field. Tensors which occur in subjects such as fluid dynamics and

elasticity theory usually constitute tensor fields and some knowledge of their

properties is therefore necessary. In a flowing liquid, it is obvious that the
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state of stress varies from point to point and so T=T(P)=T(x ,x ,x ). The
1 2 3

fluid stress tensor of S 8.1 is an example of a tensor field.

The main new feature which we have to consider is the necessity of

handling with ease multiple partial derivatives of the components T of the
ij

tensor. The following notation is sometimes used:
dT
ij-------------------- _ T

dx ij,p
p

where the ",p" denotes the derivative with respect to x .
p

Theorem In an open region R, let the components A (n indices) of a
ij...

tensor A of order n be continuously differentiable functions of the

coordinates x ,x ,x . Then
1 2 3

A _ dA /dx (i,j....p=1,2,3)
ij...,p ij... p

are the components of a tensor field of order n+1 called the tensor gradient

of A.

Proof The proof shows that the components of the tensor gradient

transform according to the tensor transformation law. (See Bourne and

Kendall)1.

This theorem extends to higher order derivatives. For example it can be

shown that A are the components of a tensor of order n+2 provided
ij....,pq

the components of A have second order derivatives which are continuous.

Examples of tensor gradients

(see appendix)

S8.6 Divergence theorem in tensor field theory

The gradient of a second order tensor field A with continuously

differentiable components A is a third order tensor according to S8.4 with
ij

components A _dA /dx . Contraction over the indices j and k gives a vector
ij,k ij k

field whose i component is
dA dA dA
i1 i2 i3

A =--------------- +--------------- +--------------- (34)
ij,j dx dx dx

1 2 3

whilst interchanging i and j (for convenience) and then contracting over the

indices j and k gives another vector field whose i-th component is
dA dA dA
1i 2i 3i

A =--------------- +--------------- +--------------- (35)
ji,j dx dx dx

1 2 3

In the special case when A is symmetrical, the two vector fields will, of

course, be identical since then A =A . If v is a vector field with
ij ji

continuous first derivatives, divtv may be obtained by contracting the

components v of the tensor gradient of v with respect to the indices i,j as
ij

shown in S8.4. Hence (34) and (35) can be regarded as generalised divergences;

They are in fact sometimes referred to as the divergence of A with respect to

11



the second index and with respect to the first index respectively. The point

to note is that the "divergence" of a tensor field is thus not defined

uniquely.

Analogous to the vector divergence theorem we can formulate two tensor

divergence theorems. Recall that the vector divergence theorem is given by:

ii ^ iii
v.n dS = div f dV

jjS jjjV

which can be written in index notation as:

ii iii iii
v n dS = v dV (_ dv /dx dV) (36)

jjS i i jjjV i,i jjjV i i

where v=(v ,v ,v ) is a continuously differentiable vector field defined in a
1 2 3

^
region bounded by a simple closed surface S and n=(n ,n ,n ) is the outward

1 2 3

unit normal vector to the surface S.

8.6.1 Statement of the tensor divergence theorem

Suppose A is a continuously differentiable second order tensor with ij

component A defined in a region bounded by a simple closed surface S. Let
ij

^
n=(n ,n ,n ) be the outward unit normal vector to the surface S. Then we have

1 2 3

two possible tensor divergence theorems:

ii iii iii
A n dS = A dV (_ dA /dx dV) (37)

jjS ij j jjjV ij,j jjjV ij j

ii iii iii
A n dS = A dV (_ dA /dx dV) (38)

jjS ji j jjjV ji,j jjjV ji j

Proof: see Bourne and Kendall1.
Note that if A is a symmetric tensor then (37) and (38) are identical.

8.7 Diagonalisation of symmetric second rank tensors (matrices)

You will recall from matrix analysis that we demonstrated how to

diagonalise a second order symmetric matrix. Diagonalising a second rank

tensor proceeds along precisely the same lines. This diagonalisation can be

interpreted geometrically.

When we interpret A as being a tensor (with some physical significance)

relative to the (old) axes Ox x x , A has components A . Relative to the axes
1 2 3 ij

defined by the eigenvectors e ,e ,e the components of A are zero except along
1 2 3

the main diagonal where they equal the eigenvalues of A. Obviously the new

cartesian axes e ,e ,e are a special set, in some sense, in that A takes on a
1 2 3

special (simple) form when expressed relative to them. These new axes are

referred to as the principle axes of the matrix A.

(See appendix for details).

12



Appendices

A8.1 Product of tensors

This is a new type of operation and should not be confused with matrix

multiplication. If A and B are tensors of rank m and n respectively whose

components relative to the Ox x x axes are A and B there being m
1 2 3 ij... pq...

suffixes attached to each element of A and n suffixes attached to each element
m+n

of B. Then the 3 scalars

C =A B (6)
ij...pq... ij... pq...

from a tensor C, say, of order m+n whose general component is given by (6). C

is defined to be the product of A and B and is written as C=AB.

Proof (that C is a tensor)

This is left as an exercise. It is necessary to prove that C transforms

according to the transformation law.1

Note that this operation has no analogue in matrix multiplication. In the case

of two second order tensors A and B, (6) synthesizes a fourth order tensor C
4

from A and B i.e. in matrix terminology a matrix with 3 elements results from
2

two matrices with 3 elements.

Finally note that the operation of taking tensor products is associative

and distributive over tensor addition i.e.

(AB)C=A(BC) (7)

A(B+C)=AB+AC (8)

Proof: exercise.

Example

Consider the product of two vectors (first order tensors) a=(a ,a ,a )
1 2 2

and b=(b ,b ,b ). The tensor product of these two matrices is a second order
1 2 3

tensor with the following 9 components:

C =a b
ij i j

where i and j are free indices.

A8.2 The analogue of matrix multiplication: contraction product

We have just seen that tensor products are quite different to the

operation of matrix multiplication. Does any tensor operation coincide with

matrix multiplication? Recall that matrix multiplication of mxn A and rxs B is

only defined if n=r and the result is an mxs matrix C, say, defined by:

C =A B (i=1..m,q=1..s)
iq ik kq

13



and summation of k from 1...n is understood.

For the case of two second rank tensors (which we can represent as 3X3
4

matrices) the tensor product is defined to give a tensor of rank 3 :

D =A B
ijpq ij pq

and now contraction of the j and p suffixes yields

A B =C
ij jq iq

So matrix multiplication is equivalent to taking a tensor product followed by

a contraction. So it is convenient to introduce a new operation between two

tensors called the contraction product defined as follows for second order

tensors though this may be generalised to any order:

Let A and B be second order tensors with components relative to cartesian axes

Ox x x given by A and B . Then the contraction product A.B (also called
1 2 3 ij pq

the dot product somewhat confusingly) is defined by:

[A.B] = A B
iq ij jq

This is identical to ordinary matrix multiplication and is a very useful

definition. In general if A and B are m-th and n-th order respectively, then

their contraction product is an m+n-2 order tensor. In the case of two second

order tensors the product is a tensor of order 2+2-2=2 i.e. another second

order tensor. This is consistent with matrix multiplication of two 3X3

matrices giving another 3X3 matrix.

Note the important special case where A is a rank 2 tensor and b is a

rank 1 tensor i.e. a vector. Then

[A.b] =A b
i ij j

or in matrix form:

#A A A $ #b $
11 12 13 1| | | |

A.b= A A A b
| 21 22 23| | 2|
3A A A 4 3b 4
31 32 33 3

Reconsider the results in S8.1.1 in the light of this result. The result for

the relation between the stress vector and stress tensor can now be written in

the form:

^
v=T.n

or in matrix notation:

#v $ #T T T $ #n $
1 11 12 13 1| | | | | |
v = T T T n
| 2| | 21 22 23| | 2|
3v 4 3T T T 4 3n 4
3 31 32 33 3

14



^
Note that another possible contraction product exists, namely n.T. By

definition this too must be a rank 1 tensor and it is defined by:

^
[n.T] =n T

j i ij

or in matrix form

#T T T $
11 12 13| |

[n ,n ,n ] T T T
1 2 3 | 21 22 23|

3T T T 4
31 32 33

^
where n is now written as a row vector in order to use matrix multiplication.

A8.3 The quotient rule for tensors

Let A be a mathematical or physical entity which when it is associated

with any set of rectangular cartesian coordinate axes Ox x x may be
1 2 3

represented by an ordered set of 9 scalars A (i,j=1,2,3). Suppose that for
ij

all vectors v=(v ,v ,v ), the scalars
1 2 3

u =A v (i=1,2,3) (9)
i ij j

are the components of the vector u. Then A is a second order tensor.

Proof

See for example Segel (Mathematics applied to continuum mechanics). Note

that this property is analogous to the following properties for real numbers:

if a and b are real, b$0, their quotient is defined by c=a/b46a=bc. By analogy

(9) could be interpreted as expressing T as a quotient of u and v. It is

called the quotient rule because it can be regarded as asserting that the

quotient of two first order tensors is a second order tensor1.

A8.4 Diagonalisation of symmetric second rank tensors (matrices)

You will recall from matrix analysis that we demonstrated how to

diagonalise a second order symmetric matrix. Diagonalising a second rank

tensor proceeds along precisely the same lines. This diagonalisation can be

interpreted geometrically.

If A is a symmetric second order matrix (tensor) then we can diagonalise

it by finding unit orthogonal eigenvectors e ,e ,e and forming a matrix M
1 2 3

T
with columns consisting of the three eigenvectors. Then M AM is diagonal and

its values along the main diagonal are the eigenvalues.

This has the following physical interpretation when we interpret A as

being a tensor (with some physical significance). Relative to the (old) axes

Ox x x , A has components A . Relative to the axes defined by the
1 2 3 ij

eigenvectors e ,e ,e the components of A are zero except along the main
1 2 3

15



diagonal where they equal the eigenvalues of A. Obviously the new cartesian

axes e ,e ,e are a special set, in some sense, in that A takes on a special
1 2 3

(simple) form when expressed relative to them. These new axes are referred to

as the principle axes of the matrix A.

Warning

T
Note that the tensor transformation equation is A’=LAL while in diagonalising

T
the matrix we evaluated the expression M AM. Thus we identify the direction

T
cosine matrix L with M and not with M. To understand this note that the

direction cosine matrix consists of columns which give the components of the

old unit vectors in terms of the new unit vectors. The M matrix consists of

columns containing the components of the new unit vectors in terms of the old
T

unit vectors. By the definition of the direction cosines it follows that L_M .

This is simply illustrated by the following two dimensional example.

Example

T
Verify that L=M for the case when the axes are rotated through p/2.

Solution

Consider the situation when we begin with the (old) unit vectors (1,0) and

(0,1). Now rotate the axes through p/2 in an anticlockwise direction.
x’ px
1 p 2p

p
p
p
p
p
p
p
p
p

x’ p x
2 p 1p

{___________________________________________________________________________}-----------------------------------------------------------------------------------------------]
The direction cosine matrix by definition is:

# 0 1$
L=| |

-1 0
3 4

The columns of the matrix M are the components of the new unit vectors written

in terms of the old unit vectors. Thus clearly

#0 -1$
M=| |

1 0
3 4

T
verifying that L=M . Extension to 3D is elementary.

Invariants of second rank tensors (matrices)

If l (i=1,2,3) are the eigenvalues of a second rank tensor A, it can be
i

shown that these eigenvalues are independent of rotation of the coordinate

system and the eigenvalues are said to be invariants of A.

In addition any function f(l ,l ,l ) whose value is unchanged by
1 2 3

interchanges of l ,l ,l is said to be symmetric in l ,l ,l and is an
1 2 3 1 2 3

invariant of the tensor A. Such invariants play an important role in the

16



development of theoretical continuum mechanics. Particular examples are the

elementary symmetric functions

I =l +l +l ; I =l l +l l +l l ; I =l l l
1 1 2 3 2 1 2 2 3 3 1 3 1 2 3

called the principle invariants of A.

A8.5 Proof of relation of the alternating tensor to the vector product

th
The i component of the vector product of a=(a ,a ,a ) with b=(b ,b ,b )

1 2 3 1 2 3

is related to e by the formula:
ijk

(axb) =e a b (14)
i ijk j k

Proof:

Consider the x component. When i=1, e is non-zero only when j=2 and
1 ijk

k=3 or when j=3 and k=2. Hence according to (14)

(axb) =e a b +e a b =a b -a b
1 123 2 3 132 3 2 2 3 3 2

which verifies that the formula gives the correct x component. Likewise the
1

x and x components are correctly represented1.
2 3

A8.6 Relationship between d and e (The ED rule)
ij ijk

An important theoretical relation between d and e is that:
ij ijk

e e =d d -d d (13)
ijk rsk ir js is jr

Proof:

If i=j or r=s, the RHS of (13) is zero and the LHS also vanishes by

definition of the alternator.

Consider the case when i$j and r$s. Without loss of generality we may

choose i=1 and j=2. Using the definition of the alternator, the LHS of (13)

becomes

e e +e e +e e =e
121 rs1 122 rs2 123 rs3 rs3

The RHS of (13) becomes:

d d -d d =D, say.
1r 2s 1s 2r

As r$s, there are just the following possibilities to consider:

r=3 in which case D=0 for all s;

s=3 in which case D=0 for all r;

r=1,s=2 giving D=1;

r=2,s=1 giving D=-1.
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hence D=e and the identity is proved1.
rs3

Note how tedious it would be to try and prove (13) without index notation.

A8.7 Examples of tensor gradients

(i) Tensor gradient of a scalar field

One example of a tensor gradient already familiar to us is the familiar

vector field grad W where W is a scalar field. In tensor terminology, W is a

tensor of order zero and according to the theorem the components:

dW/dx _ W, (i=1,2,3)
i i

form a tensor field of rank 1 i.e. a vector field as we already know. i.e. in

vector notation:

grad W=DW=(dW/dx ,dW/dx ,dW/dx )
1 2 3

(ii) Tensor gradient of a vector field

The gradient of a vector field with continuously differentiable components v
i

is the second order tensor field with components dv /dx according to the
i j

definition of the tensor gradient. This is a tensor of rank 2 (so we make

think of it in terms of a 3x3 matrix). The tensor may be expressed as a sum of

symmetrical and anti-symmetrical part (in just the way that a square matrix

can be written as the sum of a symmetrical and anti-symmetrical part). In

tensor notation:

dv /dx =s +a (28)
i j ij ij

where

s =1/2{dv /dx +dv /dx } (29)
ij i j j i

a =1/2{dv /dx -dv /dx } (30)
ij i j j i

Note

(i) Contracting the symmetrical part s over the indices i and j gives
ij

s =dv /dx =dv /dx +dv /dx +dv /dx =div v
ii i i 1 1 2 3 3

(ii) Using (15) we have:

(curl v) =e dv /dx =e s +e a (31)
i ijk k j ijk jk ijk kj

But e s =0 (exercise) and hence taking i=1,2,3 in turn we find that:
ijk ij

curl v= 2(v v ,v ) (32)
32, 13 21

=-2(v ,v ,v ) (33)
23 31 12
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This shows that the curl of a vector field is expressible entirely in terms of

the non zero terms of the antisymmetrical part of its tensor gradient (as

a =0 when i=j follows directly from (3)). Alternatively we may say that the
ij

antisymmetrical part of the tensor gradient depends only on the components of

curl v. More explicitly, setting

curl v=(c ,c ,c )
1 2 3

and comparing components with those in (32) and (33), the matrix of

components of the antisymmetrical part of the tensor gradient of v is:
u
1 1 1 o
1 0 ------c -----c 1
1 2 3 2 211 1
1 1 1 1
1 -----c 0 ------c 1
1 2 3 2 111 1
1 1 1 1
1--c -----c 0 1
1 2 2 2 1 1
m .

a8.8
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8.4.2 Even and odd permutations

Let i,j,k be a permutation of the numbers 1,2,3. The permutation is said

to be even if i,j,k are three consecutive numbers of the set 1,2,3,1,2 and is

said to be odd otherwise. For example, 2,3,1 is an even permutation of the

numbers 1,2,3 and 2,1,3 is an odd permutation. It may readily be verified that

all even permutations of the numbers 1,2,3 can be brought about by an even

number of interchanges of pairs of these numbers and all odd permutations by

an odd number of exchanges.

8.4.3 The alternating tensor

Suppose that each of the suffixes i,j,k in the symbol e can take any
ijk

one of the values 1,2,3. Let

( 0 if two or more of the suffixes i,j,k are equal

|
e 1 if i,j,k is an even permutation of the numbers 1,2,3 (11)
ijk={

| -1 if i,j,k is an odd permutation of the numbers 1,2,3

9

The symbol e is called the alternator.
ijk

Theorem: e is a third order isotropic tensor
ijk

Proof: Bourne and Kendall1.

8.4.4 Relationship between d and e (The ED rule)
ij ijk

An important theoretical relation between d and e is that:
ij ijk

e e =d d -d d (13)
ijk rsk ir js is jr

Proof: ( see above)

8.4.5 Relation of the alternating tensor to the vector product

th
The i component of the vector product of a=(a ,a ,a ) with b=(b ,b ,b )

1 2 3 1 2 3

is related to e by the formula:
ijk

(axb) =e a b (14)
i ijk j k

Proof (see appendix 4)

8.4.6 Relation between the curl of a vector and the alternating tensor

For any vector field v
dv
k (15)

(curl v) =e ---------------
i ijk dxj

Proof: exercise1.
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Example

This example suggests the plausibility of the existence of second order

tensors and introduces some typical notation.

We can write Ohms’s law in the form

j=se (1)

where j is current density and e is electric field strength, both vector

quantities and s is the conductivity. (1) is a vector equation and really

consists of three scalar equations. If we have an isotropic medium (i.e one

without any directional preferences) then the conductivity s is a scalar and

the x component of (1) would read

j =se (2)
1 1

or in index notation (1) can be written as j =se where i can be 1, 2 or 3 in
i i

the usual way. However if the medium is anisotropic, as in many crystals, or

a plasma in the presence of a magnetic field, the current density in the y

direction may depend on the electric fields in the y and z directions as well

as the field in the x direction. Assuming a linear relationship, (2) now

becomes

j =s e +s e +s e (3)
1 11 1 12 2 31 3

or the generalised form of equation (1) in index notation becomes:

j =s e (4)
i ij j

where the summation convention is used and i=1,2 or 3 is a free index. For

general three dimensional space the scalar conductivity has given way to a set

of 9 elements s and the vector-tensor equation (4) can be written in matrix
ij

form as:

#j $ #s s s $#e $
1 11 12 13 1| | | || |
j = s s s e (5)
| 2| | 21 22 23|| 2|
3j 4 3s s s 43e 4
3 31 32 33 3

where vectors are represented as column vectors (i.e. 3X1 matrices) in order

to exploit the properties of matrix multiplication (i.e. the result of the

multiplication on the RHS is a 3X1 column vector as it should be).
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Vector Analysis Sheet 1

1.1 Show that the distance of the point (a− b, a + b, c) from the origin is
√

(2a2 + 2b2 + c2).

1.2 Find the points which are at a distance of 1
2

√
2 from every axis.

1.3 The coordinates of a point O′ relative to rectangular cartesian axes Ox, Oy, Oz are (1, 1, -1).
Through O′ new axes O′x′, O′y′, O′z′ are taken such that they are respectively parallel to the
ofiginal axes. Find the coordinates of O relative to the new axes. If a point P has coordinates (-1,
2, 0) relative to the new axes, find its perpendicular distances from the xy−, xz−, yz−planes.

1.4 Find the perimeter of the triangle whose vertices lie at the points (1, 0, 0), (0, 1, 0) and (0, 0, 1).

1.5 Show that it is impossible for a line through the origin to be inclines at angles of 60◦, 120◦ and 30◦

to the x-axis, y-axis and z-axis, respectively, but that the angles of 60◦, 120◦ and 135◦ are possible.

1.6 Find the direction cosines of the line joining the origin to the point (6, 2, 5).

1.7 A line makes angles of 60◦ with both the x-axis and y-axis and is inclined at an obtuse angle to the
z-axis. Show that its direction cosines are 1

2 , 1
2 −

1
2

√
2 and write down the angle it makes with the

z-axis.

1.8 Find the direction cosines of the line which is equidistant from all three axes and is in the positive
octant x ≥ 0, y ≥ 0, z ≥ 0.

1.9 Show that the angle between the lines whose direction cosines are 1
2

√
2, 1

2

√
2, 0 and 1

3

√
3, 1

3

√
3, 1

3

√
3

is cos−1 1
3

√
6.

1.10 Show that the lines whose direction cosines are 1
2

√
2, 0, 1

2

√
2 and 1

2

√
2, 0,− 1

2

√
2 are perpendicular.

1.11 Find the angle between any two of the diagonals of a square and a cube. [Hint. Choose axes
suitably with origin at the centre of the cube.]

1.12 Points A,B have coordinates (1, 4, -1), (-1, 3, 2) respectively. If O is the origin, find the point P
on OA produced which is such that the orthogonal projection of OP on OB is of length 9

√
14/7.

1.13 A line OP joins the origin O to the point P (3, 1, 5). Show that the orthogonal projection of OP
on the line in the positive octant making equal angles with all three axes us 3

√
3.

1.14 The feet of the perpendiculars from the point (4,-4,0) to the lines through the origin whose direction
cosines are ( 1

2

√
2, 1

2

√
2, 0), ( 1

3 , 2
3 . 23 ) are denoted by N, N ′. Find the lengths of ON,ON ′, where O

is the origin, and explain why one of these lengths is zero.

1.15 Two set of axes Oxyz,Ox′y′z′ are such that the first set may be placed in the position of the
second set by a rotation of 180◦ about the x-axis. Write down in the form of array (1.12) the set
of direction cosines which corresponds to this rotation. If a point has coordinates (1, 1, 1) relative
to the axes Oxyz, find its coordinates relative to the axes Ox′y′z′.

1.16 A set of axes Ox′y′z′ is initially coincident with a set Oxyz. The set Ox′y′z′ is then rotated through
an angle θ about the z-axis, the direction of rotation being from the x-axis to the y-axis. Show that

x′ = x cos θ + y sin θ

y′ = −x sin θ + y cos θ

z′ = z.

[Hint. Consider the direction cosines of the new axes and use equations (1.18)]

1.17 Show that the following equations represent a rotation of a set of axes about a fixed point:

x′ = x sin θ cos ϕ + y sin θ sin ϕ + z cos θ,

y′ = x cos θ cos ϕ + y cos θ sin ϕ− z sin θ,

z′ = x sin ϕ + y cos ϕ.

[Hint. Show that the coefficients of x, y, z satisfy (1.17) and the orthonormality conditions.]
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1.18 Solve the equations of Exercise 1.22 for x, y, z in terms of x′, y′, z′. [Hint. Multiply the first equation
by sin θ cos ϕ, the second by cos θ cos ϕ, the third by − sin ϕ and add to obtain

x = x′ sin θ cos ϕ + y′ cos θ cosϕ− z′ sin ϕ.

Similarly for y and z.]

1.19 If

a11 = 1, a12 = −1, a13 = 0,

a21 = −2, a22 = 3, a23 = 1,

a31 = 2, a32 = 0, a33 = 4,

show that

aii = 8, ai1a12 = −7, a12a13 = 3,

a1ia2i = −5, a2ia3i = 0 ai1a2i = −6.

1.20 If the numbers aij are given in Exercise 1.25 and if

b1 = 1, b2 = −1, b3 = 4,

show that

a1ibi = 2, aj1bj = 11, ajiai1bj = 49.

[Hint. For the last part, first evaluate aj1bj , aj2bj and aj3bj .]

1.21 Show that

δijbj = δjibj = bi.

1.22 If the numbers aij are as given in Exercise 1.25, evaluate

(i) a1jδ1j , (ii) a12δii, (iii) a1ia2kδik.

1.23 The suffix i may assume all integral values from 0 to ∞. If ai, bi are defined by

ai = xi, bi = 1
i! ,

where x is a constant and, by definition, 0! = 1, show that

aibi = ex

1.24 Find the x′, y′, z′ coordinates of the points x = 1, y = 1, z = 0 and x = 0, y = 1, z = 1 for the
rotation of axes given in Exercise 1.21, namely

x′ = x cos θ + y sin θ,

y′ = −x sin θ + y cos θ,

z′ = z.

Verify that the angle between the lines joining the origin to these two points works out at 60◦ with
either set of axes.

1.25 Show the quantity x2
1 + x2

2 + x2
3 = xixi is invariant under a rotation of axes.
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Vector Analysis Sheet 2

2.1 Relative to axes Oxyz, points P, Q have cordinates (1, 2, 3), (0, 0 1). Find the components, referred
to the axes Oxyz, of: (i) the position vector of P relative to O; (ii) the position vector of O relative
to P ; (iii) the position vector of P relative to Q.

2.2 Find the magnitudes of the vectors with components a = (1, 3, 4) and a=(2, -1, 0).

2.3 Show that the vectors with components a = (0, -3, 3), b= (0, -5, 5) have the same direction.

What is the ratio |a|/|b|?

2.4 The transformation matrix for a rotation from axes Oxyz to axes Ox′y′z′ is

O x y z

x′ 0 1 0

y′ − 1 0 0

z′ 0 0 1.

Describe (in words or by a diagram) how the positions of the two sets of axes are related.

Relative to the set of axes Oxyz, a vector a has components (2, 1, 2). Find the components of a
relative to the axes Ox′y′z′.

2.5 Show that a = (cos θ, sin θ cosϕ, sin θ sin ϕ) is a unit vector.

2.6 Find two unit vectors which are perpendicular to each of the vectors a = (0, 0, 1), b = (0, 1, 1).
Are there any more unit vectors which are perpendicular to both a and b?

2.7 Show that, for any vector a,

a=|a| â
where â is a unit vector in the same direction as a.

2.8 Show that the four points with position vectors

r1, r2,
|r2|
|r1|r1,

|r1|
|r2|r2

where r1 6= 0, r2 6= 0, lie on a circle.

2.9 If a and b are vectors as given below, verify that their sums and differences are as shown.

a b a+b a-b

(i) (2, 2, 2) (1, 0, 1) (3, 2, 3) (1, 2, 1)

(ii)(3, 0, 0) (5, 0, 0) (8, 0, 0) (-2, 0, 0)

(iii) (1, -2, 6) (-1, -3, 7) (0, -5, 13) (2, 1, -1).

2.10 Relative to axes Oxyz, points A,B are such that
~AO = (1, 1, 1, ), ~AB = (0,−1, 3).

What is the position vector of: (i) B relative to O; (ii) O relative to B?

2.11 On a flat horizontal plane and observer walks one mile N followed by one mile E, one mile S and
one mile W. Explain vectorially why he finds himself back at the starting point.

2.12 If the angle between vectors a and B is 60◦, and if |a| = |b| = 3, show that

| a− b |= 3.

2.13 From the property AC ≤ AB + BC of a triangle ABC, prove that

| a + b |≤ |a|+ |b|
For what particular cases is it true that

| a + b |= |a|+ |b|?

1



2.14 Prove that

| a− b |≤ a + b.

2.15 If û, v̂ are unit vectors with different directions, show that the vector û + v̂ bisects internally the
angle between û and v̂. Is 1

2 (û + v̂) a unit vector?

2.16 A unit vector a in the positive quadrant of the xy-plane makes an angle of 45◦ with each of the
axes Ox and Oy. Show that

a = (i + j)/
√

2.

2.17 If a and b are vectors as given in the table below, verify that the scalar products are as shown.
Which of the three pairs of vectors is perpendicular?

a b a.b

(i) (1, -1, 0) (3, 4, 5) -1

(ii) (4, 1, -3) (-1, 3, -7) 20

(iii) (3, 1, 4) (2, -2, -1) 0.

2.18 Using the formula a.b = |a||b| cos θ, find the angle between the vectors a = (0, -1, 1), b = (3, 4,
5).

2.19 If

a =i-j, b=-j+2k

show that

(a+b).(a-2b) =-9.

2.20 Show that the vectors i+j+k, λ2i− 2λj + k are perpendicular if and only if λ=1.

2.21 Find the component of i in the direction of the vector i+j+2k.

2.22 Resolve the vector 3i +4j in the directions of the vectors 4i-3j, 4i +3j, and k.

2.23 Show that, if vectors a and b are as given in the first two columns of the table below, a × b is as
given in the third column.

a b a× b

(i) (3, 7, 2) (1, 3,1) (1, -1, 2)

(ii) (1, -3, 0) (-2, 5, 0) (0, 0, -1)

(iii) (8, 8, -1) (5, 5, 2) (21, -21, 0).

2.24 Axes Oxyz are positioned so that Ox points east, Oy points north and Oz points vertically upwards.
Find the vector product a× b of vectors a and b in the following cases:

(i) a is of unit magnitude and points E, b is of magnitude 2 and 30◦ N of E;

(ii) a is of unit magnitude and points E, b is of magnitude 2 and points SW;

(iii) a is of unit magnitude and points vertically upwards, b is of unit magnitude and points
NE.

2.25 By taking components, prove the distributive law for vector products namely

a× (b + c) = a× b + a× c.

2.26 Prove that for any scalar λ

a× (λb) = (λa)× b = λ(a× b).

2.27 If

a× b = a− b,

prove that

a = b

2



2.28 Find the most general form for the vector u satisfying the equation

u× (2, 1,−1) = (1, 0, 0)× (2, 1,−1).

2.29 Find a, b if

ai + bj + k× (2i + 2j + 3k) = i− j.

2.30 By constructing an example, show that in general the associative law for vector products does not
hold; that is, there exists a, b, c such that

a× (b× c) 6= (a× b)× c

2.31 By writing out components, or otherwise, prove that

a.(b× c) = (a× b).c.

2.32 Find the volume of the parallelepiped defined by the vectors with components (1, 2, 3), (2, 4, 1), (1, 5, 7).

2.33 If (x, y, z) is any point on the plane through the points (x1, y1, z1), (x2, y2, z2) and the origin, show
that

∣

∣

∣

∣

∣

∣

x y z
x1 y1 z1

x2 y2 z2

∣

∣

∣

∣

∣

∣

= 0.

2.34 Show that for all scalar λ,

(a + λb).(b× c) = a.(b× c).

2.35 Show that, given any four non-zero vectors a, b, c, d, there exist scalars p, q, r, s, not all zero,
such that

pa + qb + rc + sd = 0.

[Hint. Consider the cases (i) when three of the vectors are not coplanar, (ii) when all four vectors
are coplanar].

2.36 Let OX, OY, OZ be a system of oblique rectilinear axes (i.e. axes such that OX, OY, OZ are straight
lines which are not mutually perpendicular and not coplanar) and let I, J, K denote unit vectors
in the three coordinate directions. If a vector A is expressed in the form

A = A1I + A2J + A3K,

then A1, A2, A3 are called the components of A. Show that these components are not identical
with the resolutes of A along OX,OY,OZ.

2.37 Adjacent sides of a triangle represent vectors a and b. Show that the area of the triangle is
1
2 | a× b |.

2.38 Prove that, if a, b, c are non-zero and

(a× b)× c = a× (b× c),

then either (i) b is perpendicular to both a and c, or (ii) a and c are parallel or anti-parallel.

2.39 Show that

| a× b |2= a2b2 − (a.b)2.

2.40 Given two vectors a and r through the origin, show on a diagram the vector (a× r)× a. Deduce
that the length of the perpendicular onto a from the point with position vector r is

| a× r |2 / | (a× r)× a |.

2.41 If â and b̂ are unit vectors show that

| â× b̂ |2= 1− (â.b̂)2.

show that this is another form of the trigonometrical identity sin2 θ = 1− cos2 θ.

2.42 Show that

a× [b× (c× a)] = (a.b)a× c.

3
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